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ON Q-FINITISTIC SPACES

Shakeel Ahmed

There are many types of open covers in fuzzy topology (One can see page
187-188 of Liu-Luo[ 20] ).Oneamong these open coversiscalled Q-open cover.
In this paper, we have introduced the concept of Q-finitistic space by using
Q-open cover and studied its various properties.
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INTRODUCTIONAND PRELIMINARIES

The concept of finitistic space in general topology was introduced in 1960 by R.G
Swan [10]. The purpose of considering these spaces was to extend Borel Proofs[1]
of P.A. Smith fixed point theorems for spheres (Smith [6], [7], [8], [9]). Of course
Swan did not name these spaces as finitistic. The term “Finitistic’ was used by
Bredon in his book [5] and since than it has become a firmly established term. Let
(X, 8) bealL-fuzzy topological space andA be an L-fuzzy subset of X. A subfamily
p of d is said to be an Q-open cover of A in (X, 8) if V xeSupp(A), there exists
some Uep such that Xap isnot less than or equal to U'.p is said to be Q-open cover
of (X, 8) if nis Q-open cover of 1in (X, d). Clearly the definition of Q-open covers
in fuzzy topology i.e. when | = [0,1] can be written as: Let (X, 5) be a fuzzy
topological space and A be afuzzy subset of X. A subfamily p of & issaid to be an
Q-open cover of Ain (X, d) if V xeSupp(A),there exists some Uep such that A’(x)
< U(x).

The order[2] of afamily {U,: LeA} of subsets, not all empty, of some set X is
the largest integer nfor which there exists a subsat M of A with n +1 elements such
that n, _,,U, is nonempty, or is « if there is no such largest integer. In general
topology, a topological space X is said to be Finitistic ([5], p.111) if each open
cover of X has a finite order open refinement.

Let A= andA={A :AeA} beafamily of fuzzy subsets of anonempty set X.
Then order ([3], [4]) of A is defined as under:
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Case-l. When A, # 0 for atleast one value of A in A. Then the order of A isthe
largest nonnegative integer n for which there exists a subset M of A having n+1
dementssuchthat | A, # 0 or isco if thereis no such largest integer n.

Case-ll. When A, = 0 for all AeA. Then the order of A is —1. An L-fuzzy
topological space (or simply L-topological space) (X, d) is said to be finitistic [4]
if each open cover of (X, 6) has a finite order open refinement. All the other
undefined terms on fuzzy topology which have used in this paper can easily be
seenin [19] or in[20].

MAIN DEFINITIONSAND RESULTS

Definition 2.1. Let (X, 8) be afuzzy topological space and A be afuzzy subset of
X. Ais said to be Q-finitistic in (X, 9) if every Q-Open Cover of Ain (X, d) hasa
finite order Q-open refinement. A fuzzy topological space (X, d) is said to be Q-
finitistic if 1 is Q-finitistic in (X, 3).

Theorem 2.2. Let (X, T) be a general topological space and AcX. ThenA is
finitisticin (X, T) if andonly if . isQ-finitisticin (X, (T)) wherey, is characteristic
Functor from Top to F-Top.

Proof. Here (X, T) be a general topological space and AcX and (X, x(T)) is
fuzzy topological space where y, is fuzzy subset of X and x(T) ={y UeT}.Let n
= {%,. LA} be any Q-open cover of y,in (X, x(T)). We show that v ={ U,:
Xy, €M} isanopen cover of Ain (X, T). Let xeA. Theny,(x) = 1> 0. But y ,(X) >
0= xeSupp(x,) and p is Q —open cover of x, in (X, x(T)) =there exists some
Y EH suchthat ', (X) < 3, (X)- BUt ¥ ,(X)< %, (X)) = %, (X) = 1=>xeU, =V
is an open cover of Ain (X, T). Since A isfinitistic in (X, T), therefore v has a
finite order open refinement say v, = {V : aeA}. We can easily show that p, =
{%y,. V €v,} is finite order Q-open refinement of u. Hence y, is Q-finitistic in
(X, x(T)). Similarly it can be easily shown that if y, is Q-finitistic in (X, %(T)),
then Ais finitistic in (X, T).

