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CO-SOLATED LOCATING DOMINATION
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Abstract: Let G (V, E) be a connected graph. A dominating set Sc Viscaled a
co-isolated locating dominating set, if for any twoverticesv,we V—S N(V) "' S
# N(w) n Sand thereexistsatleast oneisolated vertex in <V — S>. The minimum
cardinality of aco-isolated | ocating dominating set iscalled the co—isolated | ocating
domination number and is denoted by vy, (G). This paper aims at the study of
some new parameters namely Domination Matrix, Locating Domination Matrix
and Co-isolated L ocating Domination Matrix.
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1.INTRODUCTION

All the graphs considered here are finite, simple, connected and undirected. Let
G =(V, E) beasimplegraph of order p. For any v e V(G), the neighbor hood N(v)
(or simply N(v)) of vis the set of all vertices adjacent tovin G. A non — empty set
Sc V(G) of agraph G isadominating set, if every vertex in V(G) — Sis adjacent to
atleast one vertex in S

A special case of domination called a locating domination is defined by Rall
and Slater [8]. A dominating set Sin agraph G is called alocating dominating set
inG, if for any two verticesv, w € V(G) — S, N(v) » Sand N (w) N Saredistinct.
The locating domination number v (G) of G is defined as the minimum number
of vertices of alocating dominating set in G.

Muthammai and Meenal [4] introduced the concept of co-isolated locating
dominating set. A locating dominating set Sc V(G) is called a co-isolated locating
dominating set , if <V — S> contains atleast one isolated vertex. The minimum
cardinality of a co-isolated locating dominating set is called the co-isolated locating
domination number and is denoted by v, ,(G).

A dominating set with y(G) number of verticesis called ay—set of G. Similarly,
y —set and v, ,— set are defined.

In this paper, the concept of some new parameters namely Domination matrix,
Locating domination matrix and Co—isolated locating domination matrix is
introduced and studied with examples and illustrations.
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2. PRIOR RESULTS
Theorem 2.1.[9]: For any graph G v(G) < p —A(G).
Theorem 2.2.[9] : If G isagraph with no isolated vertices, then y(G) < % .
Theorem 2.3.[10]: (i) For a completegraph K , v, (K) =p—1.
(if) For paths and cycles,
v, (P, = 7.(C,) = 2k, and
T (Per) = 7(Cor) = ¥ (Por) = 7 (Cyp) = 2k + L and
T (Paia) = 1 (Coa) = ¥ (Pyed) = 7 (Cypr) = 2k + 2.
Theorem 2.4.[4]: For every non—trivial graph G 1<y, (G) <p-1.

Theorem 2.5. [5]: If Sisaco-isolated locating dominating set of G(V, E) with
ISFk, then V(G) — S contains atmost pC, + pC, + ... + pC, vertices.

2
Theorem 2.6.[4]: For thepath P, and cycIeCp(pz 3), ycild(Pp) = chd(Cp) = {gpw .

3.MAIN RESULTS

3.1.Preliminary Definitions

Definition 3.1.1. Maitrix is a rectangular array of numbers, symbols or
expression arrangedin rows and columns and usually it is denoted by capital letters.
The general form of m x n matrix is given as

G G C .. G
Ri/an a a - - an
Rzl @1 ax» a - - am
R.

R | di a2 + + - @i
R.
Ro\@m am - - - am

Definition 3.1.2. Given a matrix [A]. The Submatrix is a matrix obtained
from the matrix [A] by deleting some of the row(s) and/or column(s) of [A].

Definition 3.1.3. A (0, 1) — matrix is an integer matrix in which each entry in
the matrix is either ‘0’ or ‘1'. It is also called Relation matrix.
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Definition 3.1.4. A dominating set S — V is called a Co-isolated locating
dominating set in G if for any two verticesv, w € V(G) —S, N (v) » Sand N (w)
N S aredistinct and <V — S> contains atleast one isolated vertex. The minimum
cardinality of a co-isolated locating dominating set is called the Co-isolated
locating domination number and is denoted by v, ,(G). The corresponding co-
isolated locating dominating set is ay, ,— S&t.

