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ABSTRACT

In this article short-term interest rates are studied by methods of spectral analysis, regular and singular
perturbation theories which are described by Vasicek model with multidimensional stochastic volatility that
has 1-fast variables, r-slowly variables, [ > 1,7 > 1,1 € N,r € N. The approximate value of securities and
their rate of return are calculated. Applying the theory of Sturm-Liouville, Fredholm’s alternative and analysis
of singular and regular perturbations at different time scales have enabled us to obtain explicit formulas for
the approximate value of securities and their yield on the basis of the development of their eigen functions
and eigenvalues of self-adjoint operators using boundary value problems for singular and regular
perturbations. The theorem of closeness estimates for bond prices approximation is proved.

JEL Classtfications: G11, G13, G32.

Keywords: Vasicek model, spectral theory, singular perturbation theory, regular perturbation theory.

1. INTRODUCTION

Short-term interest rate dynamics models were considered in the paper by Vasicek (1977) for derivatives
pricing. Significant contributions to the theory of rate of interest were made by Brennan et al. (1979), Hull
et al. (1987), J. Cox et al. (1985), Ho et al. (1986), Merton (1973), namely: finding a credit spread of credit
market instruments, calculating option prices for interest rates, determining the risk and derivatives’ rate
of return of the stock market financial instruments. The models developed by these scholars have their
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advantages and disadvantages, but each of them is used to increase the liquidity of financial markets.
Applying more sophisticated models, despite their theoretical justification, leads to obtaining of complex
multi-parameter functions of the yield curve, which results in significant errors in calculations.

Using spectral analysis, Linetsky (2004) applied a spectral theory of self-adjoint operators to different
models, and to the Vasicek model, in particular. Lorig (2014) considered the short-term interest rates
described by the Vasicek model with stochastic volatility, depending on two factors, one of which is fast,
and the other is slowly variable. In our paper, the spectral theory and the theory of singular and regular
perturbations are applied to self-adjoint operators in Hilbert spaces that describe processes with
multidimensional stochastic volatility having l-fast variables, r-slowly variables, [ > 1,r > 1,l € N,r €
N. This theory is applied to the short-term interest rates described by the Vasicek model, in particular.
The approximate value of securities and their yield are calculated. Applying the Sturm-Liouville theory,
Fredholm alternatives, as well as analysis of singular and regular perturbations at different time scales, we
obtained explicit formulas for convergence of bond prices and their yield. To obtain explicit formulas, we
need to solve 21 Poisson equations.

The purpose of the article is to establish bond indicative prices and their profitability by methods
of spectral theory and theory of perturbations.

2. RESULTS

Let (Q, F, P) be the probability space that supports a correlated Brownian motion
(WX, W1, .., WY, W?, .., W?4r) and an exponential random variable e~Exp (1), which is independent
of (WX, W21, .., WYL, W7, . W?), We will assume that the economy with (I+r+1) factors is described
by the homogeneous time and continuous Markov process x = (X, Yy, ..., Y}, Z4, ..., Z;), which is defined
in some state space E = [ X Rl x RY, where (Yy,...,Y)) € R, (Zy, ..., Z;) € R"[ is the interval at R
with points e;and e,, such that —co < e; < e, < c0. We assume that ¥ has the beginning at E' and
instantly disappears once X goes beyond . In particular, the dynamics of y with physical measure [P is as
follows:

X; = {(Xt;Ylt; ---rYlt; th; "'IZrt))’TI > t, T, = lnf(t > O:Xt e I),

A, T <t
where, (X, Y1, ..., Y1, Zy, ..., Z;), are set
dX, = v(X)dt + a(X) f Yies ooos Yies Z1gs oovs L) AW,

avy, = 2 o;(Ge)de + =B (G)aw,”,j =1L

dZit = 6iCi(Zit)dt + \/Egi(Zit)thzi,i =1,r.

AW, W), = pyy,dt,j = 1,1

dW*, W), = p,,dt,i=1,r.

1,r.

d(Wyj; WZi)t = pyjzidtrj = 1; l;l
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dW>i, W), = pyydt,j=1,1s=11L

d(WZi; Wzk)t = pZidet;i = 1; n;k = 1,7'.

(XO, Y10, ---,Ylo, ZlO, ey Zro) == (x,ylo, e ylo, Z10, ---,Zro) E E.

where, Py, = 0,] F 7,057, = 0,1 # k Pxyjs Pxzpp Py;zp meet the conditions nyj| , |szi|»
| Pyjz;| = 1, and correlation matrices of the form:
1 pxy] pXZi
pij 1 pyjzi
pzix pziyj 1

. .. . 2 2 2 . :
semipositively defined, thatis 1 + pryjpxzipyjzi = Pxy;” T Pxz” ~ Pyjz = 0,j=1Li=1,r.
Process X may represent many economic phenomena and processes.

