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Abstract: This paper presents a method for obtaining stable reduced-order model of high-order interval system 
using Routh’s stability table and coefficients of power series expansion. The denominator of model is derived using 
Routh’s stability table proposed by Dolgin. Once the denominator of reduced-order model is obtained, the numerator 
is calculated by matching coefficients of power series expansion of interval system and those of reduced-order 
interval model. The method proposed by Bandyopadhyay et. al., is utilized for obtaining the coefficients of power 
series expansion. Whole procedure is explained with one numerical example. The step responses of rational systems 
of high-order interval system and proposed reduced-order model are also provided for comparative study.
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INTRODUCTION1.	
A great number of practical problems exist in the literatures which are highly complex and large in 
dimension. Electrical power systems and robotic manipulators are two examples of such types of problems. 
The analysis and controller design for high-order systems are very complex and time consuming. To tackle 
these problems, the order reduction of such systems becomes mandatory.

A wide variety of methods exist for order reduction of systems having fixed coefficients (or nominal plant 
models) [1]. These methods include aggregation technique [2], Pade technique [3], Routh approximation 
method [4], time moment matching method [5], etc. All of these methods have been applied for continuous 
time as well as for discrete time systems having fixed coefficients. Some of these methods have recently 
been extended for order reduction of interval systems.

Pioneering work by Bandyopadhyay et. al., [6] in the field of model reduction of continuous interval 
systems attracted the attention of many researchers [7-10]. Bandyopadhyay et. al., [6] obtained the 
denominator of reduced-order interval model by truncating Routh table constructed using interval 
arithmetic [11]. The numerator of interval model was obtained by matching the power series expansion 
coefficients of high-order interval system to those of the reduced-order interval model. Dolgin and Zeheb 
[12] found that the technique proposed by Bandyopadhyay et. al., [6] may produce unstable interval model 
even though the high-order interval system is stable. In [12], a new method for construction of interval 
Routh table is also suggested. Yang [13], further, showed that the method proposed by Dolgin and Zeheb 
[12] may also result unstable interval model of stable high-order interval system. Two conditions were 
suggested in [14] to construct the interval Routh table which overcome the problem of unstable denominator 
polynomial.

In this paper, a method for order reduction of continuous interval systems is presented in which 
the denominator of model is determined using the modified method of formation of interval Routh 
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table proposed by Dolgin [14] and the numerator of model is obtained by matching first r power series 
expansion coefficients of high-order interval system to those of the reduced-order interval model. The 
method proposed by Bandyopadhyay et. al., [6] is used for obtaining the coefficients of power series 
expansions of system and model. This method guarantees the stability of reduced-order interval model. 
Moreover, only first r power series expansion coefficients are required for deriving the reduced-order 
model.

The rest of the paper is organized as follows: section II describes the problem formulation, the proposed 
method is discussed in section III, section IV deals with numerical example and discussion and finally, 
whole work is concluded in section V.

Problem formulation2.	
Consider a single-input-single-output nth-order continuous interval system
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where, G(s) is the transfer function of nth-order interval system, [Ni
-, Ni

+] for i = 0, 1, ..., (n - 1) are the 
coefficients of numerator, and [Di

-, Di
+] for i = 0, 1, ..., n are the coefficients of denominator of interval 

system.

Suppose, it is desired to approximate the system, , by an rth-order interval model given by
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such that r < n, where, H(s) denotes the transfer function of rth-order interval approximant (i.e. model), and 
[ni

-, ni
+] for i = 0, 1, ..., (r - 1) and [di

-, di
+] for i = 0, 1, ..., r are, respectively, the coefficients of numerator 

and denominator of interval model.

Proposed method3.	

In the proposed method, the denominator of interval model, d(s) = d d si i
i

i

r
- +

=

ÈÎ ˘̊Â ,
0

, is first determined by

the modified method of formulation of Routh table [14]. The Routh table is formed using the denominator 
of interval system, D(s). Once the denominator of the model is determined, the numerator is obtained 
by matching the coefficients of power series expansion of high-order system to those of the reduced-
order model. The detailed procedure to derive denominator and numerator of the model is explained as 
follows.

A.	 Procedure to Obtain the Denominator of Model
Dolgin [14] proposed the modified method of formation of Routh table. This method ensures the stability 
of reduced-order model. This method shrinks the uncertainty of the elements of last existing line of the 
Routh table for obtaining current line.

The modified Routh table for the denominator of system, D(s), is constructed as
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Table 1 
modified Routh table
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where, the elements of modified Routh table are calculated using
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for i ≥ 3 and 1 ≥ j £ (n - i + 3)/2. Di j,  denotes a point in the interval [D-
i, j, D

+
i, j]. The value of Di j,  is 

usually taken as

	 D D Di j i j i j, , ,= +( )- +1
2

	 (4)

Two additional conditions are put to guarantee the consistency of all elements of modified Routh 
table.

Condition 1: This condition ensures the consistency of all elements of Routh table except the first element 
of first row of each pair of last two rows.

To ensure the existence of Di, j, the element Di - j, j + 1 is shrunk as
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with k > 1. The value of k is determined as

	 k i i i= +( )- - -
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Condition 2: This condition ensures the consistency of first element of each pair of rows.

The first coefficient of truncated table is taken as D p + 1 1,  where D p + 1 1,  is the first element of truncated 
table. D p + 1 1,  is the value which is chosen to obtain the (p + 2)th row of Routh table.