[llustration 3.1.5. Consider the graph G as shown in Figure 3.1.6.
Thesat S ={v,, v} isay—setof Gandy(G) = 2.

Theset S, ={v,, Vv, V,, v} isay—set of Gandy, (G) = 4.

V-5, ={v,, .}, N(v,)n S, ={v,, v,} and N(v,) N S, = {v,, Vv, }.

Both v, and v, are isolated verticesin <V — S,>.

Vy Vg

V3 Va

Figure 3.1.6
Hencetheset S, is also a minimum co — isolated locating dominating set of G
andy,,(G) = 4.

Definition 3.1.7. Let G be a graph of order p then the Adjacency matrix A(G)
isapx p matrix with therow labelingV,, V,, ..., Vp and the column labeling V
V,, oo Vp corresponding to the vertices v, v,, ..., v, is given by

1;if thereis an edge between the vertices v; and v,
—ifi=j
0O; otherwise

U

Y denote the entries of the adjacency matrix in the ™ row and j* column for all v,

v, € V(G).

Example 3.1.8. The Adjacency matrix of thegraph G in Figure 3.1.6. is given
below
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V.V, V.V, V, V,
V(- 1110 1)
V,/l]1 -1 000
AG=V,/1 1 - 10 1
Vi1 01 - 11
vlooo1-1
Vi1 01 11 —

Definition 3.1.9. A matrix A is said to be symmetric if A = A where At is the
transpose of the matrix A.

Remark 3.1.10

i. Adjacency matrix of agraph G is asymmetric matrix sincethe graphisan
undirected graph.

ii. Sum of theentriesin arow (or a column) of the Adjacency matrix is equal
to the degree of the corresponding vertex.

3.2.Domination matrix

Definition 3.2.1. Let G be a connected graph and V(G) = {v,, v,, ..., vp} be the
vertex set of the graph G. Let A(G) be the adjacency matrix of the graph G There
exist arow with label V, inA(G) for all i =1, 2, ..., p. Thenthe Row operation on
the Adjacency matrix is defined as follows

Let V, and V, be the two rows in the Adjacency matrix A(G) corresponding to
the vertices v, and v, of the graph G Then

o; if aijzakao
V.eV,=3®a =1 ifi=j(ONk=jforalj=12 .,p
1, otherwise

Example 3.2.2. For the Adjacency matrix A(G) in Example 3.1.8. row
operations are illustrated as follows

(i) If the Row operation V, @ V, is performed then the corresponding entries
are

1 0 1 1 — —
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(ii) If the Row operation V, @ V. is performed then the corresponding entries
are

1 — 1 1 1

(iii) I the Row operationV, ® V, @V, is performed then the corresponding
entries are

1 - - - 1 1

(iv) If the Row operation V, ® V, @ V, is performed then the corresponding
entries are

- - - 1 0 1

Remark 3.2.3. After performing the row operation the entry at the position of
thecolumnwill be‘— correspondingto therow labdsincludedin therow operations.
Hence after performing the row operations the number of entries with ‘— areequal
to the number of vertices included in the row operation.

Theorem 3.2.4. The vertices included in the finite number of row operations
of an Adjacency matrix will denote a dominating set if and only if thereis no zero
entry after performing the row operations.

Proof. By the Definition 3.2.1, after performing the row operations there will
be 3 entries namey 0, 1, — The number of entries ‘— will be equal to the number
of rows included in the operation and these rows are the vertex labels included in
the row operation. The entry ‘1’ will denote that the vertex at the position of the
column is adjacent to any one of the vertex included in the row operation. The
entry ‘0" will denote that the vertex at the position of the column is not adjacent to
any vertex included in the row operation. If after performing the row operations
thereisno zero entry then it will indicate that the vertices are either adjacent to the
vertices in the row operation or included in the row operation. Hence the vertices
included in the finite number of row operations of an Adjacency matrix with no
zero entry will form a dominating set of the graph G

Conversdy, assume that there is atleast one zero entry after performing the
row operations then it will indicate that vertex at the position of the column is not
adjacent to any of the vertex included in the row operation, that is, there exist a
vertex which is not dominated by any vertex in the dominating set. It is a
contradiction. Hence the theorem follows.

