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REGULARITY OF THE LOCAL TIME OF DIFFUSIONS ON
THE POSITIVE REAL LINE WITH REFLECTION AT ZERO

MASAFUMI HAYASHI*

ABSTRACT. We study the joint law of (X¢(z), L¢(x)) where X(z) is the so-
lution of a one dimensional stochastic differential equation on (0, +oc0) with
reflection at zero, and L¢(z) is its local time. In particular, we give some rep-
resentation formula of the distribution of (X¢(x), L¢(z)), and we investigate
the regularity of the joint density with respect to the local time argument
under ellipticity and mild regularity conditions on coefficients of X¢(z).

1. Introduction

Let T > 0 be fixed. We consider the following stochastic differential equation
(SDE) on D := (0, 00) with reflecting boundary conditions:

Xt(ac):x—i—/ota(Xs(x))dWs—|—/Otb(XS(a:))ds+Lt(:c), 0<t<T. (11)

Here z € D := [0,00) and {W;}o<i<T is a one dimensional standard Brown-
ian motion on the canonical filtered probability space (Q, F,{Fi}o<i<r, P). We
assume that {F;}o<i<7 is the natural filtration generated by W. We say that
{(X¢(x), Li(x)) Yo<t<r is the solution to (1.1) if it satisfies

L1. Both X;(z) and L:(z) are non-negative, continuous and Fi-adapted pro-
cesses satisfying (1.1);

L2. Lo(z) =0 and t — L;(z) is increasing P-a.s.;

L3. The measure dL4(x) is carried by 9D := {0}:

Li(@) = [ 0y (X, (o) dLu(o).

Diffusions with reflecting boundary condition such as (1.1) appear naturally in var-
ious applications. In the 80s, the existence and uniqueness of the solution to SDEs
with reflecting boundary conditions were studied by many authors, see [9], [11]
and references therein. In recent years, several aspects of diffusions with reflecting
boundary condition has been studied. For example Wong—Zakai approximation
for diffusions with reflecting boundary condition, which describes a simple rela-
tion between the solution of SDE and that of ordinary differential equations, are
studied, see [6] and [1]. Deuschel and Zambotti [5] proved the solution to SDE’s
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with reflecting boundary conditions are pathwise differentiable with respect to the
initial value, and they obtained Bismut-Elworthy’s formula for the gradient of the
transition semigroup E[f(X¢(z))], see also [3].

Tsuchiya [12] obtained, by using parametrix methodology, an approximation
for E[f(X¢(x))] and investigated the existence of the density of X;(z), see also
[2]. The main purpose of the present paper is to generalize the methodology ex-
posed by [12] and to give some approximation formula of the transition semigroup
Pif(x,0) := E[f(X¢(x),€ + Li(x))] under mild regularity conditions on the coef-
ficients of X;(z). The main difference between an approximation for E[f(X:(x))]
and that for P, f(z,¢) arises from the singularity of the distribution of the local
time. Indeed the local time process L;(x) stays zero until X;(x) touches zero,
hence the joint law of (X;(z), ¢+ L(x)) is not absolutely continuous with respect
to the Lebesgue measure. For this reason, an approximation has two parts, that
is, approximations which do not touch the boundary, and approximations which
touch the boundary. This combination of effects will happen in any iteration of
the procedure of the approximation and will generate combinations of approxima-
tions with two parts. This creates difficulties in the analysis. We will show in
Thoerem 2.4 that the joint law of (X;(z),¢ + L;(x)) has the following form:

P(Xy(x) €da’, b+ Li(x) € dl') = py(x; ") da’ 5o(dl') + pe(z, €527, €)1 4 d’ P’
(1.2)

Here we denote by d,(d¢’) the Dirac point mass concentrated at ¢, and put
A= {(x, 0,2, 0)eR: z, 2" € D, ¢/ > (}. (1.3)

The first term in the right hand side in (1.2) have a point mass at the current
value of local time and corresponds to the case where the reflected process does
not touch the boundary. The second term is absolutely continuous with respect
to the Lebesgue measure and corresponds to the case where the reflected process
touches the boundary. In Theorem 2.4, Gaussian upper estimates for p;(x; 2’) and
pi(x, ;2 ') are also obtained.

As an application of Theorem 2.4 we study the regularity of p;(x, ¢; 2/, ¢') with
respect to £. The regularity of the transition density of the solution to SDE is
usually related to the regularity of its coefficients. Even in the present case, we
can also show, by following a similar approach as in [4], the differentiability of
pi(x;2’) and pe(x, £;2',¢") with respect to x. This application also enables us to
see the differentiability of x — E[g(X:(x)) : To(x) > t] or & — E[f(X¢(z), ¢ +
Li(x)) : Ty < t], where g and f are bounded measurable functions, and Ty(z)
is the first hitting time to zero by X;(x). On the other hand, it seems that the
regularity of p;(z,¢;2’,¢) with respect to local time argument ¢/ has not been
studied enough. As Nualart and Vives [10] showed, a Brownian local time belongs
to some fractional order Sobolev space in the sense of Malliavin calculus. Hence one
cannot apply standard techniques from Malliavin calculus to the study of regularity
of local time. However it is known that the distribution of the Brownian local
time is smooth except for the boundary. In the present paper, as an application
of Theorem 2.4, we will investigate the regularity of p;(z, ¢;2’,¢) with respect to
¢ under mild regularity conditions on the coefficients of (1.1). In particular we
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will show that, even though we do not assume any differentiability of coefficients
of (1.1), pt(x, £;2',¢") is smooth with respect to ¢’ except for the boundary ¢/ = ¢
(Theorem 2.5).

The organization of the paper is as follows: assumptions and main results are
exhibited in Section 2. We also mention some auxiliary results that we frequently
use in the present paper. We give an approximation for the semigroup P; f(z,¢) in
Section 3. Based on the approximation for P;f(z, ), we prove the representation
formula (1.2) in Section 4. In Section 5 we investigate the regularity of p;(x, £; 2, ¢')
with respect to ¢/. In Appendices, we prove auxiliary results and the first step
formula that is a key formula in the theory of parametrix methodology.

Notations: We denote by Cy(D x R) the space of continuous bounded func-
tions on D x R. The sup-norm of the function f will be denoted by ||f|le. We
denote by Ny the set of all non-negative integers. To describe the joint law of the
approximation, we will use the following notation for Hermite type functions

o) = () [ exp- 1) eN
n\L,a) = dx \/%Xp 2. ) n 05

as well as H,(z,a) = H,(z,a)Hy(x,a)"". B(s,t) and I'(z) denote Beta and
Gamma functions respectively. We frequently use the following formula:

' (B TH)
B—1 y—1 - B+y—1 _ B+y—1
P (t—s) "V ds = B(B,9)t =y . 1.4
I (8,7) Fo) (14)
We also use the Mittag-Lefller function:
e on
E = _— R. 1.
*5(7) n;) T(an+0)’ 2€ (1.5)

We remark that the sum converges for any z € R.

As usual constants are denoted by the letters C' and M, and it may change value
from one line to the next. These constant may depend on 7', and other constants
appearing in the assumptions.

