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MORPHOLOGY TRANSITION OF A LIQUID BRIDGE
CONFINED BETWEEN TWO PARALLEL PLATES:
AN AXISYMMETRICAL MODEL

Jianlin Liu"

ABSTRACT

A three-dimensional theoretical model is presented in the present paper to investigate the morphology transition of
a liquid bridge confined between two chemically patterned plates. Depending upon the spacing between the two
plates and the liquid volume, the liquid bridge may take several different morphologies, e.g., an out-bulging or an
in-curved liquid bridge. We derive the phase diagram for the morphologies of a liquid bridge, allowing us to easily
determine its shape under a specified condition. In addition, the force which the liquid bridge acts on the plates is
derived. The obtained results might be helpful for a better understanding of some wetting phenomena associated
with liquid bridges for industry to biology and can be used to estimate the influence of liquid bridge forces (or
capillary forces) in microsized devices and systems.

Keywords: liquid bridge, surface energy, superhydrophilic

1. INTRODUCTION

The wetting morphology of a liquid adsorbed on a solid substrate is related not only to the chemical compositions
of the two phases [1] but also to the microstructures of the substrate [2]. By mimicking the fractal or hierarchical
surface microstructures of plant leaves (e.g., lotus and the Lady’s Mantle), some ultrahydrohpobic materials with
contact angles larger than 160° have been fabricated successfully [3, 4]. In addition, geometrically smooth substrates
with heterogeneous chemical nature also exhibit some interesting and unusual features of wetting. Liquid wetting
phenomena on solid substrates with surface domains of various shapes (e.g., stripes, rings, circles, and micro-
channels) have been investigated theoretically and experimentally [5~10]. Recently, for instance, Lipowsky and his
coworkers [11] derived a stability criterion of a droplet on a substrate with surface domains of different shapes.

Another interesting issue is the analysis of liquid bridges constrained between two solid surfaces or between a
solid and a liquid surface, which can be observed in various areas from engineering to biology. Considerable
attention has been paid to the stability and morphology transition of liquid bridges/bubbles between two plates
[12, 13], two spheres [14], an axisymmetric or spherical punch and a substrate [15]. Meseguer €t al. [16] presented
a review on the stability of liquid bridges between two solid disks and analyzed the non-axisymmetric effect as well
as the influence of electric fields. Through investigation of liquid bridges, Obata et al. [17] suggested a novel
scheme of micro-manipulation in MEMS, and Qian et al. [18] interpreted some phenomena of biological adhesion
of such insects as beetles, blowflies and ants associated with capillary forces. Bock and Sacquin [19] investigated
by Monte Carlo simulations the phase behavior of a fluid confined between two parallel solid substrate and considered
the shear effect. Alencar et al. [20] analyzed the liquid bridge by Monte Carlo simulation of a lattice gas model and
variational calculus based on minimization of the surface area with the volume and the contact angle constraints.
Swain and Lipowsky [21], and Valencia et al. [22] analyzed the wetting morphology of a liquid bridge constrained
between two plates with alternating hydrophilic and hydrophobic stripes. They adopted a two-dimensional plane
model, which underestimated the influence of the surface tension of liquid.

* Department of Engineering Mechanics, China University of Petroleum, Qingdao 266555, China, E-mail: jl-liu03@mails.tsinghua.edu.cn



m Journal of Mechanics and MEMS

A more practical case is the three-dimensional liquid bridges between two solid surfaces. However, there is as
yet a lack of three-dimensional investigation on the wetting morphology of liquid bridges because of its mathematical
complexity. In the present paper, therefore, we formulated a three-dimensional model in terms of energy to study
the morphological transition of liquid bridges constrained between two geometrically smooth but chemically patterned
solid surfaces. The conditions of morphological transition among several representative morphologies are determined
by the contact angle and contact radius of the liquid bridge. The phase diagram is given which allows us to determine
the stable morphology of liquid bridge under given conditions. Finally, the liquid bridge force is derived through
energy formulation when the shape of the liquid bridge changes.

