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1. Introduction and Preliminiaries

Optimization problems involving set functions have been extensively studied in recent
years. These problems arise in various areas and have many interesting applications
in Mathematics, for example, in fluid flow [2], electric insulator design [4], plasma
confinement [4] and many more. The first theory of optimizing set functions was
developed by Morris [8]. Subsequently, several authors [1,5,7] have made significant
contributions in developing optimality conditions and duality results for various
optimization problems involving n-set functions under different set ups. In [9], Preda
introduced (3,p)-convexity for n-set functions defined by using a sublinear functional
which satisfies certain convexity type condition. Later, Jo, Kim and Lee [6] extended
the concept of (3,p)-convexity to generalized (3,p,0)-convexity for n-set functions and
established several sufficient optimality conditions for multiobjective programming
problem with inequality and equality constraints. Recently, Bhatia and Kumar [3]
obtained sufficient optimality conditions and duality results for fractional minmax
problem under generalized P-convexity conditions.

The purpose of this paper is to establish sufficient optimality conditions and duality
results for generalized fractional minmax programming problem involving n-set
functions under generalized (3,p,6)-convexity assumptions on few of the objective and
the constraint functions.

Throughout the paper (X,A,p) is a finite atomless measure space with L (X, A,11)
separable, A" is the n-fold product of G-algebra A of subsets of the set X. A pseudometric
‘d” of A" is defined as

luQ(siATi))%

d(S,T) = (

1

™M
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where S =(S1,S9,...,9,), T=(T;,Ty,...,Tp) € A", and S; ATj denotes the

symmetric difference of sets S; and Tj.

For f € L{(X,4,u) and S € A, the integral jfdp will be denoted by (f,xg),
S

where Xg is the characteristic function of S.

We now give some definitions from Jo, Kim and Lee [6] that are used in the
sequel.

Definition 1.1 A functional 3 on A" x A" x Lrll(X ,A" ) is said to be sublinear
with respect to its third argument if forany S, T € A",

38, Ty + np) < 3S8,T;np) +3(S,Tsng) Vg, ng € LY (X, A7)

38, Tsam) = a3(S,T;m) Voo > 0,Vn e Lrll(X,A" ).

Throughout this paper, unless otherwise stated, we assume that the sublinear

functional on A” x A" x Lrl1 (X,A",u) satisfy the following condition:

(C) Forn:(ranQ,---,I]n)e Lrll(XaAn’l’L)a

and S"=(S].85.....8,,) € A",
we have

<n;XS_XS*> = ((nl:xs_xs* >1 <n2:XS_XS* >’ [RES) <I]1’1’>(S_>(Sir >) z 0

implies I(S,S ;m) > 0 V Se A"

Definition 1.2 Let I be a sublinear functional on A" x A" x L111 (X,A",un). Let the

function F : A" — R be differentiable, 0 : A" x A" — A" x A" with 6(S, S*) #0
for S# S*,andp eR

(1) The function F is said to be (J,p,0)-quasiconvex at S” ifforeach S e A”
such that F(S) < F(S"), we have

3(S,S :DFg ) +p d?(8(S,87)) < 0.
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(i1) The function F is said to be (3J,p,0)-pseudoconvex at S” if for each
S € A" such that F(S) < F(S'), we have

3(S,S":DFg ) +p d2(0(S,S7)) <0.

(ii1) The function F is said to be strictly (3,p,0)-pseudoconvex at S" if for each
Se A",S# S, such that F(S) < F(S'), we have

3(S,S":DFg ) +p d2(0(S,S7)) <0.

2. OPTIMALITY CONDITIONS

The following generalized fractional minmax programming problem is studied in
this paper

(P) min max (F;(S)/H;(S))
S 1<i<p

subject to

G(S) <0,

Q(S)=0

S = (SI,SQ,...,SH) € A"
where F = (Fl,FQ,...,Fp):A“ — RP, H = (Hl,HQ,...,Hp):A’1 — RP,
G=(G1,G9,...Gp)A" 5> R",Q=(0Q1,Q9,...,Qg5): A" — R?®, are vector-
valued differentiable n-set functions defined on A" .
LetI'={S e A" | G(S) < 0, Q(S) = 0} be the set of feasible solutions of (P).
We assume that F(s) > 0 and H(S)>0, v S e I'.

Using parametric approach, we associate the following problem with (P)
(EP) minq
subject to
Fi(9)-qH;j(®)<0,1<i<p, 2.1

Sel',qe R, (2.2)
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The following Lemma establishes the equivalence between (P) and (EP).

Lemma 2.1 [3]. If S is an optimal solution of (P), then (S*,q*) with

q* = max (F;( s’ )/ H; (S* )) is an optimal solution of (EP).
lfiip

Conversely, if ( s0 , qO) is optimal for (EP), then SO is optimal for (P).
Theorem 2.1 (Necessary Optimality Conditions) [3]. Let S bea regular optimal
solution of (P) with g~ = max (Fj(S")/H;(S")). Then there exist u” e RF,

1<i<p

p * * m * s
2uj =1, v € R} and w € R® such that

i=1
(" D;(F-q'H)g +v D;Gg +w' D;Qqg, xs, - xg) 2 0
VSred,1<r<n (2.3)
u; (Fi(S)-q Hy(8")=0,1<i<p (2.4)
viGj(S)=0,1<j<m (2.5)

where the superscript ‘t” denotes the transpose of a vector.

