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IMPULSIVE INTEGRO DIFFERENTIAL
EQUATION WITH ANTIPERIODIC BOUNDARY
CONDITIONS ON TIME SCALES

Krishnaveni.V, Sathiyanathan.K and Arunkumar.D

Abstract: In this paper, we have investigated the existence of solutions for system of impulsive integro-differential
equations with antiperiodic boundary conditions on time scales. Existence of solutions are established via Schauder’s
fixed point and Schaefer’s fixed point theorem for operators in a Banach space. An example is given to illustrate the
effectiveness of our proposed result.
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1. INTRODUCTION

The time scale theory presents a structure where, an established result of a general time scale is
applied to special cases. If T = Rand T = Z then we have the results for differential and difference

equations respectively. A great deal of work has been done since 1988 unifying and extending the theories
of differential and difference equations. Some basic definitions and theorems on time scales can be found
in the standard books [3,4] Impulsive differential equations serve as an essential model to learn the
dynamics of processes that are subject to abrupt changes in their states. Alternatively, impulsive control
theory has become a awfully main direction in the theory of impulsive differential equations, inspired by
their various applications to problems arising in orbital transfer of satellite[9], ecosystems
management[6], electrical engineering[12] and so on. Several literatures have been published about
existence of solutions for anti periodic boundary value problems for first and second order impulsive
differential equations [1, 2, 10, 11, 12], which are essential for complementing the theory of impulsive
equations. In recent times, the existence results were extended to anti periodic boundary value problem
for second order impulsive differential equations on time scales[13].

Impulsive Integro differential equations have also been considered by many researchers in [5, 7,
8]. Motivated by above, this study consider second order impulsive integro differential equations with
antiperiodic boundary value conditions on time scales. First, we use Schauder’s and Schaefer’s fixed point
theorem to study the existence results of the following antiperiodic boundary value problem
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£ 3
—u®2 (1) = h| £, u(t), v (D), f g{r,s,u(sj,uﬂ(sj)as . te [0, T\ = {t,t, .t ],

u(ty) = ulty) + L (ulty)), r 1)
ud (1) = ui () + i (u(t)ut()),  k=12..m,
u(0) = —u[:cr(T]), u?(0) = —u'f‘[::r[T]). )

Secondly, we employ Schaefer’s fixed point theorem to investigate the following antiperiodic boundary
value problem on time scales:
\

E
w2 () = h| t,u° (), u (D), f g(t507()ut(®))as |, te 0TI\ = {ty 1, .. t,),
0 )
u(ty) = ut) + L (ult)). (
() = ut () + i (u(t)u(t)),  k=12,..,m,
u(0) = —u[cr(Tj), u®(0) = —u&[cr(T]). J
We assume throughout this paper that h:[0,T]*xR*"xR"xR" - R" and
g:[0,T] %[0, T] x R" x R" — ™ are continuous and I,: R" — R", J.: R™ = R™ are also continuous

k=12, ..,m).
2. PRELIMINARIES

In this section, we present some definitions of time scales, lemmas and theorems before starting our
main results.

A time scale is an arbitrary nonempty closed subset of the real numbers. Throughout this paper,
we will denote a time scale by the symbol T. And the forward and backward jump operators o, p: T— T

are defined by
o(t)=inflseT:s=t}, p(t)=sup{s €T :5 =<t} (3)

respectively. The point t € T is called left dense, left scattered, right dense or right scattered if
p(t) =t, p(t) =t, a(t) = tor a(t) =t respectively. Points that are right dense and left dense at the
same time are called dense.
We denote o(a(t)) by a*(t).

If T has a left scattered maximum m, define T* := T — {m}; otherwise, set T* := T. The symbols
[a, b],[a, b) and so on, denote time scales intervals, for example,
[abl={tETia<t<bh (4)

where a, b € T with a < p(b).
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Definition 1. A vector function f: T — " is rd-continuous provided that it is continuous at each right
dense point in T and has a left-sided limit at each left dense point in T. The set of rd-continuous functions
ffT—=R"

will be denoted in this paper by C,.;(T) = C,,(T,R").

Definition 2. Assume f:T— R is a function and let t € T.. Then we define f2(t)to be the
number(provided it exists) with the property that given any € = 0 there exists a neighbourhood . of t

(i.e)., U = (t -4, t+ 5) N T for some § = 0 such that

|f(e(D) = F(s) = FA(D)[a(t) —s]| < ela(t) —sl, ¥s €U

(5)

We call £2(t) the delta (or Higher) derivative of f at t.
Definition 3. A function F: T — R is called an antiderivative of f: T —+ R provided
FAt)=f(t) holdsVteT (6)

Theorem 1. [existence of antiderivatives] Every rd-continuous function has an antiderivative. In
particular if t, € T , then F defined by

F(t) = ff[rjar for te T -

is an antiderivative of f.

