International Journal of Mathematical Sciences © Serials Publications
Vol. 18, Nos. 1-2, January-June 2019, pp. 139-144

WEIGHTED COMPOSITION OPERATORS WITH
CLOSED RANGES

T. K. Sharma
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have closed ranges. We also study compact weighted composition operators acting
on a space of operators.

Subject classication: Primary 47B20, Secondary 47B38.

Keywords : multiplication operator, composition operator, weighted composition
operator, invertibility, compact operators.

INTRODUCTION AND PRELIMINARIES

Let X and Y be two non-empty sets and let V' (X) and V' (Y) be topological vector
spaces of complex-valued functions defined on X and Vrespectively. If 7 : v — X
is a mapping such that f o7 € V(Y) whenever f € V(X), then we can define a
composition transformation Cr : V(X ) — V(X)) By

OrF = foT forevery f € V(X).

A continuous linear operator C, is called a composition operator induced by 7. If
U: X — ¢ is a function such that U.f € v(X) whenever f € vV(X), then a multiplication
operator My : V(X)) — V' (X) is a continuous linear transformation defined by

My f = U.f forevery f € V(X).

The class of composition operators and the class of multiplication operators
under suitable situation breed another class of operators called weighted composition
operators. Thus a weighted composition operator is an operator of the type
My Cr or CpM,,; and we usually denote it by My,

So far as we know composition operator made its first appearance in 1871 in
a paper of Schroeder [8] in which it was asked to find a function f and a number
such that (f o T')(z) = af(2) for every given T and for every z in an appropriate
domain. In 1884, Koenighs [2] solved this problem. Afterwards these operators found
their application in Littlewood’s [ 5] subordination theory. But a systematic study of
composition operators is started in 1969 with the paper of Nordgren [6] followed by
Schwartz [9], Ridge [7]. For more details about composition operators and weighted
composition operators we refer to ([1], [10], [3], [4]) and references therein.

Let H be a Hilbert space. By B, (H) we denote the Banach space of all bounded
linear operators from H into itself under the norm defined as
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Ax
[[A]| = sup I TH
a0 2]l
w€H

The symbol B,(H) denotes the Banach space of all bounded functions defined
on H into itself under the norm

IfII = suptllf ()]l - x € H}.

We point out that no non-zero element of B,(H) is a member of B, (H). For, if
A e B(H) 18 such that A(z) #£ 0 for some = € H, then A(nz) = nA(z) — oo as n — oo..
Thus 4 is not bounded as a function. Hence B.(H) N By(H) = {0}. If A € BL(H),
then the range of 4 is defined to be the set {Af : f € H} and it is denoted by ran A4.
The kernel of 4 is defined to be the set {f = I : Af = 0} and it is denoted by ker 4. By
BL, (H,H) we denote the set of all bounded linear operators from B, (H) into B,(H).

A continuous linear operator A : H — H is called a compact operator, if 4(B )
is precompacti.e. A(B,) is a compact subset of i/, where B, = {x € H : ||| < 1}
is the closed unit ball of H.

CHARACTERIZATION OF WEIGHTED COMPOSITION OPERATORS
In this section we characterize weighted composition operators with closed ranges.

Theorem 2.1. If abs(c (ran u:T)) has an interior point as a subset of span(ran u:T),
then M, has closed range.

Proof. Suppose that zero is the interior point of abs(co(ran «.T)). If the sequence
{M, 4.} is convergent, then {Ax } is uniformly convergent on ranu:T and consequently
uniformly Cauchy. That is, for any ¢ > 0 there is some positive integer n0 such that
for any = € ran w.T,