2. THEORETICAL MODEL

Consider two identical parallel plates with chemically heterogeneous surface structure, each containing a circular
hydrophilic one, W, of radius r and a hydrophobic one, D, as shown in Fig. 1. The centers of the two identically
circular hydrophilic zones are coaxial. Let H denote the distance of the two plates. Refer to a Cartesian coordinate
system (0-Xy). If a liquid drop of volume V is constrained between the two hydrophilic zones, its shape will be
axisymmetrical and it may bulge outward, curve inward or fracture apart (Figs. 1-3), depending on the parameters
r, V, H and the Laplace pressure difference Ap= p,— p , where p,, and p, are the pressure of the vapor and the liquid,
respectively. Here, we assume that the size of the liquid bridge is of microns and that the influences of line tension
and gravity are negligible.

To determine the morphology transition of a liquid bridge from the viewpoint of energy, one needs to calculate
its surface areas and volumes at different states. When Ap is negative, the liquid bridge will bulge out, as shown in
Fig. 1. Its projection to the first quadrant of the x-y plane is approximated as an arc shape centered at (X, H/2) and
expressed as

X=x)y+(y-H/2=R, €8

where X =r- JVR? —H?/4 ,and Ris the radius of the arc. The axisymmetric profile of the liquid bridge is obtained

by rotating the arc of a circle with respect to the y-axis. The area of the liquid/vapor interface can be calculated from
the following integral

S = 2er+x“ 2nxds, )

where ds=./1+ y">dx. Substituting Eq. (1) into (2), one has

R S S
- YR -(x-%)
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=4nR| | r -, /R _H arcsininLﬂ 3)
4 2R 2 |
The volume of the liquid bridge is written as
V, = 27c.[0H/2 x*dy “4)

3 2 2
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where X = X, +\/R2 ~(y-H/2)".
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When Ap is positive, the liquid bridge will curve inward, as shown in Fig. 2. Similar to the case of Ap< 0, the
projection of the concave liquid drop to the first quadrant of the x-y plane is also an arc, which is expressed also by

Eq. (1) but whose shape center abscissa X is written as X =r ++/R? =H?/4 . The surface area of the liquid drop

may be integrated as

r X
S —47:RJ‘XO_R—dR2 _(X_XO)Z X 5)

2
=4nR r+1/R2—H— arcsini—i
4 2R 2 |-

The volume of the liquid bridge is

V,=2n] "¢ + R - (y—H/2) 42%,4 R~ (y - H /2) }dy

3 2 2
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where x=x, /R ~(y—H/2)".

3. DISCUSSIONS

With the increase in the spacing H of the two plates, the liquid bridge may lose its stability and be split into two
droplets, both of which have the shape of spherical cap, as shown in Fig. 3.

For liquid bridges constrained between two solid plates, two situations have been considered in the literature,
namely, the fixed volume ensemble and the fixed pressure difference ensemble. These two situations can be analyzed
similarly, but in the present paper our attention is paid mainly to the former, which is of more practical interest.

Given a fixed volume of the liquid bridge, the dependence relationship of the radius R upon the spacing H can
be calculated from Eq. (4) or (6). As the spacing H between the two plates varies, the liquid bridge may have several
possible morphologies as follows (Fig. 4):

(A) an out-bulging liquid bridge with the contact line expanded into the D zone,
(B) an out-bulging liquid bridge with the contact line along the boundary of W,
(C) acircular cylinder with the contact line along the boundary of W,

(D) an in-curved liquid bridge with the contact line along the boundary of W,
(E) an in-curved liquid bridge with the contact line shrunk into the W zone,

(F) two liquid droplets formed as a result of liquid bridge breaking.

The six morphologies plotted in Fig. 4 occupy their own regions of stability. In what follows, we will give the
conditions for the transitions of these different morphologies.

Firstly, when the contact line between the liquid bridge and the substrate is along the boundary of W, the contact
angle is not constant but may vary in the range of 0,, < 0 < 0, where 0, and 0 are the contact angles of the
hydrophilic (W) and hydrophobic (D) zones, respectively. From Fig. 1, the contact angle of an out-bulging liquid
bridge can be expressed as

9=n—arccos[%H/R) (7)
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As the separation H of the two plates decreases, the contact angle 6 increases. The transition conditions between
the morphologies A and B are

0=0,anda=r, (8)

where a is the contact radius of the liquid bridge and the substrate. Without loss of any generality, it is assumed here
that 0,,= 0 and 0, = n. Combination of Egs. (4) and (8) leads to the following equation for the boundary (curve 1)
between the zones I and II in Fig. 4:

V/ =n(Hr’ +H>/6+aHr/4). ©)
With the further decrease of H when Eq. (8) has been satisfied, the contact line of the liquid will expand into the

hydrophobic zone D.