Theorem 2.3. Let (X, T) beageneral topological space. Then (X, T) isfinitistic
if and only if (X, %(T)) is Q-finitistic wherey is characteristic Functor from Top to
F-Top.

Proof. Since 1 = y, and 1,=X. Hence proof follows by Theorem 2.2.

Theorem 2.4. Let (X, 5) beaweakly induced fuzzy topological space and A be
afuzzy subset of X. Then Ais Q-finitisticin (X, 8) if and only if A isfinitistic in
(X, [3]).

Proof. Let A be Q-finitistic in (X, 8). We have to show that Ay is finitistic in
(X, [8]). Let p={U,:LeA} beany open cover of Ag in (X, [8]). By definition of
[0] eachy,,, isafuzzy opensubset of X in (X, ). We show that v = {,, U, ep}is
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an Q-open cover of Aiin (X, d). Let xeSupp(A). Then A(x) > 0. But A(x) > 0= x
€Ay Sinceu = {U,:AeA} be any open cover of Ay in (X, [3]), there exists some
U, epsuchthat xeU, . Now xeU, =y, (X) =1=A'(X)<1=y, X)=>A" (X)<
Yu(X). Clearly x . ev. Hence v is Q-open cover of A in (X, §). Since A is Q-
finitisticin (X, 3), therefore v hasafinite order openrefinement say v, ={W _:a.eA}.
We show that p, = { (Wa)(o): W_ev, } isfinite order open refinement of p. Since (X,
d) is weakly induced, therefore each (Wa)(o) is an open subset of X in (X, [3]). Let
X eA(O).ThenA(x) > 0. But A(x) > O=xe Supp(A). Sincev, is Q- open cover of A
in (X, ), therefore there exists some W_ev, such that A’(x)< W _(x) = W _(x) >
A'(X) 2 0= W (x)>0=xe (Wa)(o) =, is an open of Ay in (X, [38]). Now we
show that order of u, is finite. Here order of v, isfinite. Let order of v, = m. Let
{(Wl)(o), ONZ)(O), (WS)(O), ..... : (Wm)(o)} beany subfamily of u, having m+2eements.
We have to show that mm+2i=l(Wi)(0£ = . Let "™2_ (W), # &. Then there exists
somexen™?_ (W), Butx en™?_ (W), =x e (W), forali=1,23, ...... :
m+2 = W,(x) >0foralli=1,23,...... M2 = A™2_W(X) > 0= A™2_ W(X) #
0 = order of v, is exceeding m. This is a contradiction. Hence order of p, is not
exceeding m. It means A is finitistic in (X, [3]).

Converse. SupposeA is finitistic in (X, [8]). We have to show that A is Q-
finititicin (X, 8). Let p={U,: LeA} beany Q-opencover of Ain(X, 3). Letx e
A(O).ThenA(x) > 0. But A(x) > 0 = xeSupp(A). Since p is Q-open cover of A,
there exists some U, ep such that A'(x)< U, (X). Let u, = {U,: xe Supp(A)}.
Thenclearly u, < pand p, isalsoaQ-opencover of Ain (X, 5). Let v ={ (UM)(A,(X):
U, eu,}. We show that v is an open cover of Ag in (X, [8]). Clearly each
(U, )00 €[0] because(X, 8) is weakly induced. Let xeA ;. ThenA(x) > 0. ButA(x)
>0 = xeSupp(A)=A'(X)< U, (X)= U, (X) >A'(X) = Xe(UM)(A,(X)). [t meansv is
an open cover of A in (X, [3]). SinceA(O) isfinitistic in(X, [3]), therefore v has a
finite order open refinement say v, = {W_: a.eD}. Let xeSupp(A). ThenA(x) > 0
= X € A,.Sincev, is an open cover of A, there exists some W _, ev, such that
xeW . Letp, = {x,, A U, Xe Supp(A)}. Without loss of generality we can
assume that y,, . is not repeated in ,. Then it can be easily checked that , is a
finite order Q-open refinement of p in(X, §). Hence A is Q-finitistic in (X, d).

