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ABSTRACT

In this paper, the horizontal platform system is considered and the state observation problem of such a system is
investigated. A simple observer for the horizontal platform system is developed to guarantee the global exponential
stability of the resulting error system. Applications of proposed state observer scheme to secure communication as
well as some numerical simulations are given to demonstrate the feasibility and effectiveness of the obtained results.
Besides, the guaranteed exponential convergence rate of the proposed state observer and that of the proposed
secure communication can be arbitrarily pre-specified.
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I. INTRODUCTION

From practical considerations, it is either impossible or inappropriate to measure all the elements of the
state vector. In particular, states observation is more intricate when system is nonlinear, chaotic, or
stochastic in model or parameters. Observing system states has come to take its pride of place in control
design, system identification, and filter theory, which has taken up engineers’ attention from early 1960s.
In recent years, a wide variety of methodologies have been proposed for the observer design of systems,
such as Chebyshev neural network (CNN), sliding-mode observer (SMO), passivation of error dynamics,
separation principle, and frequency domain analysis. For more detailed knowledge, one can refer to [1]-
[13] and the references therein. Obviously, most of the observer designs focus on the fast response and
high tracking accuracy. For the fast response, the use of a sigmoid function in a boundary layer is
particularly popular. However, the observer error cannot be guaranteed to converge to zero within the
boundary layer [1].

Since chaotic system is highly sensitive to initial conditions and the output behaves like a random
signal, several kinds of chaotic systems have been widely applied in various applications such as secure
communication, ecological systems, system identification, master-slave chaotic systems, chemical reactions,
and biological systems; see, for instance, [13]-[25] and the references therein.

In this paper, the state estimator of the horizontal platform systems is studied. A simple observer for
such systems is provided to guarantee the global exponential stability of the resulting error system.
Furthermore, the guaranteed exponential convergence rate can be assigned arbitrarily. Applications of
proposed state observer scheme to secure communication as well as numerical simulations are offered to
evidence the utility and effectiveness of the main results.

This paper is organized as follows. The problem formulation and main result are presented in Section
II. Several numerical simulations are given in Section III to illustrate the main result. Finally, conclusions
are made in Section IV.
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II. PROBLEM FORMULATION AND MAIN RESULT

In this paper, we consider the following horizontal platform systems:

1 2x t x t� , (1a)

2 2 1 1 1sin sin cos cos , 0x t ax t b x t l x t x t d wt t� , (1b)

1 , 0y t cx t t , (1c)

where 2 1
1 2

T
x x x  is the state vector, y(t)�� is the system output, and a, b, c, d, l, w are system

parameters, with c � 0. It is noted that the system (1) with 
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displays chaotic behavior [22]. It is a well-known fact that since states are not always available for direct
measurement, states must be estimated. The objective of this paper is to search an observer for the system
(1) such that the global exponential stability of the resulting error systems can be guaranteed. In what

follows, AT is used to denote the transpose for a matrix A, : Tx x x  denotes the Euclidean norm of the

column vector x, and |a| denotes the absolute value of a real number a.

Before presenting the main result, let us introduce a definition which will be used in the main theorem.

Definition 1: The system (1) is exponentially state reconstructible if there exist an observer

,Ez t f z t y t�  and positive numbers k and � such that

: exp , 0e t x t z t k t t ,

where z(t) expresses the reconstructed state of the system (1). In this case, the positive number � is called
the exponential convergence rate.

Now we present the main result for the state observer of system (1).

Theorem 1: The system (1) is exponentially state reconstructible. Besides, a suitable observer is given
by
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with 
2

: sin sin
2

y l y
N y b

c c  and � > 0. In this case, the guaranted exponential convergence rate

is given by �.

Proof. From (1), (2) with

: , 1, 2i i ie t x t z t i ,

it can be readily obtained that
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This implies that
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Consquently, we conclude that

2 2
1 2 2 0 exp , 0e t e t e t e t t . (3)

This completes the proof.

Remark 1: In Theorem 1, we have shown that the state observer of the horizontal platform systems can
always be achieved with any pre-specified converence rate.

III. APPLICATION WITH NUMERICAL SIMULATIONS

For any information vector h(t)  in the transmitter system, the objective of secure communication system is
to recover the message h(t) in the receiver system. Let us consider the following secure communication
system and the proposed scheme is illustrated in Figure 1.