2. Assumptions and Main Results

2.1. Assumptions. Throughout the present paper, we assume that the coeffi-
cients of SDE (1.1) satisfy the following conditions:
Assumption (H)
H1. a:= ¢? is uniformly elliptic and bounded measurable:
0 <a:= inf a(z) <a@:=supa(zr) < .
xeD zeD

H2. a is a-Holder continuous for some o € (1/2,1):

la(z) — a(y)|

lalla == sup —F—7 < oo,
x,y€D, x#y |J} - y‘

H3. b: D — R is bounded and measurable.
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Remark 2.1. (1) For standard results on the existence and uniqueness of solu-
tions for reflected SDEs and their properties we refer the reader to e.g. Lions-
Sznitman [9] and Tsuchiya [12].

(2) Note that a is a-Holder continuous for any « € (1/2,1), if a is Lipschitz
continuous. Hence our main results (Theorems 2.3-2.5) mentioned below are also
applicable to the case a = 1.

2.2. The approximation. Let x,z € D be fixed. In order to construct an
approximation for P, f(z,¢), we consider the following Skorokhod equation:

X () =2+ o(z)W, + L (2). (2.1)
We say that ()_(t(z)(a:), ng)(m)) is the solution to (2.1) if ()_(t(z)(x), Eﬁz) (x)) satisfies
the following conditions:

L1. Both Xt(z)(x) and EEZ)( ) are non-negative, continuous and Fi-adapted
processes satisfying (2.1);

L2. I_/gz)( )=0and t— L(z)( ) is increasing P-a.s.;

L3. The measure dL{” (z) is carried by dD:

L) = / 1op(XE) () dLP (x).

0

There exists a unique pathwise solution to (2.1), see e.g., Lemma 6.14 in Chap. 3
of [8]. The following proposition can be deduced from Proposition 8.1 in Chap. 2
of [8]. Recall that A is defined by (1.3).

Proposition 2.2. The joint law of (Xt(z)(x),ﬁ + Egz)(x)) is given by
P((XP(2), 0+ L (2)) € da’ dl') =717 (w; 2 )da! 5o(dl') + 77 (2, ;27 €' )da’ AP,
where we have used the functions
73 (z;2)) = (Ho(z — 2’ a(2)t) — Ho(x + 2’ a(2)t)) 15y p(x,2"),
and
7 (2, 02 0) = —2H (z + 2’ + 0 — €, a(2)t) 14(z, 6,2, 0').
Here A stands for the closure of A.

2.3. Main results. We approximate P; f(xz,¢) by using the following operator

P f(z,0) /fxﬁ (2, 2") dx—i—/ /fxﬁ' xéxé)dx’d@’.

This operator may look strange at first sight but one may interpret it as a “re-
versed” transition operator. To evaluate the remainder of the approximation, we

use the infinitesimal generators associated to (X;(x), Li(z)) and (Xt(z) (z), EEZ)(J:)):
1
Lf(@,0) = Lof(x,0) := b(2)0 f (2, 0) + Sa()0; f (2, 0),

£ (2,0 = £0 (2,0 = Sa(2)22 1,0,
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respectively. Both of the domains of these operators contain the following set

(8a:f(xa e)v 8%](‘(3?, 6)7 8€f(0v e)) exists and
D:={ f€Cy(D xR); is continuous, bounded and satisfies . (2.2)

Define
Suf(a.) = /D F(a',0) e 2') da’ + /;o /D F(@! Oy b 0) da’ d,
where we have used the functions
mulwsal) = (£, - £67) friz')(x; )1p (),
ke(x, by’ ) = (ﬁm —ngl)) 7 @, b2 ) 15(, 0,2 0.
Theorem 2.3. Suppose that Assumption (H) holds. For f € Cy(DxR), we define
L (f)(2,0) = Pef(x,0),
and forn >1
2 (f)(,0) :/Ot duy /Ou duQ--~/0un_ldun77unSunl_u" eSSt [, 0).

Then, we have
Pif(z,0) Z In(f

where the sum in the right hand side converges uniformly in (z,¢) € D x R.

By using Theorem 2.3 one can show representation formula (1.2). In order to
construct approximations for p(z;z’) and p;(x, ¢; 2, ¢'), define recursively

PW(x;a) = 7 (@) 1pyple,a’),

pit(x;x’) </ / Yo Ok s(&x )dfds) 1pxp(z, ), forn > 1.
For n € N, put
q (z, ;2 0") = (/ / M@ ) ke—s (& 60, Z’)dﬁds) Li(x, 0,2 0.
Then we define recursively
p(x, b 0) = ﬁ(z,)(:v G,

pi(z, ;2" 0) = q (z, 62", 0") / S phHNw, ;- ) (2 ) ds, forn > 1,
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for (z,0,2',¢") € A, and set p}(x, l; 2’ ¢') = 0 for (x,¢,2',¢') € A°. Here, S} is the
adjoint operator of S;. In particular, for (z,¢,2',¢') € A, we can write

/St* D, ) (2 1) ds—// Y, 4;6,0") k_o(&;27) dE ds

/ / / (2,66, Nk s(§, N2, ) dE dds.

To simplify the notation we denote
Rz, ;2 0') = Ho(x + ' + 0 — ¢, pat). (2.3)

Here p > 1 and a is the constant introduced in H1 in Assumption (H). Recall
that we denote by E, ;(z) the Mittag-Leffler function, see (1.5).

Theorem 2.4. Suppose that Assumption (H) holds. For any p > 1 there exist
positive constants C and M such that the following assertions hold true:
L. For each t € (0,T], pi(x;2') := S iz x) converges uniformly in
(x,2") € D%. Moreover we have that, for any (t,z,2") € (0,T] x D x D,
pe(z;2’) < CEa/271(Mta/2)H0(I — 2!, pat).
2. For each t € (0,T], pi(z, ;2" 1) := Yoo Pl (m, b2 0') converges uni-
formly in (z,0,2",0") € A. Moreover we have that, for any (t,z,¢,2',0") €
(0, 7] x A,
pe(w, 2 0) < OB o o (M) V2 Wi (2, 4527, 0).
3. Formula (1.2) holds true.

As an application of Theorem 2.4, we will show the smoothness of p;(x, ¢;2',¢")
with respect to /. For ¢ € (0,1), we put

As ={(z, 0,2’ 0)eR*: z, 2’ € D, ¢! — 0> §}. (2.4)
Theorem 2.5. Suppose that Assumption (H) holds. Then pi(z,;z',0') : A — R
is infinitely differentiable with respect to €', and for any (t,z,¢,2',€') € (0,T] x As
C Ea/271/2(Mta/2
(5m
holds true. Both constants C' and M depend on m, pu, o, @, a, ||b|lec, and T, but
are independent of 9.

e, 5, 0)] < ) 12 a0 0),

Remark 2.6. One can see easily see that p}(z,¢;2/,0') = pf(x,0;2',¢' — £) for any
n and also pi(z, ;2. ¢") = pi(x,0;2", ¢ — £). Thus Theorem 2.5 also assures the
infinite differentiability with respect to /.

2.4. Some auxiliary results. Although, in the present paper, constants may
change from line to line, we sometimes need to fix constants when we use inequal-
ities (2.5)—(2.8) below.