[llustration 3.2.5. For the Row operations discussed in Example 3.2.2. (i).
and (iv). does not form a dominating set, since the second and fifth entries are zero
respectively. Whereas the Row operations (ii). and (iii). will form a dominating
Set.
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In (ii). the rows included in the row operation with labels areV, and V, and the
corresponding verticesare v, and v,.. Therefore the set {v,, v} is adominating set
of the graph G in Figure 3.1.6.

In (iii). the rows included in the row operation with labels are V,, V, and V,
and the corresponding vertices arev,, v, and v,. Thereforethe set {v,, v, v} isaso
a dominating set of the graph G in Figure 3.1.6.

The minimum number of rows included in the Row operations required to
form all the entriesto be ether 1" or *— will form a minimum dominating set.

Intheaboverow operations, (ii). isthe minimum number of operations required.
Therefore the set {Vv,, v.} is a minimum dominating set.

Definition 3.2.6. Let G be a connected graph and S be a dominating set of G
Domination matrix is a matrix with columns labdls are the vertices in the set S
and the row labels are the vertices in the complement of the set S. Domination
matrix is a submatrix of the adjacency matrix with the given column and row
labels. The domination matrix is denoted by DM (G).

The domination matrix corresponding to the minimum dominating set will
form a Minimum Domination matrix. It is denoted by DMy(G).

Remark 3.2.7. All the entries in the domination matrix are ether ‘0’ or ‘1’
thereis no ‘-’ entry since the labels in the rows and columns are different.

Example 3.2.8. In Example 3.2.2. the row operations (ii). and (iii). form the
dominating set and the corresponding domination matrix is given below.

V., Vs
V, 1 O
V] 1 O
DM,(G) = Vj 0 1
Vs 0 1
V., Vs V.
v.(1 1 1
DM (G) =y, |0 0 1
V.0 1 1

Both the matrices DM, (G) and DM (G) are dominating matrices since thereis
atleast a ‘1" in each row. The dominating matrix DM, (G) consists of minimum
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number of vertices namely v, and v,. Therefore DM, (G) is a minimum dominating
matrix. Hence DMy(G) =DM, (G).

3.3.Matrix as a Domination Matrix

Theorem 3.3.1. A given (0, 1) matrix is a domination matrix if and only if thereis
atleast a‘1’ in each row of the matrix.

Proof. Given a (0,1) matrix then the label entries in the column are mapped
into the vertices in the dominating set S of the graph G and the label entriesin the
row are mapped into the vertices in the complement of a dominating set namely,
V — S. Therefore the vertices in the row and column are different. The number ‘1’
in the matrix will indicate that thereis an edge between the vertex in the row and
the vertex in the column. The number ‘O’ in the matrix will indicate that thereis
no edge between the vertex in the row and the vertex in the column. If thereis
atleast a1’ in each row then that vertex is dominated by atleast one vertex in the
column, that is the dominating set. Hence (0, 1) matrix will be a domination
matrix.

Conversely, assume that (0,1) matrix as a domination matrix. Then by the
definition, each vertex in the row must be dominated by atleast one vertex of the
column. On the contrary, if al the entriesin arow are ‘0’ then it will indicate that
vertex isnot dominated by any vertex inthe column, acontradiction. This completes
the proof of the theorem.

Example 3.3.2. Consider the following matrices

R o K
O o o
O R B
vs)
[l
O O r O
O R P
o r P O

The matrix A is a Domination matrix and the dominating set S = {v,, v,, v.}
andthesat V—-S={u, u, u} and E(G) = {uyv,, uyv,, uv, uyv.}.

The matrix B is not a Domination matrix since all the entries in the last row is
zero.

Remark 3.3.3. The graph obtained from the (0, 1) matrix need not be a
connected graph. If all the entriesin any row/column are zero in (0, 1) matrix then
the corresponding vertex in that row/column will be an isolated vertex.

In Example 3.2.2, the graph obtained from the (0, 1) matrix is not a connected
graph, since all the entries in the second column are zero.
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3.4.Locating Domination Matrix

Theorem 3.4.1. A domination matrix is a locating domination matrix if and only
no two rows are identical.