For example, the reserve size, the index price and reliable short-term interest rates, etc. Even more
broadly, X is an external factor that characterizes the value of any of the above-mentioned processes.
Physical measure [P of process X is understood as the process X, which has an instant drift v(X,) and
stochastic volatility a(X;) f (Yi¢, -, Yit, Z1gy -+ » Znt) > 0, which contains both components: local a(X;)
and nonlocal f(Yyy, ..., Yit, Z1¢, -, Zpt)- Note that infinitesimal generators (infinitized) for ¥; and Z; have
the form V i, j

€j 1 1 2 6i 1
QYJJ- - g(zﬂl (y]')ainJ' + aj(yj)ayj) ’gzi =0 (Egiz(zi)azzizi + Ci(zi)aZi) ’
are characterized by the measures El and §;, respectively. Thus, Y, ..., Y] and Z4, ..., Z, have an internal
j

. 1 . . . .
time scale €; > 0 and 5 > 0. We consider € << land §; << 1, so that the internal time scale Y; is

4

small, and the internal time scale Z; is large. Consequently, Y} , j = 1,1, are fast variables, and Z Hi=1n

are slowly variables. Note that ﬁ;]] and 53?: have the form
L

L =3a2(0)0% + b3, — k(x), x € (ey,€5), 3 k(x) = 0

for all x € I, are always self-adjoint in the Hilbert space H = L2(I, m), where I € R is the interval with
the points e; and e, and m is the diffusion density rate. Dom(2){f € L2(I,m): f,d,f €
ACoc (), 8fL*(1,m), BCs on e, and e,} where AC,.(I) is the space of functions which are absolutely
continuous on each compact subinterval | Linetsky (2007). The boundary conditions for e; and e, are
applied on the output, input, and regular bounds.

We will evaluate the derivatives with payoff at time t > 0, which may depend on the trajectory X.
In particular, we will consider the forms of payoft:

Payoff == H(Xt)]l(‘[>t)
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where, 1is a random moment of time during which there is a failure to make a payment of premium. Since
we are interested in the derivatives estimation, we must determine the dynamics (X, Yy, ..., Y}, Z4, ..., Zy),
under the evaluation of the degree of neutral risk, which we denote as P. We have the following dynamics:
dX, = (b(Xp) — aX)f Vi o Yie Zats s Zed 2 (Yags o Yio Zags o Zi) ) dE
+a(Xt)f(Y1t, ey Ylt, th, ey Zrt)thx,

1 1 1 ~Yj
det <€_] a](Y]t) - \/_E_]ﬁ] (th)Aj(Yltl 1Ylt! th! ey Zrt)) dt + ‘/_e—]ﬁ](yjt)dm/t ];

dzZ; = (5iCi(Zit) - \/Egi(zit)E(Yltl s V1o Ly oo Zrt)) dt + \/gigi(zit)dVT/tzi;
d(W*, Wiy, = Pry;dt,j =1,1. )
d(W*, W2y, = py,dt,i=1,r.
AW?i,W#), = p, ,dt,j=1,Li=1r.
(Wi, W¥s), = py, . dt,j=1,1s =1,
d(W=, W), = p, . dt,i =1,nk=1n
(X0, Y105 - Y1) Z10s o » Zrg) = (X, V105 - Vior Z10s -+ » Zro) € E,

where

v(Xe) — b(X:)
a(Xe)f (Yis ooos Yies Zags ooes Zing)

thx = thx + ( + Q(Ylt’ e ,Ylt, th, ey Zrt)) dt'

AW, = AW, + 4y (Yags ) Yio Zag e, Ze)E
AW, = dW,” + [,(Yar, o, Vi, Zygs oo, Ly dE,
where Py .y, = 0,j #5,0z2, =0,0 #k.
We establish such conditions so that the system (1) has the only strong solution.

