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IRROTATIONAL t-CURVATURE
TENSOR IN SMANIFOLDS

K.R. Vidyavathi* and C.S. Bagewadi**

Abstract

In the present paper, we study the irrotational z -curvature tensor in
s-manifolds, where 7 -curvature tensor is a generalization of quasi-
conformal, conformal, conharmonic, concircular, pseudo-projective,

projective, M-projective, Wy, W, , Wo, W, , W, Wy, W,, W, W, W,
W;, W, curvature tensors.
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1. INTRODUCTION

Thenotion of f -structure on a (2n+ S) -dimensional manifold M , i.e,, atensor

field of type (1,1) on M of rank 2n satisfying >+ f =0, was firstly
introduced in 1963 by K. Yano [13] as a generalization of both (almost) contact
(for s=1) and (almost) complex structures (for s=0). During the subsequent years,
this notion has been furtherly developed by several authors [4], [5], [7], [8], [9],
[10], [11]. Among them, H. Nakagawa in [10] and [11] introduced the notion of
framed f -manifold, later developed and studied by S.I. Goldberg and K. Yano

([7], [8]) and others with the denomination of globally framed f -manifolds.

The authors C.S.Bagewadi and N.B.Gatti [1], [6], C.S.Bagewadi, E.Gireesh
Kumar and Venkatesha [2] have studied irrotational projective curvature, quasi-
conformal curvature tensor and D-conformal curvature tensor in K-Contact,
Kenmotsu and Trans-Sasakian manifolds and they have shown that these
manifolds are Einstein and also studied some properties like flatness and space of
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constant curvature. Further the authors C.S.Bagewadi, Gurupadavva Ingalahalli
and K.T.Pradeepkumar [3] extended the notion to C-Bochner curvature tensor for
K-Contact and K enmotsu manifolds and they have proved that these manifolds are
n-Einstein.

Motivated by the above work, we study theirrotational z -curvaturetensor in
s-manifolds and we derive the result for the particular cases of z. Further we
discuss about Ricci soliton.

2. PRELIMINARIES
Let M bea (2n+ s) -dimensional manifold with an f -structure of rank 2n. If
there exists global vector fidds &, = (1,2,3,.....,S) on M such that;

f2:_|+Z§a®ﬂa’ 774(55):5“’ (2-1)
fe =0, n,of =0, (2.2)
g(X,§a):77a(X), g(X, fY):—g(fX,Y), (2-3)

where, 7, are the dual 1-forms of & , we say that the f -structure has
complemented frames. For such a manifold there exists a Riemannian metric g
such that

9(X,Y) =g(fX, 1Y)+ 37, (X)7,(Y) (24)
for any vector fields X andY on M .

An f -structure f isnormal, if it has complemented frames and

[f, f]+22§a ®dn, =0,
where, [ f, f] isNijenhuistorsion of f .
Lee F be the fundamental 2-form defined by F(X,Y)=g(X, fY),
X,YeT(M).Anormal f -structurefor which thefundamental form F isclosed,

N Ay s A (A, )" #0 forany o, and dnp, =....=dn, = F iscaled to be

an s-structure. A smooth manifold endowed with an s-stucture will be called an
s-manifold. These manifolds introduced by Blair [4].
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We have to remark that if we take s=1, s-manifolds are natural
generalizations of Sasakian manifolds. In the case s>2 some interesting
examples are given.

If M isan S-manifold, then the following relations holds true;
V&, ==X, XeT(M),a=1.2,....,S (2.5)
(Vim)(Y) =-g(fX.Y), (2.6)
(V)Y = Z{g(fX, fY)e, +m,(Y)f 2X}, X,Y eT(M), (2.7

where, V is the Riemannian connection of g. Let € be the distribution
determined by the projection tensor- f? and le¢ N be the complementry
distribution which is determined by f?+1 and spanned by &g It is Clear

that if X € Q) then 77,(X) =0 forany ,andif X e N, then X =0. A plane
section 7 on M iscalled an invariant f -section if it is determined by a vector
X eQ(x),xe M, such that {X, fX} is an orthonormal pair spanning the
section. The sectional curvature of 7 is called the f -sectional curvature. If M

isan s-manifold of constant f -sectional curvature k, then its curvature tensor
has theform