Proposition 2.7. For any u > 1, there ewists a positive constant M, such that
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(i) Forn =0,1,2, for any z € D and for any (t,z,2') € (0,T] x D?,

|0 7, (%) )| < M,t"/? (1 A 1/2) Ho(x — 2/, pat). (2.5)
(i) For any z € D and for any (t,z,¢,2',¢') € (0,T] x A,
|7rt(z)(x,€;a:’,€’)| < Mt~ Y20 e, b2 ). (2.6)
(iii) For any (t,z,2") € (0,T] x D?,
|k (a;2)| < M, tle=2/2 (1 A t1/2> Hy(z — ', pat). (2.7)

(iv) For any (t,z,0,2',0') € (0,T] x A,
|z, G2 0] < Mt =32 pt (e b2 ). (2.8)
The constant M,, depends not only on p, but also on «, a, a, ||b|le and T.

Remark 2.8. The proof of Proposition 2.7 will be given in Appendices. In [7], the
authors studied a similar estimate to (2.5) see Lemma 5.3 in [7].

We will also frequently use the following inequalities.
Proposition 2.9. Let u > 1 be fized.
(i) For any 0 < s <t <T, and for any x,x’' € D we have
/ Ho(z — &, pas) Ho(€ — 2, pa(t — s)) d€ < Ho(z — ', pat). (2.9)
D
(ii) For any 0 < s <t < T, and for any (z,¢,2',¢') € A we have

/ Ho(x — &, pas) i (&, 627, 0) dE < b (z, 42/, 0'). (2.10)
D

(iil) For any 0 < s <t <T, and for any (z,0,2',{') € A we have

JI,E, 5 Rt—slG, ,.’L',g < t—s .’L',(,.’II,[ .
h'g € )\ £ )\ A dgd)\ MU' / 1ht v
4 D

Proof. We omit the proof of (2.9) and (2.10) because they are similar to the proof
of (2.11). Let 1 < p/ < p be fixed. Put p = p/u’ and ¢ = (1 — 1/p)~!. Then note
that p, ¢ > 1 and (1/p)+(1/¢q) = 1. We have that for any {, 2’ € Dand £ < X < /¢,

W (& N2 ) = (2map'pa(t — 5)) V2RI (6 N2 ) B (€N 2 )

< (2map'pg(t — 5)) 2 hi (&, X2 ) Ho(0 = A dQ(t — ).
(2.12)

Here the last inequality follows from the fact that £ + 2’ +¢ — A > ¢ — X > 0. By
using this and (2.8) with u = p/, we have

ke s (&, N2/ )] < M, (t—8)/ 27 B (&, N2/ ) Ho () — N, iag(t — s)).
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Here we replace the constant M, (2w’ pq)l/ 2 by M . because we may assume that
M, (27i'pg)t/? < M, holds. Thus we obtain

el
/ / (A, €, 0) oo (6, Xs s £)]dEdN
l D

Z/
S M,u(t - s)a/Q_l / E[O(g/ - )‘7 :U//a‘Q(t - S))d)‘/ h?($7£7 53 )‘) h‘él;s(é-a )‘; xl7£/)d€
¢ D
< M, (t —s)*/*71 / Ho(l' = X\, paq(t — s))d\ x h*(x, 6,2, ')
R

Here, in the last inequality, we use the semigroup property of H, (z, pat). Therefore
(2.11) holds true. U

3. The Proof of Theorem 2.3

The following lemma plays a fundamental role in the theory of parametrix
methodology. We will prove Lemma 3.1 in Appendices.

Lemma 3.1. Assume the Hypotheses (H) hold. For any f € Cy(D x R), we have
t

Pof(z,0) — Pof(,0) = / PuSi_uf(z,0) du. (3.1)
0

Recall that by (z, f; 2, ') is defined by (2.3).
Proposition 3.2. There exists C > 0 such that for any f(z,f) € Cp(D x R)
IPeflloc < Cllflloos

and
1S flloe < CHOD72| £l o,

hold for any t € (0,T]. Here C depends on «, @, a, ||b|lcc and T

Proof. For any (z,/,2',{') € A, note that (x + z') (¢’ — £) > 0. Hence one can see
that

W2 (x, b2’ ') < (4maT)? Ho(x + o, 2at) Ho (0" — ¢; 2at). (3.2)
Using this and Proposition 2.7 with ;1 = 2, we can obtain the desired estimates. [

3.1. Proof of Theorem 2.3. By using Lemma 3.1, we have

t
Pof =Puf 4 [ PuySicanf du
0
t uy
:Ii?f +/ (Pulstu1f+/ PUZSU:[UQStulfduz) d’LL1
0 0

t u
:It()f+I151f+/ / Puzsulfuzstfulfduz dul.
0 JO

By iterating this procedure N times, we obtain P;f = ZnN:o I'f + Rn+1, with

t Ul uUN
Ry = / duy / dusy - - / AunN 1Py Sun—unir = St—uy f-
0 0 0
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Hence, using Proposition 3.2 we obtain

t UN N+1
IRyl < / duy - / duns1 [ (Clujor — u)@2/2) X || f]l
0 0 i1
Cta/Q N+1
B Gl T

T(N+ Da/2+1)

as N — oo. Thus the proof is complete.

4. Proof of Theorem 2.4

Recall that p}(z;2'), ¢ (x,6;2',¢") and p}(xz,¢;2',¢") are defined in Subsec-
tion 2.3 and M), is the constant introduced in Proposition 2.7.

4.1. An upper estimate for p;(z;2’).
Lemma 4.1. For any p > 1, and for any n € N, the inequality

(M/ta/Q)n

(e N < O
|pt (xvx)|—001—\(na/2+1)

Hy(x — 2'; pat), (t,z,2") € (0,T] x D?,

holds true. Here we put Cy = M, and M’ = M,I'(a/2).

Proof. From (2.5), |p?(z;2')| < M, Ho(x — ', pat). Thus the assertion for n = 0
holds. Suppose that the assertion holds true for n. Then from the hypothesis of
induction, (2.7), (2.9), and (1.4), we have

7 M/ "M, K no afa— 7 a

P i) < o [ 702 (= 9/ ds (o = ot
M/ta/Q n+1 N
( ) Ho(x — 2', pat).

U

=T ((n+ /2 +1)

Therefore, by induction, the assertion holds for all n € N. O

4.2. An upper estimate for ¢}'(z,¢; 2, ¢'). Let us start with a technical lemma.

Lemma 4.2. There exits a positive constant C(«) depending only on « € (1/2,1)
such that for each n € N

t
na/2y  N(a—2)/2 T (n+1)a/2 T *
/0 s (t—s) (IA(t—s)1/2) ds < C(a)t <1/\(t1/2) ),

holds, for any (t,x) € (0,T] x D.