We assume that for

flti 2, v,z) = lim f(t,x,y.2) and f(t;,x,y,z) = lim f(t,x,¥,z)
t—}f;{ t—?t;{
both exist with

f(ti, x,v,z) = f(t,x,v,z),k = 1,2,...,m. In order to define a solution of (1) and (2), we introduce
and denote the Banach space PC([0,T]\R™) by

u:[0,T] = R™u € c([0,T]\2, R™),
PC([0,T]\R™) == u is left continuous att =t (8)
the right — hand limit u(t; )exists

with the norm [lull ¢ = sup,cqo rllu(t)ll where [I-]| is the usual Euclidean norm and {.,.} will be the
Euclidean inner product.

In a similar fashion to the above, define and denote the Banach space PC*([0,T]\R™) by
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u € PC([0,TI\R™),u*(t) € C([0,T]\2,R™),
PCi([0,T]\R™) :== the limits u®(t; ), u®(t; )exists with (9)
u®(ty) = u®(tg)

[t ®l,.3

with the norm [Jull pcz = sup,crp r{llu(®)l o .

The following fixed point theorem is our main tool to prove the existence of at least one solution to (2).

Theorem 2. (Schaefer’s fixed point theorem) Let X be a Banach space and let A: X —+ X be a
Completely continuous operator. Then either:

1. the operator equation x = A4x has a solution fori = 1. or
2.theset 5 == {x € X, x = 14x, A €]0,1[} is unbounded.

Theorem 3. Let @ € T*,b € T and assume f: T x T* — R is continuous at (t,t), where t € T* with
t = a. Also assume that f*(t,.) is rd-continuous on [a, a(t)]. Suppose that for each € = 0 there exist a
neighbourhood U of ¢, independent of © € [a,o(t)], such that

| fle().T) — fls1) — FA@LD(e(t) — )| Z€lo(t) —s|Vs e U

where £ denotes the derivative of f with respect to the first variable. Then
g(®) = [ f(t.7)AT implies g*(t) = [ F* (tT)AT + f(o(t).t)
h(t) = [T f(t,7) A implies g*(t) = [ 2 (£, D)AT + f(o(t),t)

Lemma 1. (Compact result) Assume that {f n } neN is a function sequence on J such that

1. {f, }.ex is uniformly bounded on/,

2. {f2 1, . is uniformly bounded on J.

Then there is a subsequence of {f,, },.=» converges uniformly on /.

Theorem 4. (Schauder’s fixed point theorem) Let K be a closed convex subset of the banach space X.
Suppose f : K — K and f is compact (i.e., bounded sets in K are mapped into relatively compact sets).
Then, f has a fixed point in K.

Lemma 2. For any k(t) € PC([0,T], R,), u(t) solves
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—u®(t) = k(t), t € [0, T\,
u(ty) = ult) + L (ult)).

ud () = ul(t) + e (u(t ) u(ty) ), k=12, .., m, (10)
u(0) = —u[r:r(T]), u?(0) = —u‘f‘[cr(T]).
if and only if x(t) is the solution of integral equation
u(® = [776(t, 0())k()As + Tty H(t £ )1 (u(t)
(11)

=) 6l (st (), Ve (0,03 (D]

where
%[%a[z"j —t —I—s] 0<s<t<a(D),
G(t,s) =4
%[%J(Tjﬂ—s] 0<t <s<o(T) (12)
2 o<s<t<a¥(T),
Hit,s) =4 °
(5:2) -2 0=t<s<o(T) (13)
Proof. The proof is similar to that of Lemma 2.1 in [13]
By Lemma 2, we have for every t € [0,0(T)]
3
max(, ;efo.o(mxor |G (Lo ()] = ;o(T) (14)
If t = ¢*(T) > a(T), then
16(c(T).0(s))| =3[e(T) + 20%(T)] 5)
Therefore we have the upper bounds
1 5
= — < =
'irﬁ}E[DJETiaT}f]K[D;EET}]lG[:t’ J(S:]N T4 [o(T) + 20°(T)] Go
1
2 (16)

maX(, o)ero.0 2 (Mxp.e(m] H(ES) | £
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B | =

max |G£‘[t,s]| <
(te)e[le 2 (TH]x [0 (T]]

Recall that a mapping between Banach spaces is compact if it is continuous and carries bounded sets into
relatively compact sets.