Secondly, it is evident that the transition conditions between the morphologies B and D read

T
9=5 anda=r, (10)

which corresponds to the morphology C, i.e., a circular liquid cylinder with the volume (the dashed line between the
zones Il and III in Fig. 4)

V, =ar’H . (11)

Thirdly, for the in-curved liquid bridge with the contact line along the boundary of W (Fig. 2), the contact angle
is variable in the range of 0, < 6 < mi/2. In this case, the contact angle can be expressed as

1
0 =arccos| —H/R
) "

Then the transition conditions between the morphologies D and E are
0=0, anda=r. (13)

Substitution of Eq. (3) into (6) yields the following equation for the boundary (curve 3) between the zones II
and III in Fig. 4:

V), =n(Hr’ +H>/6-nH’r/4). (14)
With the further increase of H when Eq. (15) has been satisfied, the contact line of the liquid will shrink into the

hydrophobic zone W, that is, a <r.

Thus, for a given volume of the liquid, one can easily determine from Eqgs. (9) and (14) its shape as a function
of the spacing H of the two plates. In other words, one can give the respective ranges of H corresponding to an out-

bulging (B) and an in-curved (D) liquid bridge. When V =V / (ni*r3): 1, for example, the liquid bridge is out-
bulging in the range of (.638<H <1 and in-curved in the range of 1<H <3485, where H =H /r. The
morphologies A and E exist in the ranges H <(.638 and HF <3.485, respectively. In addition, the dependence
relationship of the curvature radius R= R/r upon H = H /r can also be obtained, as shown in Fig. 5. It is seen that
with the increase of |j, R decreases for an out-bulging liquid bridge with (.638 < H <1 while it decreases first

then increases for an in-curved liquid bridge with 1< H <3.485 .

Fourth, in the process of the necking, when the thinnest part of the liquid bridge reduces to zero, it will break
into two liquid droplets. The separating condition is
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% —R=r-R+yVR*—H?*/4=0. (15)

Substitution of Eq. (15) into (6) leads to critical volume of breaking of the liquid bridge

2 8

goVYe _3H K H (1 H')(1 H® H
a4 6 64

. H
=—*= —+—+— |arcsin————
4 2" 4 32] 1+A% /4 (16)

Eq. (16) corresponds to the fracture curve 4 between the zones Il and V in Fig. 4.

As a consequence of the morphology variation of the liquid bridge, an attractive or a repulsive force, which is
referred to the capillary force or the liquid bridge force, will be exerted to the two plates. Much attention has been
paid recently on liquid bridge forces because of their significant influence on the performance of micro- and nano-
devices and systems, as well as on the measurements and experiments at small sizes [20]. Capillary forces play a
significant role in the adhesion of surface micromechanical structures, e.g. hard-disk system [23]. The surface
tension of the meniscus should also be considered in some AFM measurements. Belaubre et al. [24] uses a cantilever-
based microsystem to produce DNA microarrays, where the the capillary force has great influence on the result.
Johnstone et al. [25] made some theoretical analysis about the capillary force in cantilever measurement. In this
section, the liquid bridge force in the configuration in Figs. 1-2 will be calculated from the viewpoint of energy.
The liquid bridge force of some other configurations can also be calculated in the same manner, and the obtained
solution can be used in explanation of some phenomena associated with capillary forces.

For example, we mainly consider the most representative cases of B, C and D in Fig. 4, where the boundary of
the liquid bridge is identical to the interface between W and D. For the fixed volume ensemble, the free energy of
the liquid bridge is expressed as [1]

u ZYSLV"'(YSL_'YSV)%U (17)

where §, and S denote the areas of the liquid/vapor and solid/liquid interfaces, respectively. §, is given in
Section 2, and

S, =2nr’. (18)
Yq» Yg and y in Eq. (17) stand for the surface tensions of the solid/vapor, solid/liquid and liquid/vapor interfaces,
respectively. They satisfy the Young’s equation
Yov—Ygq =Y COs 6, (19)
where 0, denotes the Young’s contact angle of the liquid.

