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Abstract: The bases conversions between the Bernstein polynomial basis and the third-kind Chebyshev polynomial
basis are considered. The matrices of conversion among these bases are studied. The matrix of transformation of the
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1. INTRODUCTION

There are different kinds of bases; each basis has its advantages and disadvantages. Monomials, orthogonal
polynomials, and Bernstein polynomials are the most used bases that are utilized in scientific calculations. In [3],
it is shown that monomials are not stable to be used in scientific calculations. Unlikely, the Bernstein polynomial
basis is stable and has very interesting properties but are not orthogonal, and therefore, can not be used in
applications like least-squares that needs the strong property of orthogonality. So, there is a need to convert
the Bernstein basis into orthogonal polynomial basis. The Chebyshev polynomials have many applications in
applied mathematics. Bases transformations among the well-known bases are extensively studied, see [9, 10,
11] and the references therein. In this paper, we deal with the matrices of transformation between Bernstein
polynomial basis and the third-kind Chebyshev polynomial basis.

Materials related to the topic of this paper are first introduced. This includes the Bernstein polynomials
and the Chebyshev polynomials of third kind.

2. BERNSTEIN POLYNOMIALS
The Bernstein polynomials of degree #n on [0,1] are defined by
n —i i
B"(u) = [i](l —u)" 'u',uel0,1], i=0,..,n,
n n! . . .
=———— is the combinatorial.
i] i'(n—1)!

_ International Journal of Control Theory and Applications I

where [



Abedallah Rababah and Esraa Hijazi

Fromthe definition of the Bernstein polynomialsitisclearthat B! (1) >0, Vu €[0,1] and B! (1) =B (1 —u).
The Bernstein polynomials satisfy the following recurrence relation:
B (u) = (1-wB!' () +uB ()

n =1,
i =012,....n,
Where B (u) =1
and B’ (u) = Oforig {0,1,..,n}.

The Bernstein polynomials play an important role in the development of B’ezier curves and surfaces
in Computer Aided Geometric Design. They possess important geometric, analytic, and stability properties,
see [2, 5, 6].

3. THIRD-KIND CHEBYSHEV POLYNOMIALS
The third-kind Chebyshev polynomials, V (x), are orthogonal polynomials on [~1,1] with respect to the weight

function w(x) = - They are given using the following trigonometric relation:

1-x

cos [[n + ;]cosl (x)

V() = Vxe[-1,1] (1)

cos [;cos1 (x)]

The Chebyshev polynomials of third kind satisfy the following linear homogeneous differential equation
of the second order:
(1—2p" + (1 =200 +n(n+ 1y = 0
The final results are given in terms of Bernstein polynomials which are defined on the interval [0,1];
therefore, the interval of the third-kind Chebyshev polynomials is shifted by the map x = 2u — 1. Thus, the
(shifted) third-kind Chebyshev polynomials V () of degree n on [0,1] become the orthogonal polynomials on

[0,1] with respect to the weight function: w(u) = . They are generated by the recurrence relation:

1-u

Vw = 2Qu—-1)V, _(w)-V _(wuuel01l]

n = 234,..,
where V@ =1,
V() = 4u-3.

The third-kind Chebyshev polynomials V (u) are special case of the Jacobi polynomials, P ® (), where

o=—,B =% and are given explicitly by the relation, for more, see [7, 12]:

-1
2

P(%’z)(u). ()

V. (u) = AN
)
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4. PRELIMINARIES

We begin this section by introducing the factorial, double factorial, and some of their properties. The factorial
of an integer 7 is defined as usual as follows:

n! = nn—1)n-2)-2)(1),
The double factorial of an integer n is gives as:
n(n—2)..(4)2), if n even
nll = : 3)
n(n—2)...(3)(1), if n odd

The double factorials are simplified to the relations, see [9] ,

n!

2(mny, .
n!l = (z)nz—l(nglj! 22 (Ej!, if neven 4)

if n odd
The factorial of an integer plus one half is given by:

( 1] ( 1)( 1)( 3) 31 Q2u+D!
n+— ! = n+— n—— n+— ---__:T' (5)
B 2 2 2)722 2

Also, the factorial of an integer minus one half is simplified to:

Similar to [9], we have the following lemmas.
Lemma 1: Forevery n > 0and k= 1,....n, we have

2n—1
(2k—1] 2n -1

n—1\  (Qk-DI@n—2k-1l
)

Proof: Expanding the combinatorials into factorials yields:

2n-1
(zk_lj 2n -1 (n—k)! (k- 1)!
o) Qk-D!(Q2n—2k)!(n—1)
i)

2n - Q20— 2! (n - k) (k —1)!
2k — )12k — 2)!1(2n — 26) 11 (2n — 2k — D1 (n —1)!

Qn-DN2"" (n -1 (n— k) (k- 1)!
Qk—DIN2* T (k—1)12"* (n— k) (2n — 2k — DI (n —1)!

2n— D!
2k — D! (2n — 2k — D!
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Lemma 2 : The combinatorials with an integer plus and minus one half forms satisfy the following

relation:
2n—1\(2n+1
n-— l n+ l B n 2k

22}171

Proof: Using Lemma 1 and the properties of the double factorials yields:

n—l n+l (n—l)!(n+1)!
> > . 1 2 2 1
n—k k (k—)!(n—k)!k!(n—k+ )!
2 2

Qn-D!'@2n 1)2* 20!
2"2" k=D (n—kNk'Q2n-2k D

Cn-D)'Qn+)!125" (k=1)12" *(n—k)!
2" 2" Y =12" n! 2k =) (n— k) k' (2n — 2k +1)!