Lemma 3. Suppose that h: [0,T] *x R* X R* X R" = R" and g : [0,T] X [0,T] x R* x R" — R" are
continuous and I[.:R"—=R" [.:R"—= R" are continuous. Define an  operator
B: PCY([0,6*(T)]R,) = PC([0,6*(T)].R,) as

Bu(t) == _|";|:T:I G [t, r:r[s:]) h(s,u(s], u?(s), f; g (t,s,u(s], ut (s:]) ﬁs) As

+ Z H(t, 6L (u(t,)) — Z 6t 6], (u(t ) (8), (17)

where G(t,=)and H(t, =) are as given in Lemma 2 Then E is a compact map.

Proof. we know G2 , H* denotes the derivatives of G, H with respect to the first variable, we have

(Bu)*(t) = —%f; h(s,u[s],ue‘(s],f;g(t,s,u[s:],uf‘ (sj)ﬂs} As

w(T) w(T)

+%J. h s,u(S],u‘f‘(Slf E[t:S:H(S]JH&(SJJM Lz

t

(18)

M

+ ka (u(tk]! u&[tk])

k=1

Then the continuity of k, g, I, ], implies B is a continuous map from PC[],R,] to PC[J,K,]. On the
other hand, for any bounded subsets = PC[J,R,]. (18) implies {{Bw)*(t)|u(t) € 5} is also a bounded
subset of PC[J, R, ]. Deducing in a similar way as proving Lemma 1, we have E is a compact map.

Lemma 4. u € PC*[J,R,] n PC*[J,R,] is a solution of (1) if and only if u(t) € PC*[J,R,] is a fixed
point of B.

Proof. It can be easily obtain from Lemma 2 and we omit the proof here.
3. EXISTENCE OF SOLUTIONS

In this section, we prove the existence results for (1)and (2) in presence of Schauder’s fixed point theorem
and Schaefer’s fixed point theorem, respectively.

We first set
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_ lim ( max Nrie wwowll ) _ T( max ||g|:r,s-,u,z:||)
T Naell +lell +llwll=oe \eelo.T] leell + ol +lwll / 2 Null+liell =eoe \eelor] e+l
m— Al SE—— ] (19)
e, = lim k=1,2,..,m), = lim — | (k=1,2,..,m),
§ ||u||—>ﬂ=( llull ( ) B = e llull + llvll ( )

Theorem 5. Suppose that k : [0,T] x R* x R* x R®™ - R" and g : [0,T] X [0,T] x R® x ™ — R" are
continuous and I,.: B™ — R™, [,: R® — R"™ are continuous. (k = 1,2,---,m). If

5 == mﬂx{ﬁl ,52} Ll 1, (20)

where

6, = % [71"1(1 +n,)o(T) +;}9k] [6(T) + 267(T)] +%; &y

(21)

6, = 7?1(1 + W:]J(Tj+ Zlgkl

k=1
then (1) has atleast one solution in PC*[J,R, ] n PC*[J, R, ].

Proof. By Lemma 3 it is sufficient to show that B has atleast one solution in PC*[J, R, ]. First, we can
choose by (20) 7} =ny, 0% =1,, ay = a, ,fy = By, (k= 1,2,..,m) such that

1 N 2 AN
5 =E|n;(1+ngjati") +;ﬁ{<] [o(T) +26‘ETJ]+ng:1ﬂL =1

(22)
8y = ny(1+ n)o(T) + Zﬁ; <1
k=1
By (19) we can choose a positive number N such that
Ih(tw, v, wil <0y (lul + vl + lIwl), ¥ te [0,0(T)LIull + llvll = N. (23)
Then
Wh(tw v, wll < nyCllwll + el + llwl) + M, v t€ [0,6(T)]u,v.w € R™.  (24)

where

M = maX,e[o,x(r))lull +lsl+ hwlizx | F (& w2, W)l < oo (25)
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Similarly, there exist positive constants M, M, , M, ,(k = 1,2,---,m) such that

lg(eswvll < mylllull +livl) + M, ¥ t€0,0(M],  wveR, 26)
I (ull = e llull + M, , ¥ ueR", (27)
Wi Cawll < BLCllull + llvl) + 7y, ¥ ww € RP, 8

It then follows by (16), (17), (24)-(28) that

IBu(Hl < ia(m [o(T) + 252 (D][n, (lu@® 1l + w2 @ || + m, (1l + |2 @) + 7) + M]

(Z a llull +Z )
(Z Billu()ll + [[u2 ()] ) +Z M_k]

k=1

+ 2 o(r) + 26%(7)]

< 8illullpe: + P, v te [0,6%(T)], (29)

where

P = %[GET] +262(1)] (n;m(m +Ma(T) + ) ) %(Z M_k)] (30)

k=1

is a constant.