Transmitter

1 2x x� , (4a)

2 2 1 1 1sin sin cos cos , 0x ax b x l x x d wt t� , (4b)

y = cx
1

(4c)

�
h
(t) = C

h
x(t) + h(t) (4d)
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Receiver:

1

1
z y

c
(5a)

2 2 cos ,
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h
1
(t) = �

h
(t) – C
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where 2 1
1 2:

T
x t x t x t , 2 1

1 2:
T

z t z t z t , 1qh t is the information vector,,

2q
hC , 1

1
qh t  is the signal recovered from h(t), with c � 0, ��> 0, and q�N. By Theorem 1 with

(3)-(5), one can see that
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This implies that one can recover the message h(t) in the receiver system, with the guaranteed exponential
convergence rate �. In other words, the synchronization of signals h(t) and h

1
(t) for the proposed secure

communication (4) and (5) can always be achieved with any pre-specified converence rate �.

With, e.g., 

1 1

10, 0 1

1 0.5
hC , the real message h(t), the recoverd message h

1
(t), and the error

signal are depicted in Figure 2-Figure 4, respectively, which clearly indicateds that the real message h(t) is
recoved after 0.6 seconds.

Figure 1: Secure Communication System (h(t) is the Information Vector and h
1
(t) is the Recovered Vector
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Figure 2: Real Message of h(t) 3×1 Described in the Transmitter of (4)

Figure 3: Recoverd Message of h
1
(t) 3×1 Described in in the Receiver of (5)
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Figure 4: Error Signal of h
1
(t) – h(t)

IV. CONCLUSIONS

In this paper, the horizontal platform chaotic system has been considered and the state observation problem
of such a system has been investigated. A simple state observer for the horizontal platform system has been
developed to guarantee the global exponential stability of the resulting error system. Applications of proposed
state observer scheme to secure communication as well as some numerical simulations have also been
presented to illustrate the practicability and effectiveness of the main results. Meanwhile, we have shown
that the guaranteed exponential convergence rate of the proposed state observer and that of the proposed
secure communication can be arbitrarily pre-specified.

ACKNOWLEDGEMENTS
The author thanks the National Science Council of Republic of China for supporting this work under grant NSC-100-2221-E-
214-015. The author also wishes to thank I-Shou University for supporting this work under grant ISU102-04-07.

REFERENCES
[1] Y. Feng, J. Zheng, X. Yu, and N. Truong, “Hybrid Terminal Sliding-mode Observer Design Method for a Permanent-

magnet Synchronous Motor Control System,” IEEE Trans. Ind. Electron., 56, 3424-3431, 2009.

[2] M. F. Iacchetti, “Adaptive Tuning of the Stator Inductance in a Rotor-current-based MRAS Observer for Sensorless
Doubly Fed Induction-machine Drives,” IEEE Trans. Ind. Electron., 58, 4683-4692, 2011.

[3] R. Kicsiny and Z. Varga, “Real-time State Observer Design for Solar Thermal Heating Systems,” Applied Mathematics
and Computation, 218, 11558-11569, 2012.

[4] H. Kim, J. Son, and J. Lee, “A High-speed Sliding-mode Observer for the Sensorless Speed Control of a PMSM,” IEEE
Trans. Ind. Electron., 58, 4069-4077, 2011.

[5] H. Langjord, G. O. Kaasa, and T. A. Johansen, “Adaptive Nonlinear Observer for Electropneumatic Clutch Actuator with
Position Sensor,” IEEE Trans. Control Systems Technology, 20, 1033-1040, 2012.

[6] H. Liu and S. Li, “Speed Control for PMSM Servo System using Predictive Functional Control and Extended State
Observer,” IEEE Trans. Ind. Electron., 59, 1171-1183, 2012.



State Observer Design of Chaotic Systems and Application to Secure Communication 65

[7] A. J. Mehta, B. Bandyopadhyay, and A. Inoue, “Reduced-Order Observer Design for Servo System using Duality to
Discrete-time Sliding-surface Design,” IEEE Trans. Ind. Electron., 57, 3793-3800, 2010.