Theorem 2.5. Let (X,T) bea general topological space. Then (X, T) isfinitistic
if and only if (X, %(T)) is Q-finitistic wherey is characteristic Functor from Top to
F-Top.

Proof. We know that x, = 1. By Theorem 2.2, X is finitistic in (X, T) if and
only if . is Q-finitistic in (X, x(T)). It means (X, T) isfinitistic if and only if (X,
x(T)) is Q-finitistic.

Theorem 2.6. Let (X, T) be a general topological space and A be a fuzzy
subset of X in (X,o(T)). Ais Q-finitistic in (X, o(T)) if and only if Ag is finitistic
in (X, T) where o is the Lowen Functor from Top to F-Top.
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Proof. Since (X, o(T)) isinduced fuzzy topological space and we know every
induced fuzzy topological space is weakly induced, therefore (X, o(T)) is weakly
induced. Here [o(T)] = T. Hence by Theorem 2.4, Ag is finitisticin (X, T) if and
only if A is Q-finitistic in (X, o(T)).

Theorem 2.7. Q-finitisticness is good extension property of finitisticness in
general topology.

Proof. We know that 1, =X.By Theorem 2.6, 1 is Q-finitistic in (X, o(T)) if
and only if 1o is finitistic in (X, T). It means (X,T) is finitistic if and only if (X,
o(T)) is Q-finitistic.

Theorem 2.8. Every closed fuzzy subset of a Q-finitistic space is Q-finitistic.

Proof. Let (X, d) be a Q-finitistic space and A be a closed fuzzy subset of X in
(X, 8). We have to show that A is Q-finitistic. Let u = {U,:AeA} be any Q-open
cover of A. Weshow that v = {U,: keA} U {A'} is aQ-open cover of (X, 3). Let
xeX. Then two cases arise:

Case-l. When xeSupp(A). Then A(x) > 0. But A(x) >0 = A'(x) < 1. But xe
Supp(x) = thereexistssome U, ep suchthat A’(x) <U, (X) = U, (X) >A’(x) >0
=1() = 1(X)< U, ().

Case-l1. When xg Supp(A). ThenA(x) = 0. But A(x) =0=A’(x) =1>0 = 1'(x)
= 1'(x)<A’(x). From cases-| and I, we concludethat for all xeSupp(1) = X, there
exists some Uev such that 1'(x) < U(x). Hence v is Q-open cover of (X,5). Since
(X, 9) is Qfinitistic, therefore v has a finite order Q-open refinement say v, =
{W_oeA}. Letp, =v, —{W ev,: W <A’} It can beeasily shownthat p, isa
finite order Q-open refinement of p. Hence A is Q-finitistic in (X, d).

Theorem 2.9. Every closed subspace of a Q-finitistic space is Q-finitistic.

Proof. Let (X, 8) be a Q-finitistic space and (Y, 5|,) be a closed subspace of
(X, 8). We have to show that (Y, 8],) Q-finitistic.Let u = {U, LA} beany Q-open
cover of (Y, 8],). Thenfor all U, ey, there exists V, such that U, =V, |,. We show
that v={V,:U =V | whereU eu} v {y,} is Q-open cover of (X, d). Clearly
each member of v is fuzzy open subsets of X in (X, 8). Let xeSupp(1)= X. Then
two cases arise:

Case-l. When xeY. Then there exists some U, ep such that 1'(x)< U, ().

