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Abstract: Thetopic under study is asingle server retrial queue consisting of two
classesof batch arrivalswith non-preemptivepriority service, abandoned cusomers,
working breakdown, repair and randomized vacation policy. Two independent
compound Poi sson processesare encountered where the servicetimesaregenerally
distributed for two classes of customers. At abreakdown instant during busy period,
the system continuesto provideauxiliary service for the current customer, whoisin
the service station. The customer whois being served could beleft out by the server
for certain probabilities, in caseof anew arrival for alow priority service. When the
system becomes empty, the server goesfor vacation of random length. If thereare
no customers waiting at the completion epoch of vacation, the server either takes
another vacation or remains idle. We use the established norm which is the
corresponding Seady stateresultsfor timedependent probability generating functions
areobtained. Along with that, the expected waiting timefor the expected number of
customersinthe high and low priority queues are computed. Numerical resultsalong
with the graphical presentationsare shown elaborately.

Keyword:batch arrival;retrial queue; priority services, working breakdown;
randomized vacation policy.
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1. INTRODUCTION

Theretrial queuesisamajor area of research for its applications such as computer
systems and telecommunication networks, telephone switching systems, etc.
Kapyrin [10] first proposed the M /G /1 retrial queue with non-exponential retrial
time. Gomez-Corral [6] has investigated a retrial queueing system with general
retrial times under constant retrial policy. A single server retrial queuing system
with general retrial times and Bernoulli vacation have been extensively discussed
by Krishna Kumar and Arivudainambi [11]. Gautam Choudhury and Jau-Chuan
Ke[5] discussed an M¥ /7 /1 queue with retrial time follows general distribution
breakdown, delay, repair and Bernoulli vacation schedule.
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Artalgo et al.[1] studied stationary analysis of aretrial queuewith preemptive
repeated attempts. Bong and Dong [2] have been studied an M, , M, /G/1/K retria
gueue with priority servicein which two types of arrival were blocked high priority
arrival may allow to join the orbit. The M,, M, /G,, G, /1 retrial queueing system
with priority service, breakdown and repair has been investigated by Wang [17]
and Madhu Jain [14] discussed the double orbit finite capacity retrial queues with
priority service, breakdown and repair.

The idea of working breakdown is not the same as the working vacations.
This idea was introduced by Kalidass and Kasturi [9]. More recently, Dong and
Yang [4] discussed an M /M /1 queue with optional service, working breakdown
and repair. Ke and Chang [8] examined the M/G/1 retrial queue with balking,
feedback and modified vacation policy. Ke et al.[7] studied an M¥/G/1 queueing
system with arandomized vacation policy and at most J vacations. Shan and Yunfel
[16] developed the variant working vacation policy for an M¥G/1 queueing system,
where the server operates a randomized vacation policy and at most J working
vacations.

Besides, there are many papers dealing with customers abandoned. Krishna
Kumar et al.[12] considered an M/G/1 retrial queue with additional service phase
and possible preemptive resume servicediscipline. Recently, Shan Gao [15] studied
an M/G/1 retrial queue with abandoned customers and multi-optional vacations.
Krishnamoorthy [13] presented an M, ,M,/PH/1 retrial queueing system with
preemptive priority service, orbit search and abandonment customers in which the
retrial attempted failed then customers abandonment the system with certain
probabilities.

In this paper, we study priority retrial queue with abandoned customers,
working breakdown and repair under general randomized vacation policy. If the
system becomes empty, the server takes vacation of random length, and in case of
server for no customers in the system the server comes back from the vacation, it
can ether take another vacation or stay idle with certain probability. Otherwise,
service starts immediately. Here we assume that arriving two types of customers,
namely high and low priority (retrial) customer under FCFS discipline. The high
priority customers who found the server busy, formed a queuewith infinite capacity.
If alow priority customer found the server busy, hejoined theretrial group (orbit).
Whenever, the system is subjected to breakdowns; Once the system breaks down,
the server will not stop the service immediately, the service continues only to the
current customer at a slower rate such kind of service is known as a working
breakdown service (WB) which follows general distribution. If theserver isoccupied
with low priority customer, the arriving new low priority customer may interrupt
the customer in service and pushed them out of the service area and he gets the
service immediately with some probability.
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The paper is arranged as follows. The mathematical notations, definitions are
mentioned in section 2, equations defining the mode and the time dependent
solutions are obtained in section 3. The steady state results are derived in section
4. Some important system performance measures and stochastic decomposition
are given in section 5 and 6 respectively. Some particular cases are mentioned in
section 7 and in section 8, somenumerical results and their graphical representations
are presented.

2. MATHEMATICAL DESCRIPTION

1. High priority and low priority customers arrivein batches of variable size
in a compound Poisson process. Let 4, ¢ dt(i=1,2,3,..)and 4, c at (j
=1, 2,3, ...) bethefirst order probability that a batch of i and j customers

arrives during a short interval of time (t, t + dt), where 0<c <1, *, ¢

=1,0< c <1 3 C= 1,and A, >0, A, >0 arethemean arrival rate for

high and low priority customers entering into the system. Note that low
priority customers will be served only when there are no high priority
customers in the queue.

2. Theretrial customers are the customers with low priority. A new batch of
low priority customers who find the server idle begins to be one of the
customers served immediately and remaining customer joins the orbit in
order to seek service again after random length of time. A low priority
customer in the orbit always returns to the orbit when he finds the server
busy on his retrial attempit.

3. For each customer under high and low priority service provided by asingle
service channd on a’First In - First Out’ service basis.

4. A newlow priority customer whofindsthe server idle, the serviceis started
immediately. Otherwise, he ether with probability q(0 < q < 1) remove
the customers being served out of the service area and begins his service

immediately or with probability (=1 — q) joins the orbit.

5. The system may break down at any point of time during busy period and
breakdowns are assumed to follow Poisson process with breakdown rate
o > 0. However, the server works slower than the regular servicerate for
the current customer, after which it will be repaired.