Similarly, we can prove that

,.|

|Bu(®)|| < 8llullpes + P12, v t€[0,62(T)],

(31)

where

o1 —
P = E(n;MU(Tj + Ma(T) + Z M, )

k=1
IS a constant.
Consequently, by (29) and (31) we have
(32)

|I[:Bu]||pf— = 5{"“”1}(_‘— +Ff , VUuE Pci[ﬂrgz(T]!Rn]:
where

(33)
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§ =max{8, ,8,} <1, P'= max{pV p?}

Thus we can choose I == @ such that

B(H,) C H,, (34

where H, = {ue PC[0,6*(T),R"*]lllull 5= = I}. On the otherhand,from Lemma 4 B is a complete
continuous operator. Hence by Schauder’s fixed point theorem B has a fixed point in H; . This completes
the proof.

Remark

Assumption (20) is true if there hold

|t w, v, wll
%
Nl + llll + llwll

0, as |lull + vl + lwll = oo

(35)
llg(t, s, vl 7, (e, )l
9 Lo Ll + 11wl oo
el + [l lleell + [l
Iz, ()l
ﬁ(”j -0, as |lull s 00 (k=12 ..,m),
A

We now go on to study the existence results for (2). We should mention that the idea used in the
following theorem is initiated by Tisdell [5, 11].

Theorem 5. Suppose that = : [0,T] x R* x R®" x R" = R" and g : [0,T] X [0,T] x R" x R" — R" are
continuous and I,.: R® — R", [.: R® = R™ are continuous. (k = 1,2,---,m). If there exist nonnegative
constants e, , e, ¥y, ¢y, Cy., Dy, E and E such that

Ih(t,w, v, wil < a,[{w, h(t,u,v,w)) + vl + Iwll*] + E 6

Vv (tbu,v,w) €([0,6(T)]\0x R" x R® x R")

13

J.g(t,s,u, v) As|| = [rxg["ull + |Ivll]+ E); Vu v e R
)

NL (W < yellull + €., W (w )l < (llull + I+l +D,, YuveR"
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m m m (37)
1
max [EGDalaza(Tj + EZ v + 2G, Z O a,a,0(T) + 2G, Z [ I <1
k=1 k=1 k=1
where (-} is the Euclidean inner product. Then (2) has atleast one solution.
Proof. Consider the mapping
B: PCY([0,0*(T)LR,) = PC ([0,6%(T)],R,) 38)
Bu(t) = _|";|:ﬂI G [t, o (s]) h (s, u° (s), u®(s), _Ir; g (t, 5,u7= (), ut (s) } ﬁs) As
A
+ ) HE L)) - ) 6066 ()60 @) s
k=1 =1
—%[éa(z"] - ::+s] 0<s <t <al(T),
G(t,s) = * T
—;[:J[T]-i-t—s] 0<t<s<a(T) (40)
2 oss<t<o¥(D),
H(t,s) = 6%(ts) =4° ,
—- 0=t=s<a(T) (41)

In a similar way as we prove Lemmas 2, 3, 4 we obtain

() uw € PCY[J.R,] n PC?[],&,] is a solution of (2) if and only if u(t) € PC[J,R,] is a fixed point of
B-

(ii) B is a compact operator.

Consider the equation

u = Bu (42)

To show B has atleast one fixed point, we apply Schaefer’s theorem by showing that all potential

solutions to

(43)
u=2ABu, A € (0,1)

are bounded a priori, with the bound being independent of 4. With this in mind, let w(t) be a solution of
(43). Note that u(t) is also a solution to
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ut(t) = Ah (J_‘,u‘F (t), u™ (1), f:g (J_‘,.'s,uL7 (s), u® (s:]) ﬁs} ,t#t, k=12,..,m,
u(ty) = ult,) + Al (ulty).
wt () = v (t) + My (u(t)ut () ), k=12,..m, (44)
u(0) = —u[cr(T:]), u®(0) = —uﬂ‘[cr(T:]).