R(X,Y,Z,W) = Y{g(fX, fWn, (Y)ng (2) - g(X, fZ)n, (Y)ng W)
o.p

+9(fY, fZ)n, (X)ng W) — g(fY, W)n,, (X)ns (2)}

+%(k +3s){g( X, TW)g(fY, fZ) — g(fX, fZ)g(fY, fW)}

+%(k—s){F(X,W)F(Y,Z)— F(X,2)F (Y. W)

—2F(X,Y)F(Z,W)}, (2.8)
where, X,Y,Z,W €T (M). Such a manifold N(K) will be called an s-space

form. The Euclidean space E*™** and the hiperbolic space H *™** are examples of
s-gpace forms.
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Definition 1: s-manifold (M, f,7,,09,&,) issaid to be n-Eingtein if the Ricci
tensor S of M isof theform

S=ag+ bzzzﬂa ®n,,
where, a,b are constants on M.

Now contracting equation (2.8) we get

S(Y,Z) =bg(Y,2) +bn, (Y)n,(2), (2.9)
S(Y, &) =y, (Y). (2.10)

where,

B [4s+ (k +3s)(2n-1) +3(k—s)}
b, = 4 ;

[(2n+ s—2)(4—k—33)—3(k—s)}
b, = 4 :

b, = [ $?(13—6n—k—3s) + 25(7n—5) + k(2— 5) + 2nk(1— s)}
. .
From (2.8) we have
R(X,Y)E, =) {n,(Y)X —1,(X)Y}, (2.11)
R(£,.Y)Z =D {9(Y.Z)é, -7, (2)Y}, (212)

7. (RX,Y)Z) =83 {9(Y, Z)n, (X) - 9(X,Z)7,(Y)}. (213

Ina (2n+1)-dimensional Riemannian manifold M , the z -curvature tensor
[12] isgiven by
7(X,Y)Z =a,R(X,Y)Z+aS(Y,Z) X +a,5(X,Z2)Y +a,S(X,Y)Z
+a,9(Y,Z)QX +a,9(X, Z)QY +8,9(X,Y)QZ
+a7r[g(Y!Z))( _g(X!Z)Y] (214)
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where, R, S, Q and r are the curvature tensor, the Ricci tensor, the Ricci
operator and the scalar curvature, respectively.

In particular, the 7 -curvature tensor is reduced to be

=

the quasi-conformal curvaturetensor C, if
=-a,=a,=-&;a,= —O'a7———1 % 24 |
a ) =8 = 785,88 = U, on+1l 2n a |

2. theconformal curvaturetensor C if
— 1. __ — a - - 1 . — — O. a — .
L8 =8 == &= AT 08 = o

3. theconharmonic curvaturetensor L if
1
=la=-a,=8=-a=--—i4=8=0a =0
%=la=-8=2=-8=-—a=3=0y
4. theconcircular curvaturetensor V if
_1. — — _a_ — _O.a_ _1 .
H=lLa=a=,=, ===V —Zn(2n+1)’

5. thepseudo-projective curvaturetensor P, if

——a =, =a=8=0a =- ! %, a |
4 ="ahHB=4=8=-8=-Ua 2n+12na1'
6. theprojectivecurvaturetensor P if
1
30:1;31:—3-2:—%;3323-4:3-5236:023-7:0;
7. the M -projective curvature tensor if
A=A A =8 = Lo oa—a =0
ao_l’al__az_a4__a5__ﬁ’a3_aﬁ_a7_o’
8. the W, -curvature tensor if

: 1. :
aozl’ai:—as:—%,az:as:%:ae:%:0,
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9. the W, -curvature tensor if
PN
%—1’31——35—%,32—33—34—36—37—0’
10. the W, -curvature tensor if
PN
%—1’31——32—%,33—34—35—36—37—0’
11. the W, -curvature tensor if
s
%—1’31——32——%733—34—35—36—37—0’
12. the W, -curvature tensor if
o PP
%—1’34——35——%731—32—33—36—37—0’
13. the W, -curvature tensor if
s P
ao_l’az__a4__%7a1_a3_a5_a6_a7_0’
14. the W, -curvature tensor if
T TP
%—1’35——36—%,31—32—33—34—37—0’
15. the W -curvature tensor if
T P
%—1’32——35——%731—33—34—36—37—0’
16. the W -curvature tensor if
T P
%—1’31——36——%732—33—34—35—37—0’
17. the W, -curvature tensor if

: 1. :
aO:]_,ai:_aAl:_%,az:aS:aS:aG:a7:0’
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18. the W, -curvature tensor if

: 1. :
aozl,aiz_agz_%,az:a4:aszaﬁza7:0’

19. the W, -curvature tensor if

. 1. .
aozl’asz_a4:%,aiza2:a5:aﬁza7:0’

Definition 2: Therotation (curl) of 7 -curvature tensor on a Riemannian manifold
is given by

3.