Proof. Note that B(na/2 + 1,a/2) < 2/«. Hence from (1.4) one can see

t
/ s/ (¢ —g)eD/2 (1A L ) gs< 2 jnt1)a/2
0 (t—s)1/2 S« ?
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holds tor any (¢,x) € (0,1 X D. It x > t*/“, one can easily prove the assertion.
Suppose next that 0 < z < /2. Then we have

t
na/2 o \(a=2)/2 v
/0 s (t—s) <1/\ (t—s)l/Q) ds

t—a® t
— no/2 (3 N(a—2)/2 £ no/2 (p N\(a—2)/2
/0 s (t—s) (CESEE ds + /t_gc2 s (t—s) ds
: (4.1)
t—x t
< 1‘(t _ xZ)na/Q/ (t _ s)(a—B)/Q ds + tna/2/ (t _ s)(a—2)/2 ds
0 t

2
S ( 2 4 2) x(xtna/Z'
l—-a «

Thus we obtain the desired result with C(a) = 2~ + 2. O

The following lemma is a modification of Lemma 4.1:

Lemma 4.3. For any pu > 1, there exists a positive constant C' such that for any
n € Ng and for any (t,z,2") € (0,T] x D?,

M/ta/Z)n ! [e _
N /| < ( 1 bar A
|pt (I,Jf)| _CF((n—l)a/2+1) ( A <t1/2> > 0($ z,uat),
holds. Here M" = M,I'(«/2).

Proof. The assertion for n = 0 follows from (2.5). By using Lemma 4.1, (2.7) and
(2.9), we have

-~ CoM (M)t sn-Da/20 _ o\(a-2)/2 ' s
o) < e = (10 = )
X Hy(x — ', pat)
C/C(Oé) (Ml)ntnoz/Q /! [e B .
< Tafs) Tonm Doy zn (14 () ) ote = +'nan)

Here in the last inequality we also use Lemma 4.2. Thus the proof is complete. [

Lemma 4.4. For any p > 1, there exists a constant Cy such that for any n € N

and for any (t,z, 0,2, ¢") € (0,T] x A,

(M/)nflt(nafl)/2
I'((na+1)/2)

g7 (z, 452, 0")| < Cy Ry (z, b2, ), (4.2)

holds. Here M" = M, T'(o/2).

Proof. Let us estimate the integrand of ¢*(x, ¢;2’,¢"). We take a constant 1 <
' < p. Using (2.8) with ' and Lemma 4.3 we have

- CM,J/ (M/)n—l
“T((n—2)a/2+1)

|p?_1 (‘/'E7 é-) Kt—s (57 g? xlv gl)‘ S(’ﬂ—l)a/Q (t _ s)(a—3)/2
(4.3)

X <51£/2> Ho(x — &, pas) hfis(f,é;x’,é’).
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Note that & < &+’ + ¢ — { for (z,¢,2',¢') € A. Hence by using Proposition 6.1
in Appendices, the right hand side above is dominated by

CM,, (M1 s(n72)a/2(t _ 3)a*3/2
I'((n—2)a/2+1)
+a’ + 0 =0\ - as)h”
X (W) H0($ —57/1(18)}1,5;5(5,& ZL'/7£/)
CMM/ (M/)n—l

(n-2a/2(p a2 (0t um VA (£ el f
S T((n-2)a/2+1)° (t=s) o(w =& pas)hy_ (& 62", 1),

Integrating both side with s and &, and using (2.10), and (1.4), we obtain (4.2). O
4.3. An upper estimate for p}(z,¢;2', ().

Lemma 4.5. For any 1 > 1, there exist positive constants Cy and M" such that
for any n € Ny and for any (t,z,¢,2',¢") € (0,T] x A,

(M//)nt(na—l)/2

n ol < O
‘pt (Jc,é,x,ﬁ)\ —CO I‘((na+1)/2)

hy (x, 02" 0,

holds true.

Proof. By induction with respect to n, we will prove Lemma 4.5 with constants
Cy = max{Cy, M,,I'(1/2)}, M" =3M'. (4.4)

Here O is the constant introduced in Lemma 4.4 and M’ = M,T'(a/2). The
assertion for n = 0 can be deduced from (2.6). Suppose that the assertion for n
holds true. By using (2.7), (2.10) and (1.4) we have

/t S(na—l)/2 dS/ |hl;(.’E,£7£,A€I) F':tfs(g; $/)| df
0 D
M,T'((na+1)/2)I'(a/2)
L((n+ Da+1)/2)
and by using (2.8), (2.11) and (1.4)

t((n+1)a—1)/2 hf(a:,ﬁ; J}/,f/),

t o
[strevzas [ [ ite 6 0m (i €) de
0 ¢ Jp
_ M, T((na+1)/2)0(a/2)
- T((n+1a+1)/2)
Thus, the hypothesis of induction yields

/t |SF_ ol (2, 65, ) (2!, )| ds
O " (M)"
= OT((n+Da+1)/2)
On the other hand, since Cy < CJf and M’ := M,,I'(a/2) < M", Lemma 4.4 yields
(MI/)TL
I'((n+1a+1)/2)

(D=2 pl g 02 a! 1),

(2M") (D=2 gl g g f7).

lgn T (z, ;27,0 < CY M+ Da=D/2 gl po g g7,
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Therefore by noting the definition of p"**(z, £; 2/, ¢'), one can show that the desired
estimate for n + 1 holds true. O

4.4. Proof of Theorem 2.4. The upper estimates of p;(x;2") and pe(x, 0; 2, 0')
follow from Lemmas 4.1, and 4.5, respectively. It suffices to show that for any n
and for any f € Cp(D x R)

It"f(x,ﬁ):/Df(x',ﬁ)pf(x;x’)dx’—l—/R/Df(x’,é’)p?(x,f;x’,ﬁ’)dx’dé’, (4.5)

holds true. We will prove this by induction. We first remark that I7' ™ f(x, ) =
fot I3 (St—u, f)(x,£) duy. Hence, we have by the hypothesis of induction that

I f(x, 0)

t
[ ([ seuscomwodcs [ [ sufe o e da) an.
o \JD rR.JD

By using Fubini theorem, the first term in the right hand side is evaluated as

t
| [ scuseon wodean = [ [ e epie i sar)
0 D RJD
7 oo\ n+1 R / /
+/R/Df(x,€)qt (2, 62 0') da P,

and the second term is

/Ot/R/DSt—ulf(f,A)pZI(mvf;f,A) d€ d\ du,

- /R /D F' ) < /0 t /D p&(x,f;f,Amm(f;x’)dfdul) da’ d\
+/R/Df(x’,£’) </0t/R/Dpzl(:c,é;f,)\)nt_ul(ﬁ,)\;:z:’,é’)dfd/\dul) dz’ .

Thus, noting the definition of p*!(x, ¢;2’,¢'), we have (4.5) for n + 1.

5. Proof of Theorem 2.5
As we mentioned in Remark 2.6, we have p*(x, ¢; 2/, ¢") = p}*(x,0; 2, ¢’ — ¢) and
pi(x, b2’ ") = p(x,0;2', ¢ — £). Hence, for the proof of Theorem 2.5, we may
restrict our attention to the kernels pf(x,0,2’;¢") and p:(z,0,2';¢") on
si={(z,2',0) e Rz, 2’ €D, ¢! >}
Moreover we also note that kY (z, 6; 2", ') = b (x,0;2 0 — ¢) and k¢ (z, 62 0') =
ki(x,0; 2", ¢ — £). In this section, to simplify the notation, we put
py (.2’ ) = py (z,0;2", 1), pe(w,a's ) = po(z, 0527, 0"),
h (z,2"30') = b (2,0;2", '), wo(x, 25 0') = kg2, 0,27, 1),
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5.1. Some technical lemmas. Define

Gz, 2’50 // Y, & 0wy (&; 2" dE ds,

5/2
pp(z, 2’0 / / / (2, & N) ks (&, 27,0 — N) dE dN\ ds, (5.1)

(z,2;0) //5/2/ 2,6 0) Koo (€, 27,0 — \) d€ dNds.

