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Abstract

Chae et al. [4] (resp. Navalagi G. B. [14]) have studied the concept of NA-
continuous (resp. completely a-irresolute) functions. Now, the aim of this
paper we note that NA-continuous functions and completely o-irresolute
functions are the same definitions. Also, we investigate several new properties
of completely a-irresolute functions are obtained. It is shown that, if f and f,
are completely a-irresolute functions of a space X into an a-Hausdorff space
Y, thenthe set {x e X: f (x) =f,(x)} iss-closedin X.

1.INTRODUCTION

Njastad O. [15] defined an o-set in a space as a set S such that S  Int(CI(Int(S))).
Maheshwari S. N. [11] defined a feehly open set asa st S such that there exists an
openset U suchthat U — Sc sCI(U), wheresCI(U) denotes the semi-closure operator.
It was shown in [7] that o-sets and feebly open sets are the same sets in any space.
Recently, Chaeet al. [4] (resp. Navalagi G. B.[14]) have studied the concept of NA-
continuous (resp. completely a-irresolute) functions. Now, in the present paper we
note that NA-continuous functions and completely a-irresolute functions are the
same definitions. It is known in Chae et al. (1986) that the type of NA-continuous
functions is stronger than the class of super-continuous functions due to Munshi
[13], and weaker than the class of strongly continuous functionsduetoArya S. P[1].

The purpose of the present paper is to investigate further properties of
completely o-irresolute functions.

2. PRELIMINARIES

Throughout the present paper, spaces always mean topological spaces on which
no separation axiom is assumed unless explicitly stated. Let S be a subset of a
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space X. The closure of S and the interior of S are denoted by CI(S) and Int(S),
respectively. A subset S is said to be a-open [15] (resp. 6-open [19]) if S
Int(CI(Int(S)))(resp. if for each xS, there exists an open set U in X such that X e
U c CI(U) c S[17]). Itiswell-known that for aspace (X, t), X can beretopologized
by the family t of all a-open sets of X[10] and also the family t° of all 6-open set
of X[19], that is, t°(called 6-topology) and t* (called an a-topology) are topologies
on X, and it is obvious that 1< t = t*

A subset S of aspace X iscalled regular open (resp. regular closed ) set if S=
Int (CI(S)) (resp. S= CI(Int(S)). A subset S of a space X is called 5-open [19] for
each x € S, thereexistsan open set U in X suchthat x € U < Int(Cl(U)) = S. The
family of all a-open (resp. regular open, 6-open and 5-open) sets of X is denoted
by aO(X)(resp. RO(X), 60(X) and 60(X)). The complement of an a-open (resp.
regular open, 6-open and 5-open) sets of X is called o-closed (resp. regular closed,
0-closed and 5-closed) set.

A function f : X—Y is said to be a-strongly 6-continuous [5] if for each xeX
and each o-open set H of Y containing f (X), there exists an open set U of X
containing x such that f (Cl(U)) < H. A function f : X—Y is said to be strongly o.-
irresolute] 6] (resp. NA-continuous [4]) if and only if for each o-open (resp. feebly
open) subset H of Y, f -1 (H) is open (resp. 3-open) in X. A space X is said to be an
extremely disconnected [18, p.32] if the closure of each open set of X isopenin X.
A space X is said to be semi-regular if the family of regularly open sets forms a
base for the topology of X. A subset S of a space X is said to be N-closed [16]
relative to X if each cover {G,: iel} of S by open sets of X, there exists a finite
subset |, of | suchthat S < U {Int(CI(G))): i<l }.

3. MAIN RESULTS

DEFINITION 3.1[14]: A function f : X—Y is said to be completely a-irresolute if
the inverse image of each a-open set of Y is regular openin X.

THEOREM 3.1: Let f: X — Y beafunction. Let B be any basis for c*in'Y.
Then f is completely a-irresolute functionsif and only if for each B € B, f 1 (B) is
aregular open subset of X.

LEMMA 3.1[20]: Let R € RO(A) and A e RO(X), then R e RO(X).