For example, as assumed above, the contact angle in the hydrophilic zone 0, = 0, = 0, and then yg, —y4 = v.
Substituting Egs. (18) and (19) into (17), the normalized free energy is expressed as

U =U,/(yar*)=§ -2, (20)

where S =S /(TEF 2) . The index i (i =1, 2) corresponds to the two cases of out-bulging (Ap < 0) and inward-curving
(Ap > 0), respectively.

The liquid bridge spanning will provide a force to the two plates. The force can be calculated from the derivation
of the free energy of the system with respect to the height |j of the liquid bridge, i.e,

f =—=k 21
= @
where the index i (i = 1, 2) corresponds to the two cases of out-bulging (Ap < 0) and inward-curving (Ap > 0),
respectively.
For the considered ensemble of fixed volume, dV//dH =, where V=V ( RH ) =V ( Ii( H )’ H ) . According to

Eq. (4), therefore, one has
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for the cases of out-bulging ((.638<H <1) and in-curving (1< H < 3.485 ), respectively. Substituting Egs. (22)
and (23) into (21), the liquid bridge forces for an out-bulging ((0.638 < H <1) and an in-curving (1 < H <3.485)
liquid bridge are respectively derived as

=—{d—~{8R2arcsin(%H~/liJ—2H~ 4R* —H?* +2H (24)

—2arcsin(%l:l /Iij(\/4|§2 —H?-H’ /4)} +RH arcsin(%lq /Ii)—ﬂi} (25)
The liquid bridge force calculated from Egs. (4), (6) and (22-25) is plotted as a function of | in Fig. 6, where
V =1. In the range of (.638<H <1, the liquid bridge bulges out, and its liquid bridge force may be repulsive
(f>0) for a smaller |j and attractive (f < 0) for a larger | . There exists a certain volume of | at which the free
energy has a minimum and the liquid bridge force f = 0.

In the range of 0.638 <H <1, however, the force f always brings the system into the configuration for which
the bridge has the minimum free energy, and the liquid bridge possesses a preferred contact angle in the range of
n/2 <0 <=0, However, in the range of | < H <3.485, the liquid bridge always brings on an attractive force to
the plates, but the force isn’t a monotonous function about H .

The above results can be easily understood from the origins of the liquid bridge. In fact, the bridge force is
composed mainly of two parts:

f=fo+f,, (26)

where f_ and fLap denote the liquid force induced by surface tension and Laplace pressure difference, respectively.
f, in the right side of Eq. (26) is always negative because the surface tension always attracts the two plates.
However, fLalp may be positive or negative, depending on the sign of Ap or the liquid bridge shape. If Ap < 0, the
Laplace pressure difference of the out-bulging configuration produce a repulsive force to the plates, so the resultant
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force f may be positive (repulsive) or negative (attractive). But Ap > 0, the force fLalp provided by Laplace pressure
difference is also negative, so the resultant force f is invariably negative.

4. CONCLUSIONS

In summary, we have presented a three-dimensional model to investigate the morphological transition phenomenon
of a liquid bridge confined between two plates and to calculate the liquid bridge force. The two plate substrates are
flat, parallel, and hydrophobic, each of which contains circular and hydrophilic surface domains. It is shown that
six different morphologies of the wetting phase are possible dependent upon the Laplace pressure difference and
the separation of the two plates. The diagram for these different morphologies of the liquid bridge is given, allowing
us to determine the liquid bridge shape from its volume and height. In particular, a liquid bridge spanning between
two solid surfaces causes a force acting on the two plates. The liquid bridge force can be attractive or repulsive and
vanishes at a special spacing of the two plates. The bridge state induces an effective interaction between the two
substrates, and the expression of the liquid bridge force is derived. The obtained results might be helpful for a better
understanding of some wetting phenomena for industry to biology and can be used to estimate the influence of
liquid bridge forces (or capillary forces) in microsized devices and systems. It is also mentioned that the present
model can be extended easily to analyze some other configurations of liquid bridges.
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