Then one can see that for any (z,2’,¢') € Aj

Py (2 0) = gp' (z, 25 0) + ¢ (2, 2" 0) + pf (2, 23 ) + i (, 25 ).
In Lemmas 5.1-5.4 below, we will show that the kernels p¥(xz,2';¢'), ¢*(z,2"; ")
and py (z,2'; (') are infinitely differentiable with respect to £ and give also upper

estimates on A} for them. Throughout this section, Cy and M stand for the
constants introduced in Theorem 2.4. We may assume that

max{1, M', M"} < M. (5.2)

Here M’ and M" are constants introduced in Lemma 4.1 and Lemma 4.5, respec-
tively. It should be emphasized that the constant C' in Lemmas 5.1-5.4 below are
independent of ¢ and n.

Lemma 5.1. p)(x,2;¢") is infinitely differentiable with respect to ¢'. Moreover
for any m € Ng and for any jn > 1 there exists a positive constant C such that for
any 6 € (0,1) and for any (t,z, 2, ") € (0,T] x Af,
. c
!34, p?(m,x’;@’ﬂ < 6—mt 1/2hé‘(x,x';€’),
holds true. Here C' depends on m, u, a, and a.
Proof. We take a constant 1 < p/ < p. From Lemma 6.2 in Appendices, we have
05pY (2,23 0)| = |Hpsr (z + 2" + 0, a(2)t)|
<Ot D2y (e + o + 0, il at)
c _ zHa +0N\"
S 7mt 1/2 <t1/2> héji (l’,ﬂ:l;f/).

Here we used the fact that @ + 2’ + ¢ > § for (z,2/,¢') € A;. Thus the assertion
follows from Proposition 6.1 in Appendices. (]

Lemma 5.2. The kernel ki(x,2';0') is infinitely differentiable with respect to ¢'.
Moreover for any m € No and for any p > 1 there exists a positive constant C
such that for any 6 € (0,1) and for any (t,z,2',¢) € (0,T] x Aj,

C

|0 ke (w, 2" 01)] < 5—mt(”‘_3)/2hf(x,x’;€’),

holds true. Here C' depends on m, p, o, a, a, ||bl| and T
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Proof. We take constants 1 < p/" < p/ < p. It follows from the Holder continuity
for a (H2 of Assumption (H)) that

|z — |
t1/2
+ 10l oo | Hir2(z + &' + £, a(2)t)]

/ e/ o .
D) W st

|07 ke (2,23 0)| < [lalat®/? ( ) |Hpys(z+ 2’ + 0, a(z))t)|

< C||a||at(a—m—3)/2 (
+ Clbllot™ 2R (@, 0 ),

Here we also use Lemma 6.2. Because ¢~ (m12)/2 < p(1=a)/2 t(a_m_?’)/Q, Propo-
sition 6.1 shows that the right hand side above is dominated by

o / C o x4+ +0N\N"
Ol 3)/2}# (m,x’;ﬁ’) < 57mt( 3)/2 <t1/2> h? (m,m’;ﬁ/).

Here we used the fact that z + 2’ + ¢ > § for (z,2/,¢') € A} again. Thus the
assertion follows from Proposition 6.1. 0

Lemma 5.3. For each n € N, ¢l'(x,2'; ") is infinitely differentiable with respect
to l'. Moreover for any m € No and for any 1 > 1 there exists a positive constant
C' such that for any n, for any § € (0,1) and for any (t,xz,2',0") € (0,T] x Aj,

C Mnt(noc—l)/Q
o T((na+1)/2)

holds. Here C' depends on m, u, «, a, a, ||b|lcc and T.

|0 qi' (2”3 )] < hi' (z, 25 0'), (5:3)

Proof. We take a constant 1 < p/ < p. It follows from Lemma 4.3 with u = p and
Lemma 5.2 with = p’ that

B C (M/)nfl _ _
n—1¢. me Lo < . (n—1)a/2(p _ \(a=3)/2
|ps (xvg)af %3 é(€7x7£)| = §m F((TL—Q)O[/2+1)S (t 8)

< (i) fole — &pasinl(e.a'st),

We remark that the right hand side above is the same as that of (4.3) up to
constant multiple. Hence, by the same way as the proof of Lemma 4.4, we have
Py~ (@3 €) Ot s (€, 25 )]

C M™ 8(n—2)a/2(t _ S)a—3/2 B (54)
<Y _ - I Ay
= 5m F((’FL — 2)&/2 n 1) HO(x f;lias)htfs(f, T 7€ )

Here we also use (5.2). This yields in particular that
sup |pe T (@56) 0 e (6,273 0)]
0 €[f+5,+00)

C M™ S(n—Q)a/Q(t _ S)(x—B/Q 5 - ;o
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The right hand side above belongs to L((0,t) x D, dsd€). Thus ¢/*(z, ;') is m
times differentiable with respect to ¢’ on Aj§ and

oprq(z,x'; 1) / ds/ (2;8) Ot ky—s (€, 25 01)dE,
holds. Using (5.4), (2.10) and (1.4) we obtain (5.3). O
Lemma 5.4. For each n € N, pi(x,2;0') is infinitely differentiable with respect

to £'. Moreover for any m € N and for any p > 1 there exists a positive constant
C such that for any n, for any 6 € (0,1) and for any (t,z,2';0) € (0,T] x Aj,
C nt(nafl)/Z
o T((na+1)/2)
holds. Here C depends on m, u, «, a, a, ||b]lco and T.
Proof. For (z,2’,(') € A, one can see (€, 2,0/ —\) € A5 if (£,A) € D% (0,6/2).
Hence 1t follows from Lemmas 4.5 and 5.2 that

| P2 (@, & N) Ot ke—s (&, "5 0 = V)|

C Mnfls((nfl)afl)/2( _ S)a/271 (5.6)

< . Rz, & NRE_ (€, 270 — N).

SET T T Darnp) e mEMEE :
This yields in particular that

sup | i (@, &) Ot e—s (€, 2" 0 = V)|

05,25 )] < W (@05 ), (5.5)

0'€[8,+00)
omC  Mrlg(n=Da=1)/2(y _ gja/2-1 o o
s L(((n—1a+1)/2) Ho(z + &, pas) Hy (€ + 2/, pa(t — s)).

The right hand side above belongs to L*((0,t) x D x (0,/2),ds d¢ d)\). Therefore
pi(z, 2’5 0") is m times differentiable with respect to ¢ and

5/2
o pl(x a0y = / / / (2, & N) O ki—s (&, 2" 00 — N) dE dN\ ds,

holds. Next, we prove (5.5). We take a constant 1 < p/ < p. By using Lemma 5.2
with p = g/ and (2.12), we have

C
0 o (6, 6 = W] < ot = )26 2 ) (€ A, gt — 5).