THEOREM 3.2: Let f: X—Y beany function. If for each x € X, thereexistsa
regular open set R containing x such that f | R is completely o-irresolute function,
then f is completely a-irresolute function.
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PROOF: Let x € X and let H be any a-open subset containing f (x). Then,
there exists a regular open set R containing x such that f | R is completely
o-irresolute function. Therefore, by [14, Theorem 3.3], there exists a regular open
set Win R containing x suchthat f | (W) < H. Since R isregular open. Therefore,
by Lemma 3.1, W isregular openin X and hencef (W) < H. Thus, f is completely
o-irresolute function.

LEMMA 3.2: If f: X>Y is completely a-irresolute function, then f (V) is
regular closed for any nowhere dense subset V of Y.

PROOF: Let V be any nowhere dense in Y. Then Int(CI(V)) = X\Int(X\V).
Thus, we have X = Int(CI(Int((X\V))), for Int(CI(V)) = ¢. Thus, Y\V is a-open in
Y. Hencef (V) is regular closed in X sincef (Y\V) = X\ f }(V) isregular open
and f is completely a-irresolute function.

THEOREM 3.3: (Restricting the range)

If f: X>Y is completely a-irresolute function and f (X) is taken with the
subspsace topology, then f : X— f (X) is completely a-irresolute function.

PROOF: f: X—Y iscompletely a-irresolute functionimplies f (H) isregular
open, where H is some a-open subset of Y. Now f {[H n f (X)] =f2(H) nf1[f
(X)] =fH) n X =f(H) isregular open. Therefore, f : X— f (X) is completely
o-irresolute function.

THEOREM 3.4: Let X bean extremdy disconnected. If f: X—Y iscompletely
o-irresolute function, then it is a-strongly 6-continuous function.

PROOF: Supposethat X is an extremely disconnected and f is completely o-
irresolute function. Let H be any o-open set of Y. Sincef is completely a-irresolute
function. Therefore, f 1(H) isregular openin X. But X isan extremely disconnected.
Then, by [3, Lemma 2.18], f }(H) is 6-open. Thus, by [5, Theorem 2], f is a-
strongly 6-continuous.

DEFINITION 3.2: A space X is said to be r-disconnected if there exists two
regular open sets R and W such that X = R U W and R "W = ¢, otherwise X is
called r-connected.

THEOREM 3.5: If X is r-connected space and f : X—Y is completely o-
irresolute surjection, then Y is a-connected.

PROOF: SupposeY is not a-connected. Then, there exist non empty o-open
setsH, andH, inY suchthat H, " H,=¢ andH, U H, =Y and sincef iscompletely
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a-irresolute functions, then we have f *(H,) nf *(H,) = ¢ and f *(H ) U f (H,) =
X. Sincef is surjection, then f “(H) # ¢ and f *(H) € RO(X), for j = 1, 2. This
indicated that X is not r-connected. This is a contradiction.

COROLLARY 3.1: Let A ber-connected subset of a topological space X, and
let f be a completely a-irresolute function of X into a topological space Y. Then
f (A) is a-connected.

THEOREM 3.6: For atopological space X to ber-disconnected it is necessary

and sufficient that there exists a surjection completely a-irresolute function of X
onto a discrete space containing more than one point.

PROOF: The condition is sufficient by Theorem 3.5.

Conversdy, if X is r-disconnected, there exist two non empty digjoint regular
open subsets R and W whose union is X, and the function f of X onto a discrete
space of two elements { a, b}, defined by f (A) ={a} and f (B) = {b}, iscompletey
o-irresolute function.

THEOREM 3.7: Let f: X—Y beastrongly a-irresolute function from a semi-
regular space X into Y. Then f is completely a-irresolute

PROOF: Let x € X and H be an a-open set containing f (x). Then, f (H) is
open in X sincef is strongly o-irresolute. Therefore, there is an open subset U of x
suchthat x € U e Int(Cl(U)) < f-%(H), since X is semi-regular. Hencef is completely
o-irresolute function.

REMARK 3.1: Every open set in a T,-space can be written as the union of
regular open sets.