(A — An)(2)]| <€ 2.1

for any positive integers m and n larger than n0. By the triangular inequality, the
same inequality is valid if in equation (2.1) x is replaced by any absolutely convex
combination of points in ran u:T. It follows that the sequence {A4,} is uniformly
Cauchy on abs(co(ranu.T)). Let » > 0 be such that for any z € span(ranu.T)
with ||z|| < r,, we have z € abs(co(ran w.T)). Then equation (2.1) holds for
any such x and consequently the sequence {A,|span(ran (u.T))} regarded as
a sequence of continuous operators between span (ran u.T) and H is a norm
Cauchy sequence and hence tends to Ag. Set Az = Agz for = € span(ran u.T)
and Az =0 for z € (span(ran w.T)):. We obtain A< B, () such that
Ay lspan(ran w.T) — Alspan(ran w.T') in the norm topology. We shall have
that the sequence (u.4, oT)(z) tends to (v.AoT)(z) for any = € H and so the limit
in By(H) of M, rA, is M, 7A. Hence M, r hasclosed range. Since in a convex set
which has interior point, any internal point of any absolutely convex set, including
abs(co(ranw.T)). This completes the proof.
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Example 2.1. Let H = 2, the Hilbert space of square summable sequences of
complex numbers. Let ¢, : [2 — |2 be defined by

) 0, if Jjz]| >1
o 1, elsewhere

LetT : H — H be defined as T(x) = x, forevery + € H.Thenran «.T = B,

and so span(B1) = H. Clearly 0 is an interior point of abs(co(ran u.T)). Hence
M , T has closed range.

In next example, we show that if H is an innite dimensional separable Hilbert
space, then weighted composition operators having non-closed ranges exist.

Example 2.2. Let H? be the classical Hardy space, that is, the space of all
functions analytic on the open unit disc having square summable Taylor coecients
and H"°, the algebra of all bounded analytic functions on the unit disc. For any
¢ € H>=, T, 1s the analytic Toeplitz operator induced by ¢, that is, the operator
T,f = of for every f € H2

We recall that if 3. a, and 3.°° b, are two series, their product
Yoo n” o bn is the series having summands ¢n = aobn + a1bn—1 + ... + anbo.
Choose ¢ € H?, &(z) Z;’C:O Anz" suchthat >~ ) A2 fails having square summable
summands.

Using the logarithm test, after straight forward calculations one can show that
b(z) =30 2% where o € (1/2,3/4) is such a choice.

Set A,, = T}, where {¢,,} is a sequence in H> which tends to ¢ € H? For any
T : H? - H? such that ran u.T = {1, 2,22, ...,2", ..}

It is obvious that

sup |[|(Mu,7An — My 1 Am)(f)l|2 = sup||(ém — @n)zkHQ = [(¢m — dn)l2-
feH? k

Since {¢5, } tends to, ¢, { M, 7 Ax } is uniformly Cauchy, hence there is f € By(H?),
which is uniform limit of the sequence { M., 74, }.

If we suppose [f=MyrA for some AecBr(H),we get
(AouT)(h) =limp_soo &n(u.T)hfor anyh € H2. Since ||(¢r, — 3)zF||s = 0 as n —
it follows that A-* = ¢z* for any positive integer k.

Denote g by A4. Obviously g is in /> Therefore,

9= (6,22 =3 (0,25)(z"9).

k=0 k=0

If we calculate the Fourier coecients (g, -} we obtain exactly the summands of
3. A2 which are not square summable and hence g is not in H?, which is absurd.
Consequently f'is not in the range of M, 7 and so My 1 has not closed range.
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Theorem 2.2. Let M,z € By, (H. H). If span(ran u.T) is nite dimensional, then
M, T has a closed range.

Proof. Let {1, 2, ....xn } be a basis for span (ran u.T). If for a sequence {A4,,}
in B, (H), {M, rA,} is convergent, then u.A, o T" is uniformly convergent on H. Let
Y denote the limit of 4 x for =1, 2,...m. We get Ax, = Y,i=1,2, ..., m. Extend A
to span (ran MT) by linearity. we set Ax = 0 for any &« € [,5])(1}1(1'(”1 u,T)]J-_. Then
Ae Br(H)and

lim (uw.A, o T)(x) = lim w(x)Ap(T(x)) = lim u(x)A(T(x)).

n—oo n—oo n—oo

Hence the limit of M, 4 is M, ;A and thus the range of M, . is closed.

COMPACT WEIGHTED COMPOSITION OPERATORS

In this section we compact weighted composition operators acting on a space of
operators. It is proved that if / is innite dimensional, then the only compact weighted
composition operator is the zero operator.

Theorem 3.1. Let H be an innite dimensional Hilbert space. Let A, ; : B.(H) — B,(H)
be a non-zero weighted composition operator. Then M is never compact.