By using Lemma 4.5, one can prove (5.5) similarly to the proof of (2.11). O
5.2. Proof of Theorem 2.5. Let mg be an arbitrary natural number. For each
n it is enough to show that:

Claim A,: p}(z,2';¢) is mg times differentiable on A’ := U0<5<1A5 with respect
to £'. Moreover, for any 0 < m < mg there exist constants C,, and M,, such that
for any ¢ € (0, 1) and for any (z,2',0') € A’s,
(Mm)nt(n(x—l)/Q
I((na+1)/2)

holds ture. Both constants C,, and M,, depend on m, u, «, @, a, |6]|cc and T,
but are independent of § and n.

|0y (x,2'5 )| < ?m - i (z, 2 1),
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We first determine C,,, and M,, (0 <m < myg). In view of Lemmas 5.1-5.4, for
any 0 < m < my, there exists a positive constant Cy, such that for any n, for any
0 € (0,1) and for any (z,2’,¢") € A’s, the following inequalities hold true:

C

|8Z‘p(t)(x,:c’;€’)| < ﬁtil/Qh?(I7l‘/;£,),

C

|0 54 (23 )] < St @R (2, ' ),

and

C Mnt(nafl)/2

< 2. _p 1. 5.8
|— sm F((na+1)/2) t(‘raxv ) ( )
Here M is the constant introduced in Theorem 2.4. We may assume that 1 <
Ch < Cppqq for any 0 <m < mg — 1. Next, M, is defined recursively as follows

My = M,
~ ~ - (5.9)
M,, = max{M,, 1, 2+ (m + (zpaT/2)"/?)-2mC,,}, for 1 <m < my.

|0 a7 (. "3 )| + |07 7 (25 0')

It should be remarked that C’m and Mm are independent of § and n.

Now, by induction with respect to n, we will prove Claim A, holds for any
n € Ng. The case n = 0 has been already proved in Lemma 5.1. Suppose
that Claim Ay holds for 0 < k < n. Let us show that Claim A, ; holds true.
We have already shown that q”+1(x,a:’;€’) and p ™! (x, 2, ¢') are infinitely dif-
ferentiable with respect to £ and given the upper estimates for their derivatives
(see Lemmas 5.3 and 5.4). Hence we restrict our attention to ¢f**(z,2’;¢') and
Pt (z, 2’5 0") that are defined by (5.1).
Differentiability of ¢/'™'(x,2’;¢'): For (x,2',¢') € A and for £ € D, by the
hypothesis of induction and (2.7) we have

|05 D% (2, &0 ks (&5 2) |

VAR (nafl)/Q a/2-1 B (510)
<5m (M) N1 ()/2) ) e (2, & 0)) Ho (2" — &, pa(t — s)).

Thus we have

sup 0ol (2,60 ) ky— (& 2")]
0 €[d,+00)

Crn (M) (t — 5)2/271 - 7 -
S T T2 Hy(z + &, pas)Ho (€ — a', pa(t — s)).

The right hand side above belongs to L((0,t) x D, dsd¢) and hence (J*(z,2’,¢")
is m times differentiable on A5 with respect to ¢ and

o (2’5 1) //a,pg z, &0 ) ks (& 2) dE ds,

holds. By using (5.10), (2.10) and (1.4), we have also
ém (Mm)nt((nJrl)ozfl)/Q
L T (CEy Yy

}8}’7(”"‘1 (z,2'; 0 Y (z, 2’5 ). (5.11)
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Differentiability of 5;'"!(x,z;'): We first remark that

Z/
A / PO, € \)re—s (€273 € — \) d
52 (5.12)

Zl
= py(z,& 1) Kt—s(§,$';0)+/ (@, & NI kp— (&, '3 00— N) dA.
5/2

Note that dpre(z, 2’50 — N) = —0Oxki(x,2’; 0" — ). Hence by the integration by
parts formula we can evaluate the second term of the right hand side of (5.12) as
follows

e/
/ Pl (x, & M) 00 ki—s (€, 2" 00 — N) dX
5/2

= =i (2,60 )k s(&,2"50) 4+ pl (2,8 0/2) ks (E, "5 01 — 6/2)

’

+ [ oA, & N) Ko (& 2 €0 = M) d.
5/2

Therefore the first term of the right hand side of (5.12) is canceled, and we obtain

Z/
o / foms (6,20 — N) I (2, &5 A) dA
5/2

=p(2,&0/2) ks (§,2'5 0 — 6/2) + / NP, & N ke—s(€, 20 — N) dA.
5/2

Iterating this procedure m times we have

é/
o / P2, € e (€23 € — \) dA
5/2

m—1

= Z 8g,p2(x,§;5/2) aﬁ_l_jmt_s(f,x’;él —4/2)
§=0
+ O (2, & N ks (€, 27500 — N) d.
5/2
Since (z,2/,0') € Aj, one can see (2,£,6/2), (& 2',0' —§/2) € A’s5/5 whenever
¢ € D. Therefore by the hypothesis of induction and (5.7) we have

P (2, 6:.8/2) O~ ey (6,25 0 — 5/2)
< éj - . C’mflfj . (Mj)ns(nail)/z (tf S)a/271
(6/2)7 (6/2)m1=7  T((na+1)/2)
X hi(x,&0/2) b (&, 2" —6/2)
QmeZ Mns(nafl)/2(t o S)a/271
< m m
- 0mI((na +1)/2)

h(x,€;6/2) - hi_ (& 25 0 = 6/2).
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Here in the last inequality we use C’j <Cp, Mj < M,,. Note that (z,&,)\) € Ag/Q
if (§,\) € D x (§/2,¢"). Hence the hypothesis of induction and (2.8) also yields

el
/ |05 D (2, & Ay —s (€, s £ = X) | dA
5/2

G, (M,,)nsna=—1/2(y — gya/2=1 ¢ N
< 6/2)m (Mp)"s L CTES ()/2) s) /5/2 hE (2, & N (&, 2" 00— N) dA
m(C, )2  \ng(na—=1)/2(4 _ ya/2-1

Here we used the fact that C,, > 1 and the semigroup property of h¥(z,z'; ') =
Hy(z + 2’ 4+ 0'; pat). Therefore we obtain

é/
o / P2, € N (€23 € — X) dA
5/2

Cm 2mC ( ) S(na 1)/2
< -2

a/2—1 (513)
5 (a9

X
—

b (1,65 6/2) W (630 = 5/2) + e GO /2030 (720}

In particular we have

sup
1 €ld,40)

ZI
o [ e &N rd(6 5 - N i)
5/2
S m 7 \no(na—1)/2
< Cim . 2 Cm(Mm) s (t - S)a/271
om I'((na+1)/2)

{m Ho(x + €, pas) Ho(€ + o', pa(t — s)) + e~ PO%/208 fy (2 4 o uat>}

The right hand side above belongs to L((0,t) x D, dsd¢) and hence p}(z,z'; ¢)
is m times differentiable and

o py(z, 2’0 = / / (87”/ P, & N ke—s(E, 2500 = N) d)\> dé ds,
5/2

holds. By using (5.13), we have

|05 B (e, 25 ')
<C;m (m + (wpal/2)Y?) x 2mC,, (M, )"t((nHa=1)/2
< 5m

1 . (5.14)
I((n+1)a+1)/2) x by (z, a5 ).