6. If server detects the system empty after a service completion, it takes a
vacation with random length of time. At the end, if server finds that there
are no customers in the system, the server will take another vacation with
probability p or remains idle with probability (1- p).

7. All stochastic processes involved are mutually independent.
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2.1 Definitions

For an arbitrary time , the stochastic behaviour of the system can be described
mathematically by a Markov process {(R;(1), R, (D), Y()};t =0, where X, 3
is the number of customers in the high priority queue, R, (t) is the number of
customers in the orbit, Y (t) = 0,1,2,3,4,5,6 denotes the server status, depending on
the server being idle, busy with high priority, low priority, working breakdown
service for high and low priority, under repair and on vacation respectively. If
Y(t)=0, M°((t) denotes the eapsed time for retrial; if Y (t) = 1, B,%(t) denotes the
elapsed time for high priority service; if Y(t)=2, B,° (t) denotes the elapsed time for
low priority service; if Y(t)=3, W °(t) denotes the elapsed time for working
breakdown high priority service; if , Y(t)=4, W.° (t) denotes the eapsed time for
working breakdown low priority service; if Y (t) = 5, R°(t) denotes the dapsed
time for repair; if Y(t)= 6, V°(t) denote the dapsed time for vacation.

The high and low priority service time, working breakdown service time,
vacation time, repair time follows general (arbitrary) distribution and the notions

for their cumulative distribution function (CDF), the probability density function
(pdf) and the Laplace transform (LT) are given in table 1.

Table 1: Notations

Server state CDF pdf LT Hazard rate
Retrial A(t) a(t) M () B(K)
High priority service B,(t) b, (t) B,(9) 4,(K)
for regular period
Low priority service B,(t) b,(t) B ,(9) 14,(K)
for regular period
High priority service W, (t) w(t) W (9 o,(K)
for WB period
Low priority service W,(t) wy(t) W (8 a,(K)
for WB period
Vacation V(t) v(t) V (9) AK)
Repair R(t) . RO n(K)

Next, we define the probability and probability densities I, (t) = Pr
{X(t) = 0,R,(t) = 0,Y(t) = 0}probability densitities

o (t, K)dic = Pr{®(t) = 0,8, (t) =n,Y(t) = 0,k < M°(t) <k +dk}n =1,
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P (t, 1) dic = Pr{Ry(t) = m,R,(t) = n,Y(t) = Lk < B(t) < k +dK},n = 0,
PP (t, 1) dic = Pr{R,(t) = m,R,(t) = n, Y (£) = 2k < BY(t) < k + dk},n >0,
W (¢, 1)die = Pr{R;(t) = m, R, () =n,Y(t) = 3,k < W2(t) < k + dk},n = 0,
(2) ) (t,1)dKk = PriR,(t) = m, R, () =n,Y(t) = 4k < WL(t) < k + dk},n >0,
m_n(t, K)dk = Pr{R;(t) =m,R,(t) =n,Y(t) =5,k < R'(t) <k + dx},n > 0,
Vien(t, 6)di = Pr{&;(£) = m, R, (t) =n,Y(t) = 6,k < V°(t) <k +dk},n =0,

fork>0,t>0andm > 0.

3. EQUATION GOVERNING THE SYSTEM

We construct a set of Kolmogorov forward eguations using supplementary
variables technique as follows:

d
Zl00(® = =Ua + Mo+ (1=p) [ Voa@or@ix, @
9 9
T = Ipn (¢, k) +o IOn(t k) ==y + 4+ B(K)) o (L K) (2
g B (¢, x) +o- a (”(t K) = —(Ap + A + @ + py (1) PSO (t, 1)
(1= 8y Y P (6 1) + (1= 8up)A D (i), @
0)An Zl: 0 l; j

a a
%p,gzg (t,) + - P(Z)(t 1) = — (A + A + @ + pp (1) P (8, 1)

m n

+(1—6mo)zhz BP0+ (=803 ) grG o @

i=1 j=1
Qo (£,10) + Qan(t 1) = =(Ay + Ay + @1 (1)) Qe (£, 1)
5
+(1 - mo)zh DN Q,Sili,n(t, k) + (1= 8,0) A s c,-Q,;?n_,- e,

202,60+ 20 (60) =~ + A1 + 0200000t 90
+(1 = So) Ay 20 1cQ,Si%,n(t,rc)+(1—6no)zlzy=1, ,5331_,(1: 0,

0
aRm,n (t,x) + aRm.n (t, k) == + A+ (k)R n (8, )
m n

FA = 8n)h ) Rt + (L= 8,004 ) GRmy (1), )

i=1 j=1
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0 0
a Vm,n (t' K) + a Vm,n (t' K) = _(Ah + /11 + )/(K))Vm,n(t' K)

m n

FA= 800 ) Va6 R) + (L= 8,004 ) GV (t10).

i=1 j=1
To solve the equations (2)-(8) for the boundary conditions at

Ion(t,0) = f PO (t, 1)y () die + f P, i)p (k) drc + f Ron (£, 1) (1) dic
0 0 0

+ foo Vo (t, Ky (x)dx, ©)
0

P (£,0) = Apmsrloo(t) + f P& (6 10 p () dic + f P& (t, 1)y () d

+ fo R0 (b KON () i + fo Vs (6 )Y (), (10)

P2 (1,0) = Azcn+1100(t)+zzzc] [ om0+ [ @opeo

o (11)
+Alqj Byn—1(t K)dx,
0
Otn=a ] B (t,10)di; i = 1,2, (12)
0

Rn(6,0) = | " 0, (6 Ry )k + ] 0%, (6 )y () dx, (13)

Voo(t,0) = f Pt 1) (1) dkc + f P2 (t, k) (1) dic + f Ro o (t, 1)) dxc
0 0 0

+p J; Voo(t, )y (k)dx, (14
Van(,0)=0m=1n2>1. (15)
The initial conditions are,

P (0) = @, (0) = V0 (0) = Ry (0) = 0;i = 1,2m,n = 0 a8

IO,n(O) = O;n > 1and10,0(0) = 1.
The Probability Generating Function(PGF) of this mode!:

[oe]

It 2) = Z R At K24, 2) = Z Z 20 2P A (6K

n=1 m=0 n=
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A(t, 1, 2) = z 2 A, (¢ 10); At 16, 2)) = z 2P A, (6,10);
m=0 n=0

where 4 = p® 9@ v R; =1, 2, which are convergent inside the circle given
by [z| < 1, |z| < 1. By taking Laplace transforms from equation (1) to (15) and
solving those equations, we get,

To(s, 16,2)) = Io(s, 0, 2)e~(Hntae=ly p®)de an
ﬁ(l)(s’ K,Zp, 2) = ﬁ(l)(s’ 0, Zh’Zl)e—¢(s,zh,zl)l€—f(;<yl(t)dt’ (18)
ﬁ(Z) (s,x,2z,2) = ﬁ(z) (s,0,zp, Zl)e_¢1(S'Zh'zl)’c_f(;c,uz(t)dt’ (19
Q Ez(s. %2, 2) = Q Z;(S’ 0,2, z)e$e L 01O, 20
Q “(s,k,zp,7)=0Q (5,0, Zh,Zl)e_¢2(5'ZhnZl)K—f0 wa(t)dt 21)
E(s, K,Zp,2)) = E(s, 0, Zh,Zl)e_‘l)Z(S'Zthl)K—fgT](t)dt’ 22)
V(s K, 2,2) = V(s,0,2, zl)e“l’z(s'zh'Zl)K-fé{V(t)dt’ (23)
ﬁ(()l)(s, K,Z]) = ﬁ(()l)(s, 0, Zl)e—l//(s.Zz)K—f(ful(t)dt’ (24)
ﬁ(()Z)(s, K,Z]) = ﬁ(()z)(s, 0, Zl)e_llll(svzl)lc—fg,uz(t)dt’ 25)
a(()l)(s' K, Z) = agl)(s, 0, Zl)e“/’Z(S'Zl)K—fgwl(t)dt’ (26)
a(()Z)(S» K,Z) = 6(()2)(5, 0, Zl)e“/’Z(S'Zl)K—fgwz(t)dt’ 27)
Eo (s,x,2) = EO (s,0, zl)e“/’Z(s.Z)K‘fgﬂ(t)dt’ (28)
70(5, K,Z]) = Vo(s, 0, zl)e‘wz(s'zl)x—fgy(t)dt’ (29)
Voo(s, 1) = Vou(s, O)e_(5+)1h+’ll)"‘f$<V(t)dt’ (30)
where,

d(s,zp,2z) =s+4,(1—C(zp) + 4 (1 - C(z)) + a,

¢1(5,2p,2)) = s+ 4, (1 = C(2p)) + 1, (1 = C(2))) + 119C(2) + a,
b2(5,2,2)) = s+ 4,(1 — C(zp)) + 4, (1 - C(z)),

l/)(S,Zl) =S +/1h + Al(l — C(Zl)) + a,

Yi(s,z) =s+ 4, + 4(1 = C(z)) + 4qC(z) + «,

Y2(s,z) = s+ A4, + 4,(1 = C(2))).

However, by definition

—(2) —(2)
P (S,O,Zh,Zl) = PO (S,O,Zl),
V(s,0,2,,2) = V(s,0,2) = Vg(s,0).
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using equations (17)-(30) into (9), (10) and (11), we get
- _ — 1-B ,21)).— —
To(5,0,2) = Py (5,02 (B 0G5, 20) + al— - PN 5,20 R 7))

_ _ 1-B ,2))) — 5
+P0(5,0,2)Bot (5,20 + Al S PO 3, 5,2 )Rt 20))
11[)1(5’ Zl)

~{[1 = V(@a(5,20)V0,0(5,0) + (5 + A + Ao (s) = 1}, @31

1 - E ’ ’ A7 R
¢1((S(,pz(hsr ZZzh) Zl))]Wl (@205, 2, 2)))R(P2(5, 24, 2))}

1+ Vo,o(s, )V (ha(s, 2h, 21)) = V(W2 (s,21))}

- B L Zp, — 5
5 (91 (5,2 Zz))]W1 (D2(5, 21, 2)R (P2 (5, 21, 2)))

P (5,0, 24, 2){(z0 — Bu($(5, 24,2)) — al

—M(s+ 2, + 1)

_ 1
= AhC(Zh)IO(S; O;Zl)[ s +Ah + Al

—(2) — 1
+Po " (5,0,2){B2($1(5,2p, 2)) + af

_ ¢1(S, Zp, Zl)
— 1-B ,2))). — - —
B 5,20) ~ a5, 2R 5,200 - P (5,0,
X (B1 (s, 2)) + aFLLEET, (y (5, 2))R (o (5, 20)), (32)

1= By(h1(s,21)

—() 2
P, (5,0,z){z, — z7 1
o ( iz — zi 4q 01 (5, 2)

1} = 4C(2)1o0(s) +1o(s,0,2)

1—M(s+ 2, + /11)]} (3
s+ /1h + /11 )
we have to solve equations (31), (32) and (33). Letting z, = g(z,) in (32) we g,

_ _ 1-B , _ _
(5,0, 2) B 0s.20) + b L 4y 5,20 R (s 20)

- M(S + /‘lh + /1[) — — _
e e R OO CICEN B UACED)

_ _ 1-B 1Z))). — =
+P<()2)(5' 0,z){B2(01(s,2)) + a[W]Wﬂ@ (s, 2))R(02(s,2)))