Rott = (Vy1)(X,Y,2)+(Vx1)U,Y,Z)+(Vy1)U, X, Z)
—(V,1)(X,Y,U). (2.15)
By virtue of second Bianchi identity
(Vyo)(X)Y,2)+(V2)U,Y, 2)+(V,7r)U, X,Z) =0. (2.16)
Equation (2.15) reduces to
curlz =—(V,7)(X,Y,U). (2.17)
If the 7 -curvaturetensor isirrotational then curl z = 0 and by (2.17) we have
(V,7)(X,Y)U =0. (2.18)
Which implies,
V Az(X,Y)U} =z(V, X, Y)U +7(X,V,Y)U +7(X,Y)V,U. (219)
Put U = £ inthe above equation, we have
V {z(X,Y)& =7(V,X,Y)E+7(X,V,Y)E+7(X,Y)V, & (220)

1-CURVATURE TENSOR IN ssMANIFOLD

Put Z =¢& in(2.14) and using (2.9), (2.10) and (2.11) we get,

7(X,Y)¢ =k (V) X+ Kn(X)Y +keg (X, Y)S+kp(X)n(Y)S,  (3.1)

where, k, =a,s+ab,+ab,+ar, k, =—a,;s+ab,+ab,—ar,

ks =agh +agh,, Kk, =ah,
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Theorem 1: If the 7 -curvature tensor in s-manifold is irrotational, then the
manifold is 77 -Einstein.

Proof: Using equation (3.1) in (2.20) we get
—7(X,Y) 12 =k (V) (Y) X + Ky (V) (X)Y + ksg (X, Y)(- 1X)
+K{ (V) (X)n(V)S+ (Vo) (YV)n(X)E—n(X)n(Y)d}. (32
By virtue of (2.5) in (3.2) we have
—7(X,Y)fz =k g(fZ,Y)X -k,g(fZ, X)Y —k,g(X,Y) fZ
+K{-9(fZ, X)n(Y)S—a(fZ2,Y)n(X)¢ -n(X)n(Y) 2} (333
Replace Z by fZ in(3.3) and using (2.1) we have

7(X,Y)Z =k9(Y,Z) X +k,g(X,2)Y +k;9(X,Y)Z

+k{9(X, (V)¢ +a(Y,. Z)n(X)E +n(X)n(Y)Z}  (34)
Using (2.14) and (3.4) we can write
aR(X,Y,Z,W) =k g(Y,Z2)g(X,W)+kg(X,Z)g(Y,W)
+k3g(X,Y)9(Z,W) + k,{g(X, Z)n(Y)n(W) + g(Y, Z)n(X)n(W)
+n(X)n(Y)9(Z2,W)} - & S(Y, Z)g(X,W) - 8,5(X, Z)g(Y,W)
—25S(X,Y)9(Z,W) - a,9(Y,2)9(QX,W) - as9(X, 2)g(QY,W)
—a9(X,Y)g(QZ,W) +a;r[g(Y, 2)g(X,W) - g(X,Z)g(Y,W)]. (3.5

Let €,i =1,2,........ (2n+s) be an orthonormal basis of the tangent space.
Then summing for 1<i <(2n+59) of therelation (3.5) with X =W =g yields
the Ricci tensor S isgiven by