The final step of the proof of Theorem 2.5: Now, one can conclude that
pr L (z, 2’ 0') is m times differentiable with respect to £ for arbitrary m < mg on
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Al Moreover by using (5.8), (5.11) and (5.14) we have
O (s 0)] < |0 g+ ('3 )] + 0P (0" 1)
+|opp" T (w2l )|+ |0 T (2, 2 1)

- (Mm)n+1t((n+1)a71)/2 " o
<= .
S Sn  T(nrDat o) @il

Thus the proof is complete.

6. Appendices
6.1. Proof of Proposition 2.7. In this subsection we will prove Proposition 2.7.

Proposition 6.1. Let p be a continuous function with polynomial growth. For
any p > 1, there exists a positive constant C' such that

|pla/a) Fy(z.a)| < CHo(x, pa).
holds true for any v € R and a > 0. Here C' depends on p, and .

Proof. Let 1/ > 1 be a constant satisfying 1/p+ 1/p’ = 1. We have

ple/V) o] = oo/ V)| exp { -5

2 ~ ~
2 } ':ul/z Ho(l’v#a) < C’Ho(x,,ua).

Here we set C' = sup, {|p(z)|e*2‘2/2/f} x /2, O

Lemma 6.2. For each n € Ny and for any p > 1, there exists a positive constant
C such that for any z € D and for any (t,x) € (0,T) x D

|H, (2, a(2)t)| < Ct™"/?Hy(x, pat), (6.1)
holds. Here C depends on n, a, a and p.
Proof. For any a > 0, note that Hy(x,a) = a~'/?Hy(x/a'/?,1). Hence one obtains

. A - .
H,(z,a) = a_1/2d—nH0(x/a1/2, 1) =a D2 H, (2/a'/? 1) Hy(z/a'/?,1).
x

It follows from Proposition 6.1 that for any pu > 1 we can find a positive con-
stant C’ which depends on H,, and p, and satisfies | H,, (z/a'/?,1)Ho(z/a'/?,1)| <
C'Hoy(x/a/?, i) = C"a'?Hy(z, pa). Thus we obtain (6.1) after using H1 of As-
sumption (H) . O

Proof of (2.5). We first note that for each n = 0,1,2 and for any g > 1, there
exists a positive constant C' such that

007 (wy2))| < C+/2 Hy(ax — o, pat), (6.2)
holds for any ¢ € (0,7] and for any (z,2') € D x D. Indeed we have by Lemma 6.2
77 (2, 2')] < ‘f{n(x — 2, a(z)t)‘ + ’I:In(m +a, a(z)t)’
<Ct 2 {ffo(x — a2, pat) + Ho(z + 2/, udt)}
< Ct™"?Hy(x — o, pat).
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In the last inequality we have used the fact that Ho(z + 2/, pat) < Ho(x — ', pat)
for (z,2') € D x D.
Next, we suppose that x > 2/ > 0. Then Lemma 6.2 also shows that

077 (527)] < /

r—x

:1:+a:'

ag“ﬁo@,a(z)t)\ dy

’

< Ct™ ("H)/Q/ ’HO Y, ,uat)‘ dy (6.3)

< Ct_”/Ql—/zHo( — ', pat).
Here we have used the fact that Ho(y, pat) < Ho(x — z', pat) for any y € [z —
a’,x + '], since we assumed that @ > 2’ > 0. Therefore the desired inequality is
valid for z > 2’ > 0.

Now suppose that 2’ > & > 0. For n = 0, since WEZ)($;$/) = Wt(z)(a:’;x), one
can show by the same procedure as (6.3) that

_ _ v - _
!7772 ;al)| < C- t1/2 Hoy(x — 2, pat) < C - WHQ(Z‘ — ', pat), (6.4)
because ' > = > 0. Thus we obtain the desired result for n = 0.

We omit the proof of the case n = 1, because it is similar to and simpler than
that of the case n = 2. Since Hy(x,a) = —a~! + (z/a)?, we have

N2
|62 (Z)( 2| < é’wtz)(x;x’” + (Z(—z)ach) Ho(x —2',a(z)t)

+ (ZZ;;)Q Holx + 2, a(2)1).

By using (6.4), one can see
L ¢
—t|7rt( )(x;w’)| < =t =

From Proposition 6.1 we also have

2N e ataon < ST e ot ity < O (e —of

G(Z)t 0 ’ = (G(Z)t)3/2 0 y = (Qt)3/2 0 y )
and

z+a\? - _ C(z' 4+ x) 207’
( a(z)t) Ho(z+2',a(2)t) < WH0($+$ ,pat) < @ )3/2H0(m 2, pat),
because ’ > z > 0. Thus the desired inequality for n = 2 also holds true. OJ

Let us prove the rest of Proposition 2.7.

Proof of (2.6), (2.7), and (2.8) . By using Lemma 6.2 one can see (2.6). Let us
prove (2.7). We take a constant 1 < p/ < p. By using (2.5) and Holder continuity
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property of a, we have

=2\ x ~ _
el < 0 {2 (B2 (10 (55 ) ) ate - ot

!
bt (1 A (tl /)> Aye — ' pat) )

/

< cte/2 (1 A 1/2) Hoy(x — 2, pat).

Here we have also used Proposition 6.1 and ¢~1/2 < 7(1-)/2 . ¢2/2=1 ip the last
inequality. Thus we obtain (2.7). The proof of (2.8) follows the same line as the
proof of Lemma 5.2. (]

6.2. Proof of Lemma 3.1. Recall that P; and S; are defined in Subsection 2.3.

Lemma 6.3. For any f € Cy(D x R), we have that lim;_o Py f(z,€) = f(z, )
holds for each (x,0) € D x R.

Proof. Note that P, f can be written as Py f(z, () = J} f(x,€) + JZ f(x,£) with
TG0 = [ a0 @) o

(6.5)
J2f(x,0) / /fxe V7 (2, 60/ ) da dl.

We first note that J} f(0,¢) = 0 since wix )(O 2') = 0 for any 2’ € D. We do the
change of variable (z/,¢') = (Vat &, 0+ Vat \) =: (z(t,€),£(t,)\)), and we see that
J2£(0,¢) is equal to

- ’
/ / Fl@(t,€), 0+ £(t,€)) 22\7{;25(2?))) eXP{%((i(Jﬁr,i)))} e

Since f is bounded and a is uniformly elliptic, Lebesgue theorem shows that
J2f(0,€) — f(0,£), as t — 0. Hence we have P, f(0,¢) — f(0,¢), as t — 0. Next,
suppose that z € D. Then we do the change of variable 2’ = x + v/at ¢ =: x(t,¢),
and see that J! f(z, () is equal to

/O " fa(t6).0) (1o(Vate, a(a(t, €))1) — Ho(2x + Vate, ala(t, €)1) ) Vat de.

By the same reason as above, one can apply Lebesgue theorem again and we have
JHf(x,l) = f(x,f), as t — 0 for (z,£) € D x R. On the other hand, it follows
from (2.6) that

7 (@, 62!, 0)] < CE V2R, 00/, 0) < CH VY% exp{—a? /2at} Ho(2/, pat),
and hence
|72 f (2, 0)] < C| flloot™/? exp{—a®/2at} — 0,

as t — 0 since & > 0. Therefore for (x,¢) € D x R, we have Pf(z,¢) — f(x,{),
as t — 0. Thus the proof is complete. (I
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Recall that D is defined by (2.2). We denote by C%2(D x R) the space of smooth
functions on D x R with compact support.
Proposition 6.4. For f € C(D x R), we have P;f € D.