~Bo (1 (5,20)) — [ LI, (3 (5, 20 R (5 200, (39

substitute equation (34) into (31), we get

X{M(s+ A, + 1) + 1,C(2)][

_ 1
= A Clg(z)]o(s,0,2)[

1—(s+ A+ Iop(s) + Vi o(s, 0)[V(ay(s,2)) — 1]

j +P0(5,0,2)(Ba(oy (5, 2) + a2, l

l X W (05(s,2))R (05(s, 2))} J ’ (39)
(1= 2 Clg - —ns b Ay

70(5, 0,z) =
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substitute equation (35) into (33), we get

A C(Zl)io,o (){1 = A,Clg(z)] [%w]}

+{1 = (s + Ay + A)Io0(s) + Voo (s,0)[V(a2(s,2)) — 11}

| x(M(s+4+2)+ llC(Zl)[%W]}

Féz)(s,o,zl)= = T ; -
(-t B Gmy g [g(zl)][W]}\L(%)

4 ~Baors.20) + al 2D IV 6,5 2))R (o 5 200)

L X (M(s + A + 1) +AZC(ZZ)[%W]} J

using equation (36) in (35), we get

{ 1= (s+2 + Do) + Voo (s, 0)[V(0y(s,2)) — 11}

x (1 = A2 E 1 2T (o)

x (Bales(s.2)) + - EXAE A, s, DRe))
s+ /1h + Al

T5(80,2) = =
(- oDy g, g

~Baor(s20) + al - OG5, )R (o5, 20))

_ 1-M(s+ 4, + 4
X {M(S + Ah + Al) + AZC(ZZ)[ S -I(-Sﬂ,h +hﬂ.l l)]}

finally substitute equations (37), (36) and (34) in (32), we get,
M€ ~ Cla@ (s az»[%} Voo(s,0)
X (V (925, 20,2) — V(02(5,20)} + Py (5,0, 2) (Ba (1 (5,2, 2))

+a = BB I g7 4, 52, 2R 21, 2)

Fy(or(5.20) — al " BGOSR (5,20) (39)

01(5_21)
{zh - By (@G 2)) + alt b LI T (3, (5,2,2)) }
X R(¢2(s, 2, 2)))

—_—

ey
P (s,0,2y,2) =
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Theorem 3.1 The probability generating function for the Laplace transforms
of the number of customers in the high and low priority queue while the system
is in idle, regular service, working breakdown service, repair and vacation
are given by

1-M(s+Ap+4))

Io(s,z) = I(s,0,2)[ ], (39)

S+Ap+A;
-1 =1 1-B1(¢ (5,21,,21))
P ) Zh, =P ,0,zp, — 40
(2)(5 Zn, 21) (2)(5 Zp Zz)[ oG ) (40)
) > 1-B2(¢1(s.zp.21))
P , Zh, =P ,0, —, 41
(1)(5 zn,21) = Py (1()5 z)[ P1G.220 ] B (41)
= ) 1-B1(¢ (s,zp,z1))1r1-W1(P2(s.2p.21))
/] /] = P IOI ) ) 42
@ ) = P 0 ) (42
= > 1-B3(P1(s.:zp.21))y 1-W2($2(5.2.21))
/] ) = P IOI ) 43
Q (2, 2) = aPy (s5,0,2)[— ===l 92D ] ~ (43)
— —(1) — 1—B1(¢p(s,24,2)), 1 — R(p2(5, 24, 2))
R(s,zp,2) = aP " (s,0,24, 2)W1($2(s, zp, 2)) [ ]
. e o 9(szpz) $2(8, 2n, 21)
5 7 1-B2(¢1(s,zp.21)) 111 —R(P2(5.2p.21))
Py (s,0,2)W 2z, : 4
+taPy (s 212 2(¢2(s Zn D) revrm el | e (44)
V(s, Z,2) = [(5+1h+11)10,0(5)—1][1—V(¢Z(S.Zh.zz))]. (45)

A-p)V (s+Ap+21) ¢2(s,zp,21)

4. STEADY STATEANALYSIS: LIMITING BEHAVIOUR

Now, we study the steady state probability distribution for our queueing model. By
applying thewell-known Tauberian property,

limsf (s) = limf (¢),

Thenormalizing condition
2
POMLD+QOMLDI+RAD+ V(LD + (1) + =1

i=1

The probability generating function of the queue size irrespective of the state of the
system.

W g Nr(zy, z;)
0 (Zn,z1) = Iy Dr(z4,2)) (46)
where,
_ (A + A1)
N7 (zy,2;) = N1(2)S1(z1, 21) + N2 (2))S2(21,2) + [ 1D (2,)S3(2h, 21),

(L=pPIVA +4)
Dr(zy, z) = D(2)$1(2n, 2) 2 (2n, 2) 01 (2){P (21, 21) (21 — B1 (¢ (24, 21))]
—a[1 = B1(9(zn, 2))IW1(d2(2h, 2))R($2(2h, 1))},
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1-MQ, +4) —
S1(zn,21) = ¢1(Zh’Zl)al(zl)[W]{Ah{C(zh) = Clg@)}1 = B1(¢(2n, 21))]
X {¢2(2p, 21) + a[1 = W1(h2(2n, 2)) R($2(21, 20) 1} + P2 (20, 2){b (21, 21)
X [z, = B1(P(2,2))] — a[1 = B1(P(2, 2)) W1 (¢2(2n, 2))R(P2 (20, 2))3},
S2(2p, 21) =£¢1(zh,zl)01(ﬂ)[32(¢1 (zn,21)) = Bz(Ul(Zl))]_+ ‘101(21)[1__ By (¢ (Z_iuzl))]
X W3 (92(2h, 2))R($2(21, 2))) — ap1(2n, 2)[1 — B2(01(2))IW2(02(2)))R (02 (2,)) }
X [1 = B1(¢n, 2)) {2 (2p, 21) + a[1 = W1 (2 (2, 2))R(P2(2h, 2)) 1}
+01(2)[1 = B2(b1(2h, 20) b2 (21, 2) + a[1 = W3 (h2(2h, 2))R ($2(21, 21)) 1}
X {p (2, 2) [z, = B1(P(2p, 2))] — a[1 — B1(a)]W1 (2 (2, 2))R(P2 (24, 2))3},
S3(zn,21) = P1(2p, 2)01 @)V (P2(21, 21)) = V(02(2))}1 — B1(P (21, 2))1{P2 (20, )
tafl = Wi(b2(zn, 2))R(@2(2n, 201} + [1 =V (¢2(2p, 20)1{P (21, 21)
X [z = B1(P (2, 21))] = a[1 = B1 ()W 1 (h2(2n, 2))R (b2 (21, 20))}},