COROLLARY 3.2 Let X beaT ,-topological spaceand let f: X—Y bestrongly
o-irresolute, then f is completely o-irresolute function.

PROOF: Every regular (or T,) space is semi-regular.

DEFINITION 3.3: AspaceX is said to be a-Hausdorff [6](resp. rT, [2]) if for
any X, yeX, x=y, there exist o-open(resp. regular open) sets G and H such that x
eGyeHand G H=¢.

THEOREM 3.8: Letf: X—Y beinjectiveand completdy a-irresolutefunction.
If'Y is a-Hausdorff space, then X isrT,,

PROOF: Let x and y beany two distinct points of X . Sincef isinjective, f (x)
# f (y). Now, Y being an a-Hausdorff space, there exist two digjoint a-open sets G
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and H such that f (xX) € G, f (y) € H. Sincef is completely a-irresolute function, it
follows that f {(G) and f 1(H) are disjoint regular open sets containing x and y,
respectively. Hence X is T,

Recall that a space (X, t), X is called a-compact [8] if every a-open cover of
X has a finite subcover.

DEFINITION 3.4: For aspace (X, 1), let Abeasubset of X. ThenAissaidto
be o-compact relative to X [8] if every cover of A by a-open sets of X has afinite
subcover.

THEOREM 3.9: If f : X>Y is completely a-irresolute function and F is N-
closed subspace rdative to X, then f (F) is a-compact relativeto Y.

PROOF: Let {H.: iel} beacover of f (F) by a-opensetsin Y. For each xeF,
there exists an i(x)el such that f (x)e Hio: Since f is completely a-irresolute
function, there exists aregular open set R of x suchthat f (R) < Hio- The family
{R: xeF} isaregular open cover of F. For somefinite subset F of F, wehave F
U{R:xeF} andhencef (F) c U { Hio: xeF }.Thisshowsthat f (F) is a-compact
reativeto.

THEOREM 3.10: Let g: X — Y, x Y, be completely a-irresolute function,
where X, Y, and Y, are any topological spaces. Let f. : X — Y, defined as follows:

Forx € X, g(x) = (x;, X)), f (x) =x,fori =1, 2. Thenf : XY, is completely
a-irresolute function, fori =1, 2.

PROOF: Let x be any point in X and H, be any a-open set of Y, containing
f,(x) =x,,thenH, xY,isa-openinY, xY,, which contain (x,, X,).

Since g is completely a-irresolute function. Therefore, by [14, Theorem 3.3],
thereexists aregular open set R containing x suchthat g (R) c H, x Y,. Thenf (R)
x f,(R) < H, x Y,. Therefore, f(R) < H,. Hence f is completely a-irresolute
function. Similar statement for f, is completely a-irresolute function.

THEOREM 3.11: If f : X—>Y iscompletely a-irresolute function, g : X—>Y is
continuous and Y is Hausdorff, thentheset {y € X : f (y) = g (y)} iso-closedin X.

PROOF: LeeA={y e X:f(y)=g(y)} andx € X\ A. Thenf (x) = g(x). Since
Y is Hausdorff, there exist open (o-open) setsH, and H, in'Y suchthat f (x) € H,,
g(x) e H,andH, " H,=¢. Sincefiscompletely a-irresolutefunction. Therefore,by
[4, Theorem 2.1], there exists a regular open set R containing x such that f (R) —
H,. Since g is continuous, there exists an open set U in X containing X such that g
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(U) c H,. Now, put R* =R U, then by [4, Lemma 2.6], R* isregular open s&t in
the subspace R and henceit isregular openin X containing x and f (R*) » g (R*)
c H, n H,= ¢. Therefore, we obtain R* m A = ¢. This shows that A is -closed
in X.

THEOREM 3.11: If f, and f, are completely a-irresolute functions of a space
X into an o-Hausdorff space, thentheset {x e X: f, (x) =f, (x)} isé-closedin X.