(2n+9)k, +k, +k; + k, —(2n+s-Dra, —ra,
a,+(2n+s)a, +a, +a, +a, +a, '
B= 2K, )
a,+(2n+s)a +a,+a;+a +a,

where, A=
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Theabovetheorem 3.1 isshownin tabular formfor different curvatureswhich

can be obtained independently for s manifold.
Curvature tensor Manifold Ricci tensor S
Quasi conformal Einstein _ ) (@n+s—1)(as+ 2a)b;) — ayr g
curvature tensor 2+ (2n+s—1)a,
Conformal curvature  Einstein
2n-1 2b, r
S= 2n+s-1)| s— +
tensor (1—5 j{( )[ 2n-1 2n(2n—1)]
L
2n(2n-1) g
Conharmonic Einstein on-1 2 r
curvature tensor S= ( 1 s j{(Zn S— 1)( 2n%1j+ 2n_1}9
Concircular Einstein S=s(2n+s-1)g
curvature tensor
Projective curvature  Einstein 2n(2n+s-1) b
tensor = {W}(S_%j g
Pseudo projective ~ Einstein g= ) (@n+s-1)(3s+aby)
curvature tensor 2 + (2n+5—1)a g
M-projective Einstein b r
curvature tensor 5:(2 j{(2n+3 1)(S—EJ+R}9
W, -curvaturetensor ~ Einstein o[ 2@2n+s-1) 1) by
) %j g
W -curvaturetensor ~ Einstein g=[2n@n+s-1) 1)
(4n+s-1) 2n)9
W, -curvaturetensor  Einstein o[ 2n@n+s-1) 1)
- (4n+s-1) 2nj g
W, -curvaturetensor  EiNStein g=[2n@n+s-1) 1) .
(1-9) 2n
W, -curvaturetensor ~ Einstein o[ 2@2n+s-1) 1) by
| @en+) 2nj g
-curvaturetensor ~ Einstein
Vs s=[2" Vianss-p) s+ |- Llg
2n-1 2 2n
Einstein S=s(2n+s-1)g

W, -curvature tensor
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Curvature tensor Manifold Ricci tensor S
W -curvaturetensor  Einstein S=s(2n+s-1)g
W -curvaturetensor ~ Einstein o { 2n(2n+s-1) }(S by j .
- 1-s “on

-curvaturetensor  Einstein
W S:—(z—:j{(2n+s)(3—%j—S—L}g

2n
W -curvaturetensor  #-Einstein S= (Z_H @2n+ s)( bs j St b _ E} g
1 2n 2n  2n

-curvaturetensor  n-Einstein
e S= _an (2n+9)|s b3 s+&+&+L g
2n+ ~2n 2n 2n 2n

2o,
+ztx( 2n +ljn“ O

4. RICCI SOLITONINIRROTATIONAL 7-CURVATURE TENSOR
IN ssMANIFOLDS

Definition 3: ARicci soliton isa natural generalization of an Einstein metric and
is defined on a Riemannian manifold (M, g) . ARicci solitonisatriple (g,V, 1)

with g is a Riemannian metric, Visa vector field and A isareal scalar such that
(L, 9)(X,Y)+25(X,Y)+249(X,Y) =0. (4.1

where, S isaRiccitensor of M and L,, denotesthe Liederivative operator along

the vector field V . The Ricci soliton is said to be shrinking, steady and expanding
according as A is negative, zero and positive respectively.

If V isco-linear with &, then Ricci soliton along & is given by

(L.9)(X,Y)+2S(X,Y) +24g(X,Y) = 0



Irrotational =Curvature Tensor in S-Manifolds 165

g is a Riemannian metric, &, ,(a =1,2,...8) is a vector field and A is a real
scalar such that

(icl L: )(X,Y)+2S(X,Y) + 249(X,Y) =0.. (4.2)

From (4.2) we have
c9(V, &, . Y)+ca(Vy, X)+25(X,Y)+229(X,Y)=0. (4.3
Using (2.5) in (4.3) we get
co(-fX,Y)+co(-fY, X)+25(X,Y)+249(X,Y) =0. (4.4)
From (3.6) and (4.4) we have
(A+2)g(X.,Y)+Bn, (X)n,(Y) =0. (4.5)

Taking X =Y =¢ in (4.5) and summing over i =1,2,....... 2n+s, we get

thevalueof 1

/1:—(A+ B J (4.6)
2n+s

thus we state the following theorem

Theorem 2: The Ricci solitoninirrotational 7 -curvature tensor ins manifoldsis

1
2.
3.

(1]

(2]

(3]

shrinkingif A,B>0
steady if if AB=0
expanding if if A,B<0.
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