Random time 7 is the time of the derivative asset. In our case, default can occur in one of two ways:

when X fall outside the interval ],
at random time T, which is managed by the risk level h(X;) = 0.
This can be expressed as follows:

T =11y,
T, =inf{t > 0: X, &I},

t
Ty = inf {t > 0: f h(X,)ds = e(X, Yy, ..., Y1, Z4, ...,Zn)},
0

e~Exp(1) L.
Note that the random variable ¢ is independent of (X, Yy, ..., Y}, Z4, ..., Zp)-
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To track T, we use the process indicator: Dy = lz5q,), where D = {Dy,t > 0}, is a filter generated
by D and F = {&,, t = 0} is filter’s generator (W*, W1, ... WY, W4, ..., W?n). We use the filtering G =
{®,,t = 0}, where &, = & VD,. Note that (X, Y, ..., Y}, Z1, ..., Z,) ate applied to G and 7 is a stopping
time ({{T < t}} € ®, forallt > 0).

We will evaluate the derivative asset of some payoff (payment) using the neutral pricing risk and
. . . _y . . P
Markovian chain X, the price &9 (¢, x,y,, ...y, 7, ..., 2,) Of some derivative assets at the initial moment

of time has the form:

~

— t
uS (6%, Y1, Y0200 20) = By g2z, [exp <—f T(Xs)dS>H(XtH{t>T})l!
0

Where, € = (eq, ..., €),8" = (64, ...,68,), and (X, ¥y, ...¥1, 24, ..., 2,) € E is a starting point of the
process  (X,Yy,...,Y1,Z4,...,Z;). By Feynmann-Kac formulas, we can show that
ués’ (t, X, V1, . Vi Z1, v, Z,) Satisfics the following Cauchy problem Linetsky (2007):

(=0 +€%9")u™" = 0,(y, Y, 21, - 2) € E,t €RY @)
UES (0,2, Y1, o Vi) 21y ey 2,) = H(x) ©)

where the operator Q€6 has the form:

ged’ = ;=1€lj’80]' +21 1\/_9’11 + 85 +lefwt3l] +2i ‘/_8‘“11 + 2 65,

= 252022, + (32,1 = T
Ly = ﬁj(Yj)(nyja(x)f(YL V1 21y oees Zp) Oy — Ai(Y1, Y1 21, ---’Zr))ayj»
L, = %az(x)fz(yl, Vs Z1y eeer Zy) 02
+ (b(x) — a2y, V1, 20, o Ze) V1) - Vi 21y <00 Zr)) 0 — k(X),
M = sziﬁj(yj')gi(zi)aszi,
My = 9:(z) (pxzia(x)f(yl, V1 Z1, 0, Zp) 0 — (Y1, o Y1, 21, ...,zr)) 0,

1
9)?21 ) =9 (Z )az iz + Ci(Zi)azi,k(X) = T(X) + h(X'),goj = ,811/]

We assume that the diffusion with the infinitesimal generator 3111 f has an invariant distribution I
with density 7; (y;).

Yj
2 2a;(0)

() = BZon P ) 5@

do ¢, vj

Il
=
o~
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Besides the initial condition (3), the function uay(t, X, Y1y e Vi» Z1, e, Zy) MUSt meet boundary
conditions at the points of e; and e, of the interval . The boundary conditions at points e; and e, belong
to the domain €6 and will depend on the nature of process X on the points of [ and are classified as
natural, output, input or regular Borodin et al. (2002). The Cauchy problem (2)-(3) for
(f, a1, ..., i, ) Brr Aq, . Ay, €1y ooy Cry 1y - G T1, -e, [) has no analytical solution. However, for
fixed §’, the conditions containing € and are arbitrarily dviated in the € -axis, which causes singular
perturbations. For a fixed €; condition containing §; are small for some small &' -axis, which causes regular
perturbations. Thus, the €-axis and §7-axis yields the combined singulat-regular perturbation of O (1) of
the operator £,.To find the asymptotic solution of the Cauchy problem (2) = (3), we develop &6 in

orders /€ and ,/§; Burtnyak et al. (2014):
— . . , i
J1 J1 l1 T
= Z Z Z Z VE1L A€ \/61 ...\/674 uj1,---;jn,i1,---il
i120 ilEO ]120 ]TEO
where,
. . , i
J1 J1 11 T
Z Z Z Z VE1L A€l \/61 ...\/674 ujl _____ Jrit,edy
i120 ilEO ]120 ]TEO
ir
m;=0 ml+120 mH_T ]1 ]l
= llmzl 20" Zilzo Zjlzo . 1 S0 VEL i€ 48 'Var Uy ,fipig,dpy M1 7 0,
o Mpyy = 0.

The approximate price is calculated

l r
€ oy [eu—~ [Su_—
ut? = uger + Z €U o7 + Z 61“’6,1’;

The choice of development in half-integer orders €; and §; are natural for QEs’.