[8] F. A. Shaik, S. Purwar, and B. Pratap, “Real-time Implementation of Chebyshev Neural Network Observer for Twin Rotor
Control System,” Expert Systems with Applications, 38, 13043-13049, 2011.

[9] Z. Xu and M. F. Rahman, “Comparison of a Sliding Observer and a Kalman Filter for Direct-torque-controlled IPM
Synchronous Motor Drives,” IEEE Trans. Ind. Electron., 59, 4179-4188, 2012.

[10] W. S. Yu, T. S. Wu, and C. C. Chao, “An Observer-based indirect Adaptive Fuzzy Control for Rolling Cart Systems,” IEEE
Trans. Control Systems Technology, 19, 1225-1235, 2011.

[11] A. Zemouche and M. Boutayeb, “Observer Synthesis Method for Lipschitz Nonlinear Discrete-time Systems with Time-
delay: An LMI Approach,” Applied Mathematics and Computation, 218, 419-429, 2011.

[12] Y. Zhang, C. Liu, X. Mu, and X. Guo, Comment on “Observer-based Finite-time Control of Time-delayed Jump Systems,”
Applied Mathematics and Computation, 218, 9027-9032, 2012.

[13] Z. Zhang, H. Shao, Z. Wang, and H. Shen, “Reduced-order Observer Design for the Synchronization of the Generalized
Lorenz Chaotic Systems,” Applied Mathematics and Computation, 218, 7614-7621, 2012.

[14] M. P. Aghababa and M. E. Akbari, “A Chattering-free Robust Adaptive Sliding Mode Controller for Synchronization of
Two Different Chaotic Systems with Unknown Uncertainties and External Disturbances,” Applied Mathematics and
Computation, 218, 5757-5768, 2012.

[15] Y. Y. Hou, H. C. Chen, J. F. Chang, J. J. Yan, and T. L. Liao, “Design and Implementation of the Sprott Chaotic Secure
Digital Communication Systems,” Applied Mathematics and Computation, 218, 11799-11805, 2012.

[16] S. M. Lee and Ju H. Park, “Robust Stabilization of Discrete-time Nonlinear Lur’e Systems with Sector and Slope Restricted
Nonlinearities,” Applied Mathematics and Computation, 200, 429-436, 2008.

[17] Ju H. Park, D. H. Ji, S. C. Won, and S. M. Lee, “H� Synchronization of Time-delayed Chaotic Systems,” Applied Mathematics
and Computation, 204, 170-177, 2008.

[18] Ju H. Park, O. M. Kwon, and S. M. Lee, “LMI Optimization Approach to Stabilization of Genesio-Tesi Chaotic System
via dynamic Controller,” Applied Mathematics and Computation, 196, 200-206, 2008.

[19] Y. J. Sun, “A Novel Chaos Synchronization of Uncertain Mechanical Systems with Parameter Mismatchings, External
Excitations, and Chaotic Vibrations,” Communications in Nonlinear Science and Numerical Simulation, 17, 496-504,
2012.

[20] R. J. Wai, Y. W. Lin, and H. C. Yang, “Experimental Verification of Total sliding-mode Control for Chua’s Chaotic
Circuit,” IET Circuits, Devices & Systems, 5, 451-461, 2011.

[21] T. Wang and N. Jia, “Chaos Control and Hybrid Projective Synchronization of Several New Chaotic Systems,” Applied
Mathematics and Computation, 218, 7231-7240, 2012.

[22] X. Wu, J. Cai, and M. Wang, “Master-slave Chaos Synchronization Criteria for the Horizontal Platform Systems via
Linear State Error Feedback Control,” Journal of Sound and Vibration, 295, 378-387, 2006.

[23] J. Yang, Z. K. Qiu, X. Li, and Z. W. Zhuang, “Uncertain Chaotic Behaviours of Chaotic-based Frequency- and phase-
modulated Signals,” IET Control Theory & Applications, 5, 748-756, 2011.

[24] Z. Zhang, H. Shen, and J. Li, “Adaptive Stabilization of Uncertain Unified Chaotic Systems with Nonlinear Input,”
Applied Mathematics and Computation, 218, 4260-4267, 2011.

[25] G. Zheng and D. Boutat, “Synchronisation of Chaotic Systems via Reduced Observers,” IET Control Theory & Applications,”
5, 308-314, 2011.