Proof. Since Mu;T is a non-zero weighted composition operator, there exists z, € H
suchthat u(zo) # 0 and T'(zg) # 0. Since T'(xo0) # 0, by Hahn Banach theorem there
exists a bounded linear functional fon H such that f(T'(xz0)) = ||T(z0)|| and || f|| = 1.

Let B, = {= € H : |jz| < 1}. Then B, is not compact in /1. Let {=. } be a sequence
in B, such that no subsequence {@x, } of {z.} is convergent. That is, there exists ¢ > 0
such that ||z., —au, || z ¢, forevery k, j. Foreachn,, A, : H - H by A, (z) = f(z)z,,.

Then {4..} is a sequence of bounded linear operators in B, (H). Now

Moy Ay — My Ay, | l[t-Apy 0 T = . Ay, o T|

sup{[u(e) A, (T(2)) = () Ay, (T(0)]] : = € H}

= Julro) Any (T (o)) = ulio) An, (T (o)) |
= [lu(ro)(An, (T'(x0)) — An, (T'(xo)) |

= Julxo)[[An, (T (w0)) — An, (T (o))l

= |ulwo)[|lF (T (x0))wny = F(T(x0))n, |
= [ulwo) A (T (wo)llns = n, |

= fuleo) T Cro) llltns — wn,l

= elulwo)[|T (o).

Thus [|[Mu,pAn, — MyrAn,|| > elu(xo)|||T(xo)||. Therefore, the sequence { My 7 A4, }
has no convergent subsequence. Hence M ,T is not compact.

Theorem 3.2. Let M, r : BL(H,C) — By(H,C) be a continuous linear
transformation. Then M ,T'is compact if and only if (u. T)(H) is totally bounded.

Proof. Suppose that M ,T'is a compact operator. Let B, be the closed unit ball

of B, (H)*.
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Then M B, is a relatively compact subset of B,(H)*. Hence for given € > 0
there exists a nite partition {E;} of By(H)= such that s; € F;

SUE ([MyrA(s:) — My A(s)]| <e, 3.1
schb;
foreachi=1,2, ..., n.
If 4 is an isometry, then equation (3.1) implies that
l|u(s:)T' (s1) — u(s)T(s)]| < efor i =1.2,...,n and for all s € E;.
Therefore, v.T(E;) C se(u.T(s:)), for each i = 1, 2, ..., n, where s.(T(s;)) is a
sphere of radius € with centre at (u.7 )(s)) and so
Uity (wT)(Ey) C ULy se((w.T)(s4))-
That is,
(wT) ( Uiy (B0)) € UlyselT(s:)
or (u.T)(H) C U s¢(T(s;)), which shows that (1. T)(H) is totally bounded.

Conversely, suppose that (1.7) (H) is a totally bounded subset of H. Let E be
a bounded subset of B, (H)*. Then ||| < & for every A € E and for some k> 0. We
prove that M, (E) is relatively compact. Let € > 0 be given. Then by hypothesis
there is a nite set {s1, 52, ... sn} in H such that
(w.T)(H) CUiZys. g (T(s0))-
Let E; = (u.T)s & (T'(s;)). Consider

I(Muz )i — M) = (s AT (1) — u()AT ()]
LA (w.T) (53) — u()T ()]

IA A

for each s € F;. Hence

sup |[((My7A)(s:) — (MyrA)(s)]| < for each i =1,2,...,n.
seE;

Lo m

Clearly, # = up,E,. This shows that M, is relatively compact.
Example 3.3 Let v : 2 — C and T : £2 — (% be defined by
L Jox itrede,neN}
Ilr) = { 0, it v¢&{en:neN}

andu (x)=1;forall « € ¢? Then {(v.T)(x) : « € (*} = {e, : n € N} which
is not a totally bounded subset of /2.

Hence M, is not a compact operator.

Example 3.4. Let H be a Hilbert space and e, be a basis vector of H. Define
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T:H — HbyT(x)=e forall - € H and u: H — C by

v [ Nl if e Bu(H)
u(x) = { 0, if = ¢ BI(IIJ)

Then (u.T)(H) = {ae; : o € D}, where D is the closed unit disc in C. Now
(u.T)(H) is a totally bounded subset. Hence M, . is a compact operator.
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