PROOF: Lt A={x e X:f (x) =1, (X)}. If x e X\A, then we havef, (x) #f,
(X). SinceY is a-Hausdorff, there exist a-open sets H, and H, in'Y such that f, (x)
e H, f, (x) € Hyand H, n H,= ¢. Since f, is completely a-irresolute functions,
thereexists aregular open set R in X containing x such that fj (RJ.) cH, wherej =1,
2.PutR=R, N R, thenRisaregular open setinX containingx andf, (R) " f, (R)
cR NR,=¢. Thisimpliesthat R N A = ¢ and henceA is 3-closed in X.

LEMMA 3.2[12]: Let X, and X,, be topological spaces with topologiest, and 1,,
respectively. Let t,, and t,, denote the topologies generated by regularly open sets of
X, and X,, respectively. If  denote the product topology of X, x X, and t, denote the
topology generated by the regularly open setsof X, x X, thent,, x 1, = 1.

THEOREM 3.13: If Y isan a-Hausdorff spaceand f : X—Y is completely a-
irresolute function, thentheset A={(x,, x,): f (x,) =f (x,)} is 6-closed in the product
space XxX .

PROOF: If (x,, X,) € Xx(X \ A), then we have f (x)) = f (x,). Since Y is a-
Hausdorff, there exist o-opensetsH, and H, inY such that f(x,) € H,, f (x,) € H, and
H,~H,=¢. Sincef is completely o-irresolute function. Therefore, by [4, Theorem
2.1], there exists a 5-open s&t U containing X such that f (UJ.) cH, wheej =1, 2.

Put U=U, x U,, thenby Lemma 3.2, that U is a3-open set in XxX containing
(X, X,) and A n U = ¢. This shows that A is 3-closed in the product space XxX.

THEOREM 3.14: If f.: X, — Y, is completely a-irresolute function, for i = 1,
2. Letf: X, x X,— Y, xY,beafunction defined as follows:

f(x, x,) = (f, (x), f, (x,)). Thenf is completely a-irresolute function.

PROOF: Let H, x H, c Y, x Y,, where H. is a-openinY,, for i = 1, 2, then
f1(H, xH) =1 *H) xf,*(H,), sincef is completely a-irresolute function, for
i =1, 2. By, Definition 3.1 and Theorem 3.10 of [9], f {(H, x H,) isregular openin
X, x X,. Now if H isany a-open subset of Y, x Y, thenf{(H) =f *(U H ), where
H_ isof theformH , x H .. Therefore, by Lemma3.2, f-%(H) = f-(H ) is3-open
in X, x X, which completes the proof.
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THEOREM 3.15: Let f : X—>Y be a completdly o-irresolute function on X
into an a-Hausdorff space. If M is an a-compact subset of Y, thenf 1 (M) isa d-
closed subset of X.

PROOF: Supposef (M) is not 5-closed in X. Then, thereexistsan x € IntCl
(f-1(M)), but x ¢ f (M), it followsthat f (x) = m. Now for eachm € M, thereexist
a-open sets W_(f (X)) and H (m) containing f (x) and m, respectively such that

W_(f (x)) nH (m) = ¢ because is a-Hausdorff. By construction, M UM H(m),
me

and since M is a-compact. Therefore, there exists afinite subfamily {H(m) i =1,

2.....n} suchthat M = U Hm). Let v = U Hm) anawe = [ w_ (£ ().
i=1 i=1 i=1 !

ThenM < H* and H* " W* = ¢. SinceeachW,_ (f (x)) is an o-open set of f (x), it
follows that W* is an o-open set of f (x). Silncef is completdy a-irresolute
function.Therefore, by [4, Theorem 3.3], thereexists aregular open set U containing
x suchthat f (U) c W*. But x € IntCl (f (M)). Therefore, U n f (M) = ¢. Hence
thereexistsze U N f1M), andsof (2) e f(U)n M cW* "M c W* N H*= ¢,
which is contradiction. Hence f -1 (M) is d-closed.

Since every compactness implies o-compactness, we obtain from Theorem
3.15 the following corallary.

COROLLARY 3.3: For completely a-irresolute functions into o-Hausdorff
spaces, the inverse image of each compact set is 3-closed.
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