On one hand, we see that for A € (0,1)

A

h (t, u® (), u(t), J g {t, s,u” (s), u (s]) ﬂs)

<2 [al I{uﬂ(rj,m (r,uﬂ(rj,uﬁ(rj, f g(tsu(s),ut (s])ﬁs)} + |20

= a, {{uﬂ(tj,}l,h (t, u® (t), u® (1), J- g (t, s,u°(s), u® [s:]) ﬁs)} + A{ut (1), u® (1))

+ [, (Ilu + w2 (@) + E]

+ e, (lu@ll +[[u @) + ﬂ} +AE

< a, {(w (£), u®* () + @ (£, v (1)) + [, (lu@® + w2 (D)) +E]} + E
< ay (u(t), u* () + aya; (llu)ll + |2 @) + a,E+ E
< a (u(t), v (O + 2a,a,llull po: + @, E+ E (45)

On the other hand, by the antiperiodic boundary condition we have

(T
f [(u(e), u* (£)))*]at = (u(a (1)), u (a(T))) — (w(0),u*(0)) = 0 (46)

It therefore follows that
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a(T) t
J Allh t,uﬁ(tj,u&(t],-[g[t,s,uﬁ[s],u&(s])&s At

o (47)

< 2a,a,l|ull po20(T) + ayEc(T) + Eo(T)

Consequently,

lu() | = AllBu()I

el.T)

= J- G[t,a(s])h s,uﬁ[s],u&(s],Jg(t,s,uf':s}(s],u‘f‘(s])&.5' As

V]

SN (CERACTCR) EDWICTRIA (TCORTICH)

m m
— 1
< 2Gya,a,|lull pe20(T) + Gya Eo(T) + GyEa(T) + EZ Cy + Gﬁz Dy
k=1 k=1

m m
1
+ |26 0 000(T) + EZ Yi + 2G, Z Ek] lall o
k=1 k=1

u(t) < Gya,Ea(T) + GyEa(T) +

b | =
SNGE
)

i
+
éﬁ
[N
o

1 (48)
+ |26,0yay0(T) + EZ Vi + 2Go Z 2| el e
k=1 k=1
Differentiating both sides of (48), we can easily have
R 1 _ 1 1 =
|lute)| = S @:Eo(T) + - Eo(T) + EZ Dy + | a,0(T) + Z O | el oo (29)
k=1 k=1

Choose

, _ 15 C 1 _ 1 1
QY = max{G,a,Ea(T) + G,Ec(T) +EZ Cp + Gﬂz Dy , ErxlEcr[T] +EEH(TJ + EZ Dkl
k=1 k=1 k=1
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oy 1 N N N
QL;} — I]’IEIX[EGDD::LCE:G[T:] + EZ Yie + ZGDZ Ek ¥ ﬂlﬂ:G(Tj + Z EL;I
k=1 k=1 k=1

Thus we have by (37) that

lullpee =

Then the proof is completed.
4. EXAMPLES
Example 4.1

Consider the antiperiodic value problem on

:Lﬁwk+1jk+ﬂUﬁk+ﬁ%

u‘f“f‘[t]=u[:cr[t])+u[t] E'(1.“:] —I--[ts d[t]+u[t])[1_25j‘§ﬂ5+505t,

Qlﬂ

1 — Q':E}

u(1*) =u(1) —I-%u(l] + 4,

u(1%) = u?(1) —%u(l] + 10,

u(0) = —u(3),
We claim (53) has atleast one solution.
Proof:
Let T = 3 and

E

u?(0) = —u?(3)

(50)

(51)

(52)

\
te[0,1],t+ 1,

»(53)

flt,u,v,w) =u+ uv® + J. ts(u+v)(1— Esjieﬂ.s + cost In Theorem 6 Choosing E = 4,

V]

we have for (t,u, v, w) € [0,1]U{2,3} x R® that

(54)
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1

flt,u,v,w) = |u| + |ulv? + J slu+v|(1—2s5)7As+ 1

0

t
(u, f(tbuwv,w))+v2 +w? =u? +u*v* +ucost + J_ ts(u? + uw)(1— 25)zAs + v + w? (55)

o
We need the following inequalities,

lul?2 = lul — 1, |ul*v?+v2+w?+ |ulcost= |ulv? -2, u = 100.

Since min,. {v*—2v}= -1, we have u'v®+v?—|ulv? =v*(u® —|ul +1)=0.Thus, for

rx1=1,rxﬂ=i,£'=4and§=ﬂ,
2 100

a,[{(wf(tuv,w)+vi+w?]+E

r
=a, |u*+u*v*+ucost+ J ts(u? + uv)(1 — 25)zAs + v? + w?

o

= If(twv,w)l (twv,w) €[01]U {23} x R® (56)

Moreover,

19

9 1 Em Em \
Gy = 1 and 2G,otyo,0(T) +E Ye +2Gy ) ,oqa,o(T)+ Z O = o =<1
k=1 k=1 k=1

Then the conclusion follows from Theorem 6.
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