By conducting an analysis of singular perturbations at the corresponding levels, we obtain that

u ui,-,?’ u6,1_’i do not depend on yj, ... y;. The basic findings of the asymptotic analysis are given using

0,0
the following formulas

0(1) Zj=1 »80] uij,? + (_at + <»82>)u6,? = 0, ua’?(o, X, Zq, "'IZT) = H(x), (4)
0(\/6_]) onugj,? + ﬂljuzj,a + (_at + (ﬂﬁ)ui’a + Zkij ﬂlkuikj,a + Ziij »81,:
= Ajus —(0,x, 24, ...,2,) =0, )

0,0 1 ,0

1, = (0, ..10,1,0, ....0)
k J

According to the analysis of regular perturbations we have
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0(\/5) (-0, + (532))u6,1—,i = Biaziuay, u6,1_’i(0’ X,Zq,.,2Zy) =0,i=1,7. (6)

Operators (£,), Aj, B; and 0, are defined by the formulas
1 —
(2,) = 56%a* ()0, + (b(x) — Fa(x))d; — k(x),x € (ey, €2),

Aj = —v3;a(x)0,a%(x) 07, — v;;a*(x) 07, — Uyja(x)0,a(x)dy — Uy jalx) oy, ,

B; = —vy;a(x) 0, — vg; and azi = azi566 + f_ﬂlafﬁ» Vii = gipxzi<f>:vo = g},

Vi = 1,n and norm function

<x>1,2 = fRz X1, ey () (v2)dy  dy,,- - <x>l—1,l

= [ X1,y (1) ) dyy o dyps X010 = (X0, (f2) = 0, (f?) = 52

We find solutions to the equations (4)-(6) on the basis of eigenfunctions, eigenvalues of the operator
(8,), each of which meets a corresponding Poisson equation

Lo1¢1 = f2 = {f?)1, Ro2002 = (f?)1 — <f2>1,2» e By = <f2>l—2,l—1 - <f2>l—1,l .
Lo = f0 —{f), ---,Qoﬂlj = (fﬂ>j—2,j—1 - <f~9>j—1,j» v Boyy = (fﬂ>l—z,l—1 - (f-ml—u

Theorem 1: Assume that we can solve the following equation to find an eigenvalue:

_<£2>7~/)n = Anlpn! Y, € dom((ﬁz)), (7)
and also that H € . Then the solution Uso has the form:
uBF = Z CnlljnTn rCn = (lpn!H)!Tn = e_tln'
n=1

Theorem 2: Let ¢, Y, , Ty, be described using Theorem 1. We define

Tx—Tp
Ajkn = (lpklc'qjlpn)l U = l:—ln'

Then the solution u{}.ﬁ of equation (5) has the form:

qu,a = Z Z CnAjk,n YrUgn — Z Cn"an,nlpntTn

n k#n n
Note that u{}.ﬁ is linear in the parameter group (U3, 9, Uz, Uyj).
Theorem 3: Let ¢y, Y, and T, be defined with Theorem 1, and Uy, ,, with Theorem 2, we have

- Tr—Tn tTy
Bikn = (wleiaziwn)l Bikn = Wi Bin), Vien = (lkk_ln)z + Ae—rn

_ International Journal of Economic Research I



Burtnyak Ivan Volodymyrovych and Malytska Anna Petrivna

Then the solution uﬁf has the form:

Z Z Cn ik, nlpk ikn Z Cnﬁin,nlpntTn +

n k#n

+ Z Z (0z,6) Bix nWicUik,n Z(azlcn)anlpntT

n k#n
1
+ Z Z Cn ik, nlpk (aZl n)VLk n Z CnBin,nlpn (azi/ln) E tzTn-
n k#n

We draw attention to the fact that u6,1_’i is linear in (vy;0",v4; f02',vpi G, voi f2))-

. . . . €8 ., l o n
Having obtained the approximate solution u°® = Usor + =1 ,/Ejul—j,ol + 21y 6iu6'1_'i for the
derivative asset pricing.