Case-ll. When xgY. Then xe Y'. But xe Y'= y,.(X) = 1>0 = 1'(x) = 1'(X)
<x,.(X). Thus v is a Q-open cover of (X, 5). Since (X, 8) is Q-finitistic, therefore v
has afinite order Q-openrefinement say v, = {W :aeA}. Thenclearly p, ={W | :
W_ev1} isfinite order Q-open refinement of p. Hence (Y, §|,) is Q-finitistic.

Theorem 2.10. Every Q-compact fuzzy subset is Q-finitistic.
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Proof. Let (X, d) be a fuzzy topological space and A be a Q-compact fuzzy
subset of X in(X, ). Let p={U,:AeA} beany Q-opencover of Ain (X, d). Since
A is Q-compact, therefore u has afinite Q-open subcover say v ={U,, U, U,
U}. Thenclearly v, = {0, U, U, U,
u. Hence A is Q-finitistic.

..........

U} isfinite order Q-open refinement of

..........

Remark 2.11. Converse of above theorem is not true. See following example:

Example 2.12. Let X be an infinite set. Let & = {y,,: Uc=X }. Then clearly
(X, d) isafuzzy topological spaceand 1 is Q-finitistic in (X, &) because the family
{X{X}ZXEX} is zero order Q-open refinement of every Q-open cover of 1 in (X, 9).
But 1 isnot Q-compact in (X, 8) because the Q-open cover { K- XEX } of 1hasno
finite Q-open subcover.

Theorem 2.13. If supp(A) is finite, then A is Q-finitistic.

Proof. Let (X, 8) be afuzzy topological space and A be a fuzzy subset of X in
(X, 9) such that supp(A) is finite. We have to show that A is Q-finitistic. Let p =
{U,: LeA} be any Q-open cover of A in (X, 8). Since supp(A) is finite, we can
writesupp (A) ={x,, X, X, x}.SincenisaQ-open cover of Ain(X, 5), for all
X.€ supp(A), there exists some U, e such that A'(x)< U, ,(x). Then clearly v ={0,
U, U, U, U }Yisfiniteorder Q-openrefinement of . HenceAis Q-finitistic.
Remark 2.14. Converse of above theorem is not true. See following example:
Example 2.15. Let X bean infiniteset. Let 6 = {,:UcX }. Thenclearly (X,5)
is a fuzzy topological space and 1 is Q-finitistic in (X, &) because the

family{ Ky XEX } is zero order Q-open refinement of every Q-open cover of 1in
(X, 8). But supp(1) = X whichis not finite.

A’

..........

Theorem 2.16. Let X be a fuzzy topological space such that order of each
eement of supp(A) isfinitein (X, 8). Then A is Q-finitistic in (X, 3).

Theorem 2.17. Join of two Q-finitistic fuzzy subsets of a set is again a Q-
finitistic.

Proof. Let (X, &) be a fuzzy topological space and A, B be two Q-finitistic
fuzzy subsets of X in (X, 8). We have to show that AvB is again a Q-finitistic
subset of X in (X, §). Let u={U,:AeA} be any Q-open cover of AvB in (X,9). It
can be easily checked that p is Q-open cover of A as well as Q-open cover of
B.Since both A and B are Q-finitistic, therefore p has two finite order Q-open
refinements say p, and p,. Let v =p, v p,. Then clearly v is finite order Q-open
refinement of u. Hence AvB is Q-finitistic fuzzy subset of X in (X, 9).

Remark 2.18. Join of arbitrary family of Q-finitistic fuzzy subsets need not be
Q-finitistic.
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Example 2.19. Let X beaninfinite set. Let T be a general topology on X such
that (X, T) is not finitistic. Then (X, (T)) is not Q-finitistic by Theorem 2.3. Let
xeX. Thenx{x} isQ-finitistic fuzzy subset of X in (X,x(T)) butv A= 1is
not Q-finitistic in (X,x(T)) because (X,x(T)) is not Q-finitistic.