Ni(2) = On + 2oy I =y i) - gl - Ban ()]}
(1 —p)V (A, +A)) :

+4,C(2) Y1 (2){01(2)B2(01(21)) + a1 — B (01(2))]W,(02(2))R (02(2))},

1— MO + )
Ny (z) = P1(2)01(2){AC(2){1 — 1, C[g(z)] [W]} + (A + )
[V(02(2)) — 1] — 1— M +4)
BSOS IHM (A + 4) + 4C(2)] FRY 13}
1-M4, + 1)

D(z) = a1 (z){z1¥1(2) — 22 4q[1 — Bo(¥1(2))IH1 — 4,.Cg(2)] [W]}

—1(2){o1 (ZI)EZ (o1(z)) + “E - Wz (01 (Zz))]Wz (02 (Zl))E(O'Z (z1))}
1-M@A,+4)
Ay + 2 I

Now using the normalizing condition, we get

X MMy + A) + 4,C(2)|

_ D) (g +a)*{p,(Dfa+¢ (D[1 =By (@] +a[EW) + E(RIDY
T

Ioo
(47)
where,
b L= M, +2) _
T=MD® +0) ¢ (D771 - Bi@](1 + alEWD) + E(R)D
X MEX) (1= E(X)) + ¢ (D} + a} + Ny(D{{-1q (g + ) (01(1) = $1(1))
x By (Mg + @) + a(oy(1) = $1(D)[1 = B2 (4iq + )] + a(Ayg + @) (05 (1) — $5(1))
X [1= B2 (Aiq + @) [EW2) + ER)H{z(D[1 - Bi(@)](1 + a[EW)) + ER)])}
Hg + O[1 = B2 (Aiq + )]z (DA + a[EW) + ER)DYa + ¢ (1)[1 = By (a)]
x (1+ a[EW) + ERID} + D) (Aig + &) {a(1 + ¢ (DE(V))[1 — By(@)]

) Ap + 4 ) ) )
X (1 + alEW) +’E(R)]){¢ W+ [(1 T T /11)]¢2(1)E(V)(0-2(1) = ¢2(1)
+¢ ()}




12 AyyarpAN G, SOMASUNDARAM B AND THAMIZHSELVI P

5. PERFORMANCE MEASURES
Theorem 5.1 Whenever, systemisin steady state condition, then

1. Theprobability that the server isidle and systemis empty is | (t) whichis
given by (47).

2. The probability that the server isidle but system is non-empty is

1-M(A + 4
bW M
NE — 10,0 D(l)
3. The probability that the server is busy on regular serviceis P=K
where,
(g + @°[1 - By (@]t (1~ ECO)ECON, (D G2
I+ A

—[(1 WO + AZ)]D(l)(dh(l) —a(EWV)} + N2 (D{(hg + @)

X [1=B,(Aq + @) {a + ¢’2(1)(1’+ a[E(Wy) + E(R)D} + [1 = By (a)]
X {Lig(Aq + @) (¢ (D) = 01(1D)B2 (Mg + @) — a[1 = By (Aiq + )]
K = X{($1(D) - (D)) + ({zq + ) (¢ (1) = o, () [EWa) + ER)1}}
{(iig + @)’D(D{a + ¢, (D[1 — B1(0)](1 + a[E(W1) + E(R)D}}
4. The probability that the server is busy on working breakdown is
Q=oKE(W,).

5. The probability that the server is under repair is R=aKE(R)

6. The probability that the server is on vacation is

- Ay + A
A=)V + 4)

1E(V)

Proof: Note that

Ing = leiglllo (z))

P= lim [PD(z,,z)+PP(z,,2)]

zp—1z;>1
Q= lim [Q(l)(Zh,Zz) + Q(Z)(Zh'zl)]
zp—>1z;-1

R = lim R(Zth)

zp—>1z;-1
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5.1 The Expected Queue L ength
The expected high priority queue size is

d
Lo = g5 Was @ Dl (48)

and the expected orbit sizeis

d
qu = d_ZlM/th(l'Zl)IZl:l (49)
then
. _DR'CONR™(1) — DR (1)NR"(1)
ne 3(DR"(1))?
_dr"(Dnr"'() = dr'"'(Dnr'"' (D)
a2 3(dr''(1))?
where,
" " " A+ 4 "
NR (1) = Ipo{N1(1)S; (1) + N.(1)S, (1) + [(1 T +“]D(1)53 D}
- h l
I+

NR" (1) = Ipo{N1(1)S; (1) + No(1)S; (1) + [

= 1D(D)S; (1)}
) ~ ~ A=p)V( A +4)
DRW(l) =2D(1)(Aq + @), g){a t9¢ (D[1- Bl(a)ng + a[E(Vl@) +EMR)D}
DR (1) = 3D(1)(4q + &) {(2¢1(D)$2(1) + (4ig + D), (9){06 + ¢_,§1)[1 = By(a)]
X (1_+ alEW1) + E(R)D} + (Lig + a)p2(D{2¢ (1) + {9 gl) [1-Bi(a)]
—2(¢ (1))?B1(a@)}(1 + a[E(Wy) + E(R)]) — a[1 — By (a)](¢ (1))?
x (E(WE) + E(R*) + 2E(W)E(R)H}Y}
p L, 1=MQ +2), I —
S (D) =249 +a) [W]{aqbz(l) + {AWEX) + ¢ (D} (D[1 - By(a)]
X (1 +alE(W;) +ER)]D}
o A=MQQ,+ )., . . —
St (D =3g+ ) (D) [W]{d)z(l)(m F2LEX)+ 20 D+, (D+ 1 (D)
+2q3'(13)[1 — B ()](1 + a[E(Wy) +ER)] + {(AEX®) (1) + LEX)P; (1))
X [1 =By (@) - 2E(X)$ (1) 2(1)B1()}(1 + alEW:) + E(R)]) — a(AE(X)
+¢2 (1), (D[1 = By (@)|(EWE) + E(R*) + 2E(W)E(R)) + ag, (1) + ¢1 (1), (1)}