2n—1)1Q2n+1)! (k1)
22" (n—1)! n! 2k — 1)1 k!(2n — 2k +1)!

2n—1\(2n+1
n 2k
22n—1 °

The following Lemma writes the third-kind Chebyshev polynomial in terms of the Bernstein polynomials.

Lemma 3: The third-kind Chebyshev polynomial V (u) of degree n is expressed in the degree n Bernstein
basis B (u), B", (u), ..., B" (u) as follows:
Wi 2n+1Y
, D B; (1)

2k

Vi) = Z‘ n
)

Proof: Using the stated Bernstein properties and Lemmas 2 and 3 with some computations we reach the
result as follows:

-11

2 )

VW = 5
7}

1
22n n o + —

_ ST 2T 2 -y @yt
KNk
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2n—-1)2n+1 O Gyt
) ok (u—1)" (u)

22n—1

2 & J(2n—1)\(2n+1 P
—2(—1)[ i j( o j(l—u) u

i(2n—1)\(2n+1
e vy
2 n 2k
2n ,;) n
n k
_ 2”:(—1)”’k(2n+l)!k!(n—k)!B:
= 2!'2n—2k+1)n!

[yt 2n+1 B’
, D ok v ()

L

MATRICES OF BASES CONVERSION

Using Lemma 2 leads to:

V,(u) =

|
TN
N
I
N s
N——
S
M-

Il
[\ S}
S 3
N—
=
I
(=]

B, . (u)

(u)

In this section, the matrices of bases conversions from the Chebyshev polynomial of third kind into the Bernstein
polynomials and vice versa are considered. A polynomial P (u), u € [0,1] is written in both Bernstein basis and
in third-kind Chebyshev basis as follows:

P ) = 26 Bj=Bg, (7)
j=0
and P = 2 Vi) =V, ©9)
k=0
where B, = (Bj(u),B/(u),..., B,(n), ¢, =(cy,c, ... cn)T,
Vo= (Vi@ V@), ey V@), v, =g v0,)"
We are interested in finding the (n + 1) x (n + 1) transformation matrix M and its inverse M that satisfy:
c = z M ik Vi
4 k=0
and v, = z M, ¢
k=0
Hence, M and M ! satisfy c, = My,
and v = M'c.
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The matrices M and M ! are called the transformation matrices between the third-kind Chebyshev
polynomial basis and the Bernstein polynomial basis.

The third-kind Chebyshev polynomial V, (1) can be written in terms of the basis of the Bernstein as follows:
v = 2NBj®), ©
j=0

where N is the (n + 1) x (rn + 1) basis conversion matrix.
Hence, by multiplying both sides by v, and taking the summation over k we have

Yo, Vi) = Y v, Y NBIu)
k=0 k=0 j=0

n

Z i L, N, B (u)

j=0 k=0

Comparing this relation with the equation (7) yields

¢ = LuNy (10)
k=0
Sincec =M v andv =M ¢ then we get

n
¢ Z M,
k=0

=0,1,..n
and v, = ;M; ¢
= 0,1,..n
Comparing with (10) we find that: M, = N,
therefore, M = NT.

At first, N, is found, then we get M, by transposing N,» and Mjk‘1 is found by the same steps.

Theorem 1: The elements of the matrix M that satisfies V. = B. M which transforms from the third-kind
Chebyshev polynomial basis into the Bernstein basis for 0 < j< n,0< k < n are given by:

P i (kY n-k
ke o ”("")!(J(j_,-j

Jk k(ﬂj i=max (0, j+k —n) 20! (2k - 2i +1)!
J

Proof: In Lemma 3, the following relation is given:

L(2nt1)
1y ( " ]Bkw)

v = 2 .
0

k

n

Degree elevating the Bernstein polynomials of degree k& to n, k < n, is carried out using the following
formula:
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LI
Bt (u) = nflgB;(u), i=0,1,...k

= )

By substituting the degree elevation for the third-kind Chebyshev polynomials of degree £ we get:

e 2k +1
\ (— ) 2i k .
Vk(u) - i=0 k Bi (u)’ lzoala---,k-
i
C 1y ,(2k+1) [kj(n_k)
k - 21 n—k+i l ] l
= B (u)
i J
( l)k_i(2k+lj(n—k)
n ., min (/, k) .- 2 j—i
= XBw Y .
Jj=0 i=max (0, j+k—n) (l’l]
J
Since V() = ZNij;(u), we get:
Jj=0
| (2k+1\(n—k
SRR X i (5
Y (njﬁmax(oz,;Jrkn) 2i J—1
J

We get M by transposing N, .

The elements of the Matrix M that satisfies B = V M which transforms from the Bernstien polynomial
basis into the third-kind Chebyshev polynomial basis for 0 < j, k < n are given by (see [11]):

n 1y 27+ 1\ 2k+2i+1\(2n+2j -2k —2i
M - k 5: 2i+1 )\ k+i+l n+j—k—i

7 4ri = (n-+‘i-klj

k+i+1
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