Remark 2.20. Continuous image of Q-finitistic space need not be Q-finitistic.

xexx{x} =

Example 2.21. Let (X, D) be a discrete general topological space where X is
aninfinite set. Let T be a topology on X such that (X, T) is not finitistic. Then by
Theorem 2.3, (X, x(D)) is Q-finitistic where (X, y(T)) is not Q-finitistic. Let I:
X—X defined asI(x) = x. Thenclearly I: (X, x(D)) — (X, %(T)) is continuous and
onto. It means (X, x(T)) is continuous image of (X, x(D)). Here (X, (D)) is Q-
finitistic but (X, %(T)) is not Q-finitistic.

Theorem 2.22. Homeomorphic image of Q-finitistic space is Q-finitistic.

Proof. Let (X, 8,) be a Q-finitistic space and f : (X, 3,) — (Y, J,) be a
homoeomorphism. We have to show that (Y, 6,) is Q-finitistic. Let p={U,: A € A}
be any Q-open cover of (X, 8,). Weshow that v ={ U,f; U e u} isaQ-open
cover of (X, 8,). Sincef is continuous, therefore each U, f is an L-fuzzy open set in
(X, 8,)). Alsolet xesupp(1) =X. Thenf(x) € Y =supp(1). Sincen = {U,: A €A} is
aQ-open cover of (Y, §,),thereexists some U, e such that 1'( f(x))< U, (f(x)). But
1(f))< U, (f(x)) = 1< U,f(x) = 1(x) <U.f(x) > v={U,f, U, € u} isan Q-
open cover of (X, §,). Since (X, d,) is Q-finitistic, thereforev ={U.f:U, e u} has
afinite order Q-open refinement say v, = {Vﬁ: B e A}.Againsincef™ (Y, 5, —»
(X, 8,) is continuous, it can be easily checked that p, = {VB -1 V, € V. } isafinite
order Q-open refinement of p. Hence (Y, §,) is Q-finitistic in (Y, 3,).

Theorem 2.23. Let {(X,, 3), t €T} be afamily of fuzzy topological spaces
such that (X, ®, _;8) is Q-finitistic. Then (X, 5,) is Q-finitistic v teT.

Proof. HereX=u,_; X, where X saredisjoint. Suppose (X,®, ,3,) is Q-finitistic.
Let u ={U,: A eA} beany Q-open cover of (X,,5). VU, ep, defineR, = U, on X
,adR =1onX-X whereX =u,_. X.. Theclearly u, thefamily of al R,’sis an
Q-open cover of (X, &, ;9)). Since (X, &, ;8) is Q-finitistic, therefore u has a
finite order Q-open refinement say V = {V[3 :BeA}. ThenclearlyV, = {VB|Xt 'V,
e V} isfinite order Q-open refinement of . Hence (X, 6,) is Q-finitisticv t e T.

Theorem 2.24. Let (X, §,) and (Y, §,) be two Q-finitistic spaces. Then (XUY,
5, @ 4,) is Q-finitistic.

Proof. Let p={U, : LeA} beany Q-open cover of (XUY, 5, @35,). Thenclearly
n ={U,|:U, ep} andp,={U, | :U, eu} are Q-opencoversof (X, d,) and (Y, 3,)
respectively. Since both (X, §,) and (Y, 8,) are Q-finitistic, therefore u, and p,,
have finite order Q-open refinementssay V, and V.. DefineR =V _onX andR =
OQonYandS,=W,onYandS;=0onX whereV, eV, andW, e V, Thenclearly

t ETSt
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thefamily V of all R, and S, defined aboveis a finite order Q-open refinement of
u. Hence (XUY, §,®3,) is Q-finitistic.

Theorem 2.25. The sum space (XUY, §,®3,) is Q-finitistic if and only if (X,
5,) and (Y, §,) are Q-finitistic. Proof follows by Theorem 2.23 and Theorem 2.24.
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