$; (1) = 2{liq(Lq + @) $: (DB (g + @) + [l = By(4iq + ){$1(1) — (g + )bz (1)
X (EWs) + E(RDB{S2(D[1 - Bi(@](1 + a[EW1) + E(RID} + 2{(Aiq + @)
X ¢3(D[1 = B (Aiq + D)](1 + a[EW) + E(RID}a + p2[1 — Ba(a)]
x (1+a[EW) + E(RD}
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$; (1) = 3{(hg + ){2(¢1(1)*B2 (Mg + @)1 + a[EW2) + ER)]) + Lighy (1)
x By(Ayq + @) + (1 (D)*B; (g + @) — a(lyq + @)y (D[L = By (Aiq + @)]
+a($3)*[1 = By (Miq + )J(EWS) + E(R®) + 2E(W5)E(R))}
x {$2(D[1 = By (@] + a[EW:) + ER)D} + {$2 (D[1 — By()]
x (1+a[EWy) + ER)]) — 2(¢2(1))°B1 (@) (1 + a[EW:) + E(R)])
—a(P(D)*[1 = Bi@J(EWP) + E(R?) + 2E(W)E(R))}
X (g (g + b1 (DB (g + @) + ady (D[L — B2 (Liq + )]
—a(Liq + )G (D[1 - B2 (Aig + )] EW) + ERD} + (kg + @)
X {2 (D[1 = By (g + )](1 + a[EW,) + ER)]) — 261 (1), (1)B2 (4q + )
x (L+a[E(Wy) + E(R)]) — a(b2(1D)*[1 = B2 (g + @I(EWF) + E(R?)
+2E(W)ERD}Ha + ¢ (D[1 - Bu(@](1 + a[EWL) + E(R)])}
+26' (1) +¢" (D[1 = By(@](L + a[EWy) + ER)]) — 2(¢ (1))*B1(a)
X (L+a[E(W) + E(R)]) — a(bz(1)2[1 — Bi(@I(EWP) + E(R?)
+2EWDERNH(G + @) $2 (D1 = By (Aiq + )](1 + a[EW,) + E(R)D}}

S5 (1) = 2a(q + @)’ $(DEV) ,
83 (1) = 3(Aq + ) {2a; (DG (DEV) + a(g + a){$y (VEV) — ($2(D)E(V?)}
+(ugq + @) (@' (D)?E(V)}

o . . yIEY ’
nr (1) = o (N (D)1 () + N (DS (D + [ T PRORIC)
nr’ (1) = hoo (M (Vs (1) + No(Ds5 (1) + [ p% ( Ah} 1P s (D)
h T A

1D(1)s3 (1)}

+loo{N1(1)s1 (1) + No(D)s; (1) + [(1 WA, + )

NLD) = —Cn + 200D + (ug + ) —2DED pe g+ o
A=)V + 1)

—0,q[1 = B2 (A + 4,g + O} + (Aiq + ){(A), + Lig + @) — 2A,q
X [1- EZ(Ah +4q + @)] + Y1 (D[1 + 4,gBy (A + 4ig + )]}
A4 {1 (1) + (A + 4ig + )EX)Ha + 41qB2(4q + a)}

+(A + g + (o1 (DB (4q + @) + Liq0, (DB (g + @)
—a[l = By(4q + a)]o,(D[E(W,) + E(R)]}}

' / : 1—M@, +4)
No(D) = {(hg + @) (D) + (A + Aig + ) DI = A [———>—

i+ Wy + 20 + A )
A+ 4
) A B OB g
o, (DEV) 1-M@y, +4)
1=p)VQ, +2) A+ 4
1-MQ, + 1)

B+ @+ 4qg + ) (hig + a)

XALEX){1 — Ax[ ]

= + )] 1M @ + ) + A4

=4 + WALE)]
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D'(1) = (Aq + a){(n + 4uq + @) = 24,q[1 — Bo (A + 44q + @)] + 1 (D[ + Ag

= 1-MQ, + 1)
X By(Ap + 410 + @) H{1 = 4 [W]} + g+ {4 + g + @)
B 1-M@y+4)
—Aq[1 — B (A4 + g + a)]}{_/lhE(XﬂE(X)[W]}
n+ A

- M@y +4)

, 1 —~ M@, + 1)
+o1 ({1 — A, [ pR —

1
DEAEXDEX) —— =1}
- M + )

/ — 1 —
DMy +20) + Al =T e+ 1B + @)

- 1-M +4)
~( + g + a)fa + 4gBz (g + OHLEX) [~ —1)

_ 1-MA,+14).. ., — ,
(A + g + )M, +4) + 4 [W]}{al(l)l?z(ﬂzq + a) + 4q01(1)
X By (g + @) — a[1 — B,(Lq + a)]o, (D[E(W) + E(R)]}

1-M@A, + 1)

s1 (1) = (hq + a)? {22 E(XDE(X) + 2¢,()}2(D[1 — By ()]

A+ A
X (14 alE(Wy) + E(R)D}
1-M, + 1) , , ,
s1 (V) = [—F—/—H6(iq + a)(¢:(1) + 01 (1)){P(1) — AL E(X,)E(X)}

A+ 4
X {2(D[1 = By (@)](1 + a[EW1) + E(R)])} + 3(Aq + a)*{¢2 (1) — L EQXDE(X)
~AEXDEXHp, (D[ = By (@)](L + a[EWy) + E(R)D} + 3(4q + @)