For a more exact result we assume that the Payoff function H(x) and its derivative are smooth and
limited functions. Thus, we limit our derivative analysis to a smooth and limited payoff; in this case, the
closeness estimates is based on the following theorem:

Theorem 4: For the fixed (¢, x,y;, ..., Y1, 21, ..., Z) there exists an invariable C such that for any €; < 1,
6; < 1 we have:

l n l r
I " — u— . ,
u ugyr + Z \/e_jul—j,o, + Z \/Eual,i < C(Z €+ Z 5)
=1 i=1 =1 i=1

Theorem 4 gives us information on how the approximate price behaves when €; > 0 and §; = 0

Let X be short interest rates. One of the most widely known models of short interest rates is the
Vasicek model, in which X is modeled as the Ornshtein-Ulenbeek process with multidimensional
stochastic volatility. [P dynamics of X are given, in particular

dXt = (K(Q - Xt) : f(Y1’ ...,Yl, Zl’ ey ZF)Q(Y:U ...,Yl, Zl’ ey Zr))dt + f(Y1’ ...,Yl, Zl’ T Zr)
+ thx, T(Xt) = Xt! h(Xt) = 0,

where, Yy, ..., Y}, and Z;, ..., Z, are fast and slowly variable volatility factors as described. We calculate the
approximate price for a zero coupon bond.

We write the operator (€,) and the density associated with it at a rate m(x)

1 ~
(82) = 55705 +1(0 — x)0, — x,(8)

2 -k _ _ 1__
m(x) ==zexp (E(B —x)z),B =60-——fN.

K

2 -k _ _ 1__
m(x) ==zexp (E(B —x)z),B =60-——fN.

K
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To find a bond price with a payoff H(X;) = [zt = 1, we need to solve the equation (7) to find
the eigenvalues for the segment | = (— 00, 00) with (£,) in compliance with (8). Since both points co and
oo are natural limits, then the solution has the form Gorovy et al. (2004).

Y = Mo xp (~AE 5 4°) B (€ + ),

>1/2

g

= 5
Mo = T 2n+in]

g Vi _
A=m,6=?(x—9),
_ 0°
/1,1=/1n=9—2—K2+Kn,n=0,1,2,....

Here, H,, are Hermite polynomials. We will write the expressions for the operators A; and

— 3 2 —
Aj = =0;3030x — (92 + Wj2) 02, — W10y, B; = 0,0, — Bjo.
Operators Ay n, Bj n, and gjk,n are written on the basis of recurrence relations:

OxHy = 2nHy, 4, 2xH, = Hpyy + axI'In»C’qjk,n = =93

3an

WG () it
=9, + Uj3)
O () Gt
(5o () )
Bin = —0; {(_71) Sin + <2f> o _ni)]\,r N 6k,n_1} — 908,
B = o GEe b o () (%) +(57) (-3 | o

n! N, 5
(n—2)IN;,_, ©"2

7)G)
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|5 e e
1 o 4 n! NV,
~O0? {(2—57")5“ <;>W5 B
+(F) ezt
07|+ (73 _";;YM s+ (35 G e

() () )

Calculation of ¢,, can be found in Gorovy and Linetsky (2004) [12]

2 [
n = (1/)71, 1) = g\/%NnAne—AZ/ALI

The approximate price of a bond can now be calculated applying the theorems 1-3

For zero-coupon bonds, the bond curve is often considered, and not the bond price itself. The yield
RES' for a zero-coupon bond, on which one dollar is paid at time t is defined by the relation

ued = exp(—RE9't).

We obtain the approximation for a zero-coupon bond, developing in series as bond prices €8, and
the yield R€6" in orders \/€; and ,/§;:

l r ( !
—(R_—=+Y5_, JEIR_—+3¥1  [6iR_— |t
0,0/ SJEINTITTS of TA=1NELEG 4!
— UY— Y — cee — ’ J’ )
uo,o’ + E ‘/61u1j,0’ + E ,/6lu0’1,i + e i

R_

Grouping in orders \/?] and \/E we obtain:

l r
&8 . p _ D Do
R* = R6,0’ + Z \/FJRT]-,O' + Z ‘/ERBJ’;
'=1 i=1

1 U ]0’ 01!
. — _ = - = = i
R6,0’ Tt lrl(uo,o’) ’ R1j,o ’

tu_— ' 0,1} tu_—’
0,0 0,

Note that figures are constructed component-wise on each corresponding time scale, in much the
same way as components in Lorig (2014) and Burtnyak et al. (2014).
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3. CONCLUSIONS

The spectral theory and the theory of singular and regular perturbations are applied to investigate the
short-term interest rates described by the Vasicek model. The approximate price of bonds and their yield
are calculated. Applying the Sturm-Liouville theory, Fredholm's alternatives, as well as analysing singular
and regular perturbations in different time scales, we obtained explicit formulas for convergence of bond
prices and yields. To obtain explicit formulas, we need to solve 21 Poisson equations. The main advantage
of our pricing methodology is that by combining methods from spectral theory, regular perturbation
theory, and the theory of singular perturbations, we reduce everything to the solution of the equations to
find their eigenfunctions and eigenvalues.
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