Proof. Let G be a connected graph and S be a dominating set of G If in a
domination matrix DM(G) no two rows are identical then it will represent that the
vertices corresponding to the two rows does not have the same neighbor in S. By
the definition of alocating dominating set for any two verticesu, v € V — S, N(u)
N S# N(v) n'S. Hence DM(G) will be alocating domination matrix.

Conversdy, assume that DM (G) be a locating domination matrix of the graph
G On the contrary, if two rows with row labels V, and V. are identical then it will
indicate that for the corresponding vertices v, and 2 N(v) N S= N(vj) N S, which
is a contradiction. Hence the theorem follows.

Remark 3.4.2. The locating domination matrix is denoted by LDM(G).

The locating domination matrix which includes minimum number of entriesin
the column will form a Minimum L ocating Domination matrix. It is denoted by
LDM.(G).

In Example 3.2.8. both the matrices DM (G) isnot a L ocating Domination matrix.
Sincein DM, (G) the two rows namely V, and V, aswell asV, and V, areidentical.

But the domination matrix DM _(G) is a Locating Domination Matrix since no
two rows are identical. Hence LDM(G) = DM,(G).

Example3.4.3. For theAdjacency matrix A(G) in Example 3.1.8. corresponding
tothegraph GinFigure3.1.6. If theRow operationV, ® V@V, @V is performed
then the corresponding entries are

- 1 - - 1 -

Therefore the set {v,, v,, v,, Vv,} is a Dominating set of the graph G. The
corresponding domination matrix is given by

Vl V3 V4 V6
DM(G) = V- [1 1 0 O ]
v.l0 0 1 1

The Domination matrix DM, (G) is a locating dominating matrix since no two
rows are identical. Hence LDM(G) = DM,(G).

The domination matrix DM,(G) contains the minimum number of vertices in
the column therefore, it is a minimum locating domination matrix. Hence L DMy(G)
=DM,(G).
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3.5.Co-solated Locating Domination Matrix

Theorem 3.5.1. A locating domination matrix will be a co—-isolated locating
domination matrix if and only if there exists atleast one row with same number of
1I'sintheAdjacency matrix A(G) and inthe L ocating Domination Matrix LDM(G).

Proof. Let G be a connected graph and S be a locating dominating set of G. If
in a locating domination matrix LDM(G) there exist atleast one row with same
number of 1's as in the Adjacency matrix A(G), then it will indicate that the
corresponding vertex in therow has all its neighbor only in the column of LDM(G).
Hence there exist an isolated vertex in the row namely, V — S. This implies that, S
is a co-isolated locating dominating set. Therefore LDM(G) will be a co-isolated
locating domination matrix.

Conversdy, assume that LDM (G) be a co-isolated |ocating domination matrix
of thegraph G On the contrary, if there does not exist any row with same number
of I'sin A(G) and LDM(G) then it indicates that there is no isolated vertex in
LDM(G), a contradiction. This completes the proof of the theorem.

Remark 3.5.2. The Co-isolated Locating Dominating matrix is denoted by
CLDM(G). The Co-isolated locating domination matrix which includes minimum
number of entries in the column will form a Minimum Co-isolated L ocating
Domination matrix. It is denoted by CLDM\/(G).

Example 3.5.3. In Example 3.4.3., the locating domination matrix DM,(G) is
also a co-isolated locating domination matrix since the vertices v, and v, have the
same number of 1's in the adjacency matrix A(G) as well as in the domination
matrix DM,(G) namely 2 and 2 respectively. Thereforev, and v, areisolated vertices.
Hence CLDM(G) = DM,(G). Also, DM,(G) is a minimum co-isolated locating
domination matrix. Therefore CLDM\/(G) = DM,(G)

4. CONCLUSION

In this paper, the concept of some new parameters namey Domination matrix,
Locating domination matrix and co—isolated locating domination matrix are
introduced and studied with examples and illustrations. A necessary and sufficient
condition for a domination matrix to belocating domination matrix and co-isolated
locating domination matrix are also established.

5. OPEN PROBLEMS

» To define some more types of domination matrices namely, degree
equitable domination matrix, total domination matrix, etc.

»  Tofind the domination number of standard graphs namdy path, cycle, etc
using Domination matrix.
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