X {$2(1) = M EXDE)H, (D[1 — Bi(@)](1 + a[EW1) + E(R)])
—2(¢,(D)?B1(a) (1 + a[E(Wy) + E(R)]) — a(¢,(1))*[1 — By ()]

x (EWE) + E(R?) + 2E(W)E(R))}}

s3 (1) = 2(0q + @)? ¢ (D)o, (D[1 = By ()] (1 + a[E(Wy) + E(R)DE(V)
s3 (1) = 6(4q + a)(¢1(1) + ai) 5 (D)o (D[1 — By (@] (1 + a[E(Wy) + E(R)DE(V)
+3(0q + @)* 2 (D[1 = Bi(@)](1 + a[EW) + E(R)D{oz (DEV) + (0:(1))’E(V)}

+3(Nq + )20, (MEV){p; (D[1 - By(0)](A + a[EW;) + E(R)]) — 2(¢2(1))?B; ()
X (1+a[E(Wy) + E(R)]) — a(@2(1)*[1 — Bi(@)|(E(W?) + E(R?) + 2E(W1)E(R))}

sz (1) = 2{p2(D[1 = By(@)](1 + a[EW1) + ERDHLa (g + @) (¢1 (1) — 01(1)
X By (Mg + @) — a($1(1) — a1 (D)1 = B2 (Aq + )] — a(hq + a)(¢2(1) — 52(1))

X [1 = Bz(uq + @)J(E(Ws) + E(R))} + (Mg + @)p2(D[L — B2 (Aiq + a)]
X (1 +alE(W2) + ER)D}Y
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sz (1) = 3{¢po ()[1 = By (@)](1 + a[E(Wy) + E(R)]) — 2(¢p2(1))*B1 (@) (1 + a[EWy)
+E(R)]) — a(92(1))*[1 - Bu@(EW?) + E(R?) + 2E(W1)E(R))}
X (g + @) (¢ (1) — 0;(1D)) By (Mg + @) — a(¢; (1) — o1 (1) [1 = B2 (Aq + )]
—a(hq + a)(@5(1) — 0,(D)[1 = B2 (Mg + @)(E(Wy) + E(R))} + {(Aq + @), (1)
X [1= By (hig + )](1 + a[EWy) + E(RID} + 3{g2(D[1 ~ B1(@)]
X (1+a[EW1) + ERIDI{Z(Ag + ) ($1(1)* = (01(1)))B2 (Mg + @)
+Xq(hg +)($1 (1) = oy (D)Bz (Mg + @) + g (Lg + @) (@1 (1) = (01(1)))
X By (Mg + @) — a(¢y (1) — oy (D)[1 = B2(4,q + @)] — 2a(0; (1), (1)
~¢1 (Do (D)[1 = By (Mg + )] (EWo) + E(R)) + 2a(Ayq + @) (¢1 (D2 (1)
—01(1)0y(1))B2(hiq + @) (EW2) + E(R)) — a(hig + a) (¢, (1) — a7 (1))
X [1=By(hgq + O)JEW,) + E(R)) + a(hq + a)(¢2(1)* = (0,(1)?)
X [1 = B2(Aiq + @) (E(W) + E(R®) + 2E(W2)E(R)} + {201 (1)$2(1)
X [1=By(Aq + @)](1 + a[E(W,) + E(R)]) — 2(A,q + )1 (1)$3(1)B, (4q + @)
X (1+a[E(Wy) + ER)]) + (g + @), (D[1 = By (4iq + @)]
X (1+a[E(Wy) + ER)]) — a(hq + @)[1 - By (g + @)] ($2(1))?
X (E(WZ) + E(R®) + 2E(Wo)E(R)}-

5.2 The Expected Waiting Time
Expected waiting time of high priority customersis
L
_ 7|
Wo =75 (52)
Expected waiting time of low priority customers is

L
q
Wy, = = (53

= /1_1
6. STOCHASTIC DECOMPOSITION

A study of stochastic decompoasition for retrial modd is done in Yang et al. [19]
and Yang and Templeton [18]. The existence of the stochastic decomposition
property of our model can be considering

d(z) =¥Y(2)ll(2)

where @ (2) isthe PGF of thequeue sizedistribution of an p7[X1] M[XZ]/Gl, Gy/1
gueue with priority services, customers abandonment, working breakdown, repair
and randomized vacation policy, which can be obtained for equation (46) by putting

M(A, + 1) = 1. Thuswe have
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n(zp, 2;)

d(z) = Io,om

where,

n(zy,2) = {(Ay + Az)al(zl){w — 1}{z¥1(2) — 28 Aq[1 — B, (¥1(2)]}
’ A -V +4)

+4C(2)%1(2){01(2)B1(01(21)) + a[1 = By (01 (2))1W2 (02 (2))R (02(21))}}

X 81(zp, z1) + {1 (D) o1 (2){4C(z) + (A4 + Al){w = 1}133S2(2n, z1)
e A=-p)V(@Ar+ 1)
A

e S — 22 B
-V + Al)]{ﬂl(Zz){Zﬂl)l(Z) zi q[1 = By (¥1(2)1}

¥1(2){01(2)B2(01(2)) + a[1 = By (01 (2))]W2(02(2)))R (02(2))}}S3 (2, 21),
d(2zn, 21) = ¢1(2n, 2)P2(2n, 291 (2){P (2n, 20) [2h — B1(#(2h, 2))] — a[1 = B1 (¢ (24, 2))]
X W1 ($2(2n, 2))R($: (20, 2)) Hor (2) {21 (2) — 2£ 0,q[1 — By (1 (2))]}
~Y1(2){01(2)B2(01(2)) + a[1 — B3(01(2)))1W2(02(2)))R(02(2,)) }}.
T1(2) is the PGF of the conditional distribution of the number of customersin
the orbit given that the system isidle. That is,
Ipo + 1Ih(z
M(z) = 0,0 +1o( z)'
Ioo + Ip(1)