Proof. Since f € C2(D x R), by applying Lebesgue theorem, one can see that
O0x(Pif), O2(Pif), and Op(P.f) exist. It remains to check that 9,P;f(0,¢) +
0P £(0,£) = 0. Note first that

Oy Pif(x,0) /fxﬁ 7 (xm)dm’

+/ /f(x',é')@rﬁt(w/)(:c,ﬁ;x/,é’)dx’dﬁ/.
14 D

Using the fact that 7 _(T )(0; z’) = 0 and the continuity of f(x’,ﬁ/)ﬁt(m,)(x,ﬂ; a0
at ¢ = £, we also have

OrPLf( /fm€ OZxE)

+/ / f(x',@’)aﬁgm,)((),ﬁ; x' 0)dx' d'.

¢ D

Since for any z € D, &Eﬁgz)(o; 2') = —2H, (2, a(2)t) = ﬁt(z)(O,E; a’,¢) and
070, 6,27, 0) + 0,770, 4,27, ) =

one can see IgPf(0,€) + 9, P f(0,€) = 0 holds. Thus the proof is complete. O

Proposition 6.5. If f is continuous function on D x R with compact support,
then (3.1) holds true.

Proof. In view of Proposition 3.2 Hence it suffices to show that (3.1) holds true
for any f € C%(D x R). From Proposition 6.4, P;_, f isin D if f € C(D x R).
Thus Ito’s formula shows

E[Pt—sf(Xsa E + La)]
= P f(m, ) + / E0uProf(Xus b+ L) + LPyu f(Xu, £ + Lo)|du
0

Here 0 < s < t. We also have
au'Pt,uf((E, E)

:/f(x/,e)auﬁgf’g(x;x’) dm’+// F@ ) 0,75 N t(x, 6,2, ) da’ de'

/f (@', 0) L7 ) (227 // f' ) _tflg(x,ﬁ;x’,fl)dx'dé’.

From here one obtains that
E[,Pt—sf(Xs; e + LG)} - Ptf(ma E) = / E[St—uf(Xua é + Lu)]du-
0

One can see that the right hand side above converges to fo [St—uf(Xu, l+ Ly)]du
as s — t, in view of Proposition 3.2. On the other hand it follows from Lemma 6.3
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that the left hand side above also converges to E[f(Xy, £+ L) =P f(x,£) as s — t.
Thus we conclude that (3.1) holds for any f € C3(D x R). O

Lemma 6.6. Let f € Cy(D x R). For R > 0, we consider a continuous function
fr such that || frllec < [|fllec and

| fl&) dfx+ || <R
fR(x’l)_{ 0 ifz+|f|>R+1,
holds. Let K C D x R be an arbitrary compact set. Then inequalities hold:
(i) For anyt € (0,T) and for any large enough R > 0 we have

sup [(Pof — Pof) (@, 0)] < Cllf o / Ho(€,1) de.

(z0)eK {¢€R: |¢|>R/8aT}

(ii) For any t € (0,T] and for any large enough R > 0, we have

sup |(Sef — Sefr)(x,0)| < C| flloc t'@2)/2 Ho(&,1) d€.

(z,0)EK /{EER: |§1>R/8aT}

Proof. We prove (ii) only, since the proof of (i) is similar to and easier than that of
(ii). We prove (ii) for any R > 0 satisfying K C {(z,¢) € D xR : z+ |[{| < R/2}.
Using Proposition 3.2 and (3.2) we have

|(Sef — Sifr)(z,0)]

< O fllott®2/2 / Ho(x — o, 2at) da’
{z’€D:a’+|¢|>R}

+ / / Hoy(z — x'; 2at)Hy (0 — €', 2at) da’ dl’'
{(z’ £)EDXR :x’+|¢'|>R}
< O f|loct @272 {/ Ho (&, 2at) d¢
{a’ €R: |z—¢|+1¢]> R}

+ / / ﬁo(§,2at)ﬁo(/\,2at)d§d>\}.
{(&,N)ER? :|z—&|+[L— N>R}

Here we also do the change of variable £ = x — 2’ in the first term and (§,\) = (z—
&, 0— ) in the second term. Since {{ € R: |{—z|+|¢| > R} C {£ € R: || > R/2}
for any (x,¢) € K, we have

Hy (¢, 2at) de < / Ho(&,2at) d¢

/{£€R= |€—x[+]e|> R} {€eR: [§|>R/2}

<VT Hy(&,1) d€.

{¢€R:|¢|>R/4aT}
We have also that for any (z,¢) € K

{(E,N) ER? |z — &+ |-\ > R}
C{(&,N) €R? : [¢]+|A > R/2}
c{(&N) eR? : ¢ > R/} {6 ) € R? : |\ > R/4},
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and hence

/ / Ho(&,2at)Hy(\, 2at) dé dA
{(&0)ER? |z —&|+|—X| >R}

Hy(¢,2at) d€ + / Hy (A, 2at) dX
{AER: |A|>R/4}

<

/{ﬁeR: [€1>R/4}
< T Ho(€, 1) dt.
{(€R: |¢|>R/8aT}
Therefore we obtain (ii). O
Proof of Lemma 8.1. For any f € Cp(D x R), and for any R > 0, we take fr as
in Lemma 6.6. Then one can see that
|Prf(z,€) — Prfr(z,0)| < 2||fllP(|Xr(2)| + |0+ Lr(2)] = R),
which yields limp_ o0 Prfr(z,f) = Prf(x,£). In view of (i) of Lemma 6.6 we also
have imp 00 Pifr(z,0) = Pef(z,£).
For any Rg > 0, we set K = {(x,¢) : © + |¢| < Ryp}. Using Proposition 3.2 we
have
|E[ST—uf (Xu(2), £ + Lu(2))] = E[ST—ufR(Xu(2), £ + Lu(2))]]
S |EST—u(f = fR)(Xu(®), €+ Lu(2)) : [Xu(2)] + [€ + Lu(2)] < Rol|
B[S u(f = fr)(Xu(2), £+ Lu(x)) « |Xu(@)] +[€ + Lu(z)| = Rol|
< sup [Sr—u(f — fR)(E N
(ENEK
+O(T = w) D2 fll oo P(|Xu(2)| + [ + Lu(2)| > Ro).
Hence (ii) of Lemma 6.6 shows that

lim sup | E[ST—uf(Xu(@), £ + Lu(2))] = B[ST—ufr(Xu(2), £ + Lu(2))]|

< O = w) 22| flloo P Xu ()] + [€ + Lu(x)| > Ro),

holds. Because Ry > 0 is arbitrary, this yields that

T T
lim E[St—wfr(Xu(x), L+ Ly(x))] du = /0 E[St—uf(Xu(z), €+ Ly(x))] du.

R—o0 /g

From Proposition 6.5, (3.1) is valid for fz. Therefore the approximation arguments
above imply that (3.1) is also valid for any f € Cp(D x R). O
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