The denominator, d(s), of the rth-order model is calculated from (n + 1 - r)th and (n + 2 - r)th rows 
of Table I as

	 d s s s sn r
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where, Dn r+ -1 1,  is the point in interval Dn r+ -1 1,  which is used for obtaining the ( ),D thn r+ -2 1  element 
in Table I.
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B.	 Procedure to Determine the Numerator of Model
The numerator of reduced-order interval model is obtained by matching first r power series expansion 
coefficients of system to those of the model. The power series expansion coefficients of the high-order 
system and reduced-order model are obtained as follow:

The power series expansion [6] of high-order interval system, (1), can be defined as

	 G(s) = N( )
D( )

N Ms
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From (8), it is clear that
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Solving (11), [mi
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+] for i = 0, 1, ..., n can be obtained. Thus, (8) becomes
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Similarly, the expansion of reduced-order model, (2), can be written as
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The parameters [pi
-, pi

+] for i = 0, 1, ... and [qi
-, qi

+] for i = 0, 1, ... are coefficients of power series 
expansion of high-order system and reduced-order model, respectively. The numerator of model is obtained 
by matching the first r power series expansion coefficients as given below.
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Numerical section4.	
Consider a seventh-order interval system [10] given as
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Suppose, a second-order model (r = 2) described by
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is desired.
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For (15), the Table I takes the form as given in Table 2 (see modified Routh Table 2).

Table 2 
Modified Routh table
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For second-order model, (7) becomes
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The power series expansions of system and model, given by (12) and (13), turn out to be
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Solving (20), the numerator coefficients of model obtained are
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From (17) and (21), the second-order model obtained is

	 H(s) = 
124 46 987 24 176 10 219 94

365 67 281 08 282 352
. , . . , .

. . , .
[ ] + [ ]

+ [ ] +
s

s s 559 70 61. ,[ ]
	 (22)

while the second-order models calculated using the techniques proposed by Bandyopadhyay et. al., [6], 
Selvaganesan [10], Sastry and Rao [9], Dolgin and Zeheb [12], and Sharma et. al., [15] turn out to be, 
respectively, (23)-(27).
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Figure 1: Unit step response of rational systems

Figure 1 shows the unit step responses of rational systems of (15), (22)-(27). It is clear from Figure 
1 that the time response of proposed model, (22), is better matched to high-order interval system, (15), 
compared to other models, (23)-(27).

Conclusion5.	
This paper proposed reduction of continuous interval systems using Routh’s stability table and coefficients of 
power series expansion. The denominator of model is derived using Routh’s stability table and the numerator 
is obtained by matching first r coefficients of power series expansion. The proposed method produced better 
time response approximation, for all cases considered, when compared to other techniques.

References
W.H. Schilders1.	 , et. al., Model order reduction: theory, research aspects and applications, Vol. 13: Springer, 2008.
M. Aoki, “Control of large-scale dynamic systems by aggregation,” 2.	 Automatic Control, IEEE Transactions on, Vol. 13, 
pp. 246-253, 1968.
Y. Shamash, “Stable reduced-order models using Padé-type approximations,” 3.	 Automatic Control, IEEE Transactions on, 
Vol. 19, pp. 615-616, 1974.
M.F. Hutton and B. Friedland, “Routh approximations for reducing order of linear, time-invariant systems,” 4.	 Automatic 
Control, IEEE Transactions on, Vol. 20, pp. 329-337, 1975.
N.K. Sinha and B. Kuszta, 5.	 Modelling and identification of dynamic systems: Springer, 1983.
B. Bandyopadhyay6.	 , et. al., “Routh-Padé approximation for interval systems,” IEEE transactions on automatic control, 
Vol. 39, pp. 2454-2456, 1994.
G. Sastry7.	 , et. al., “Large scale interval system modelling using Routh approximants,” Electronics Letters, Vol. 36, pp. 
768-769, 2000.
G. Sastry and P.M. Rao, “A New Method for Modelling of Large Scale Interval Systems,” 8.	 IETE journal of research, 
Vol. 49, pp. 423-430, 2003.



813Reduction of Interval Systems Based on Routh’s Stability Table and Coefficients of Power Series Expansion

G. Sastry and G.R. Rao, “Simplified polynomial derivative technique for the reduction of large-scale Interval systems,” 9.	
IETE journal of research, Vol. 49, pp. 405-409, 2003.
N. Selvaganesan, “Mixed method of model reduction for uncertain systems,” 10.	 Serbian Journal of Electrical Engineering, 
Vol. 4, pp. 1-12, 2007.
R.E. Moore11.	 , et. al., Methods and applications of interval analysis Vol. 2: SIAM, 1979.
Y. Dolgin and E. Zeheb, “On Routh-Pade model reduction of interval systems,” 12.	 IEEE transactions on automatic control, 
Vol. 48, pp. 1610-1612, 2003.
S.-F. Yang, “Comments on” On Routh-Pade model reduction of interval systems”,” 13.	 IEEE transactions on automatic 
control, Vol. 50, pp. 273-274, 2005.
Y. Dolgin, “Comments on” On Routh-Pade model reduction of interval systems”-Author’s reply,” ed: IEEE-INST 14.	
ELECTRICAL ELECTRONICS ENGINEERS INC 445 HOES LANE, PISCATAWAY, NJ 08855 USA, 2005.
M. Sharma15.	 , et. al., “Order reduction of higher order interval systems by stability preservation approach,” in Power, Control 
and Embedded Systems (ICPCES), 2014 International Conference on, 2014, pp. 1-6.