which is equal to

{ D(D){o1(z){z1p1(2) — zE4iq[1 — B (1 (2))IHM (A, + /11)}

_AClzn]) V() -1 e
¢ A+ 4 (1-p)V(A, + /11)}[1 M, + D13

{ D(z)(Mq + @){(Ay + Lig + @) + 41q[1 — By (A, + 4iq + “)]}}

M(z) =

X (W + 2) — g [F Gt Ay
7. PARTICULAR CASES

Case 1: If thereis no high priority queue, no retrial, no breakdown, no abandoned
customers, low priority customersarriveinsingle.i.e 2, =0,C(z) =z, M (A, + %) =1, a
=0, q=0. Then, our model reduced to M/G/1 queue with general randomized vacation
policy.
Ioo[1 =B =DV (1-2) -1 -2)A-pV@) - 1

(-2 -pVA){z—B(u(1 - 2)}

_ Ipo[1 V({1 - 2))]

1-pA-2V@A)

)

P@(z) =

V(z)
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Theaboveresult similar totheresult of Chen et al. [ 3] without second optional service.

Case 2: If thereis no high priority queue, no breakdown, no vacation, low priority

customersarrivein single.i.e. A, =0, C(z) =z, p =0, \ (A, +2) =1, 0=0. Then, our
model reduced to M/G/1 queue with abandoned customers.

Ipoz(1 = 2)[1 = By(A(1 = 2) + 4ig2)][1 = M(A)]
D(z) '

Ih(2z) =

IooM(A) (1 = 2)[1 = By (4(1 - 2) + 2,q2)]
D(2) '

P@(z) =

where,

D@ =B, (1-2+1a{(1-z+a)(z+(1-2m () -2} —-«1-2).

The above result coincides with theresult of Krishna Kumar et al.[12] without
second optional service.

8. NUMERICAL RESULTS

We present a set of numerical examples which were computed using MATLAB
software. The system's parameter and distributions are as follows:

1. Thehighand low priority arrival rate 2, = 1 and 4, = 3.2.

2. The normal service time is exponentially distributed with parameter p, =
u,=8.

3. Theworking breakdown servicetime, repair time and vacation timefollows
exponential and Erlang-2 distribution with parameters o, = w,= 5, n=4
and y = 0.6 respectively.

4. p=0.5andqg=0.9.

5. Theretrial time for different distributions are as follows:

(a) Exponential distribution with parameter g = 23.

(b) Erlang-2 distribution with parameter g = 23.

(c) Hyper-exponential distribution with parametersc= 0.5, g, =5 and g,= 15.
(d) Phase-type distribution with PH(t, T), where

r=[1/3 2/3|T = [ag 8-2_8 to = Ea



ANALYSIS OF AN MIX1], MX21/G,, G, /1 RETRIAL QUEUEING SYSTEM WITH PRIORITY SERVICES... 19

Table 2, shows that when the breakdown rate (o) increases, then the expected
gueue length of high and low priority increases with working breakdown service,
repair, vacation are exponential distribution and various retrial distributions. The
expected queue length of high priority and low priority increases for increasing
breakdown (o) with working breakdown service, repair, vacation are Erlang-2
distribution and various retrial distributions as shown in table 3.

In Figs. 1-2 two dimensional graphs are illustrated. Figure 1, presents the
expected queue length of low priority (La, ) increases for increasing breakdown
(o) with working breakdown service, repair, vacation are exponential distribution
and various retrial distributions. The expected queue length of low priority (La,)
increases for increasing breakdown (o)) with working breakdown service, repair,
vacation are Erlang-2 distribution and various retrial distributions as shown in
Fig. 2.

In Figs. 3-4 three dimensional graphs are illustrated. In Fig. 3, the surface
displays an upward trend for expected queue length of high priority (La,) against
increasing high priority arrival rate(2, ) and breakdown rate (a.). Thesurface displays
a downward trend for idle against increasing high priority arrival rate (&,) and
breakdown rate (o) as shown in Fig. 4.

Table 2: Impact of & on Mean Values of Queues length

Exponential distribution

o Expected queue length of high priority Expected queue length of low priority
EXP ERL HEY PH(2) EXP ERL HEY PH(2)

0.1 11.2809 11.2802 11.2572 11.2230 28.2430 28.4562 35.1601 44.8123

0.2 16.3003 16.2989 16.2523 16.1826 29.0597 29.2760 36.0778 45.8733

0.3 22.0229 22.0206 21.9486 21.8408 29.8691 30.0884 36.9862 46.9222

0.4 28.4699 28.4668 28.3675 28.2189 30.6697 30.8920 37.8834 47.9569

0.5 35.6619 35.6579 355296 35.3373 31.4597 31.6849 38.7674 48.9749

Table 3: Impact of & on mean values of queues length

Erlang-2 distribution

o Expected queue length of high priority Expected queue length of low priority

EXP ERL HEY PH(2) EXP ERL HEY PH(2)
0.1 115903 115897 11.5721 115458 26.6654 26.8778 33.5546 43.1663
0.2 16.9289 16.9278 16.8923 16.8392 27.4930 27.7084 34.4828 44.2372
0.3 229790 229773 229225 22.8405 28.3139 285323 35.4022 45.2965
0.4 29.7600 29.7577 29.6822 29.5693 29.1263 29.3477 36.3109 46.3421
0.5 37.2907 37.2877 37.1903 37.0443 29.9287 30.1529 37.2068 47.3715
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9. CONCLUSIONS

In this paper, a single server batch arrival nonpreemptive priority based retrial
gueueing system with abandoned customers, working breakdown and repair under
general randomized vacation policy isanalyzed. Theprobability generating function
of the queue sizedistribution at an arbitrary timeis obtained and some performance
measures are calcul ated. Finally, we present some numerical examplesto study the
effect of various parameters. For future research, the discretionary priority based
on service consider the similar model.
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