We now present sufficient optimality conditions for the existence of an
optimal solution of problem (P).

Theorem 2.2 Let S© e A" be a feasible solution of (P) with

* * * * p *
q = max (F;(S )/H;(S )). Assume that there exist u € RY, > u; =1,
1<i<p i=1

v e R} and w e R® such that conditions (2.3)-(2.5) are satisfied. Further, if
i F;- q* H; ,iel( S*) are (3,1 ,9)-psedoconvex at S*,
(i1) Gj ,jel( S*) are (3,02 j ,0)-quasiconvex at s’ ,

(i) Qk,1 < k < sare (3,p3k,0)-quasiconvex at S*,
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(iv) —Qg, 1 < k < sare (3,p4x,0)-quasiconvex at S” with P3k T P4k >0
vk, 1 < k <s.

“ Y upy+ X V;92j+ iW*kpSk >0
iel(S") jeJd(s") k=1
where 1(SH)=1{i| Fi(s*)—q* Hi(S*):O};
I8 =il GysH =0y
Then S is an optimal solution of (P).

Proof. Suppose S” isnotan optimal solution of (P). Then by Lemma 2.1, (S* , q*) is
not optimal for (EP). Therefore, there exists (S,q), feasible for (EP), with S # s’
and q< q*. This along with (2.1) yields

Fi(SYH{(S)<a<q .1<i<p,

which implies that

*

Fi(S)- a Hi(S) <0=Fi(S") - q H;(S),i e [(S")
Thus, (J3,p1,0)-psedoconvexity of F; — q* H; at s implies
3(S.8":D(Fi—q Hj)g )+ p1;d2(0(S.87) <0, i e I(S").
From (2.4) it follows that u; =0 forig I( s’ ), and therefore, > u; =1
iel(S")
ensures the existence of at least one u; >0,1€( s ). Hence, by multiplying each

of the above inequalities by u; ,1el( s’ ), summing, and using sublinearity of J,
we get

3.8 ¥ uiD(Fj-q Hj)g)+ X uj py; d*(06S,8)<0
iel(S") iel(S)

* *
Again, as u; =0,1 ¢ I(S ), the above inequality can be rewritten as
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~ * p * * * 2 *
38,8 ;5 Xu; D(Fi-q Hj)g )+ X uj p1; d“(0(S,S ) <0 (2.6)
i=1 iel(S")

Also, we have Gi(S) <0=G;(S)jels).
Applying (I, j,0)-quasiconvexity of G jat s’ , we get

3(S,875D((Gj)g) + p2jd? (0(S,87)) < 0, € I(S").

Multiplying each of the above inequalities by V; >0,jel( s’ ), summing, and

using the sublinearity of 3, we obtain

38,8 T viD(Gjlg)t T vjp2jd?(0s.87) <0
jed(S) jeJd(S)

In view of (2.5), V; =0,j¢J( s’ ), thus
m

38,83 X viD(Gjlg + T vipp;d?@GS.S N0 @)
j=1 jeJ(S)

Further, we have

Qu(9)= Q(S)=0,1<k<s

So, by (J3,p3 ,0)-quasiconvexity of Q. and at s’ , (3,p4k,.0)-quasiconvexity

of —Qy, at S”, we have
3(8,8TD((Qi )g ) + pak d? (OSSN < 0,1 <k<s  (28)

38,873 -D((Qi )g )+ P4k d®BGS,8 )N <0, 1<k<s  (29)

As p3k + Pak > 0 Vk, 1 <k <s, therefore (2.9) can be rewritten as
(8,87 -D((Qu )g )~ pak d*(O(S,S) < 0,1 ck<s (210

Let W o=W _-W
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wl =(W%,w§,...,wé), w2 = (W] ,w2,...,w§) > 0; Wl,W2 e R®.

Multiplying (2.8) by WL , (2.10) by wi , and using sublinearity of 3, we obtain
3(8,8"; Wy, D(Qi )g ) + W, P31 A2 (B(S,ST) < 0.1 <k <s

3(8,8"; ~WED((Qy )g ) - Wi p3 d2(B(S.ST) < 0,1 <k <s.

IIA

Adding the above inequalities and using sublinearity of J, it follows that

% S * S * *
8.8 Twi D(Quc g )+ LWk Pak d?@es.8 ) <0, @1

Adding (2.6), (2.7) and (2.11); and by sublinearity of 3, we get

* *t * *t *t
3(S,S ;u D(F—-q H)S* + v DGS* + W DQS*)

*

* * S * *
X uipt X Vip2jt XYWk par)d’(0(S,8) <0

icI(S") jeJd (S k=1
which in view of assumption (v) implies

* *t * *t %t

3(S,S ;u D(F—-q H)S* +v DGS* + W DQS*)<0 (2.12)

Since the sublinear functional J satisfy condition (C), it follows from (2.3) that
* *t * %t *t
3(S,S ;u D(F-q H)S* + v DGS* + W DQS*) >0VSeA®

which contradicts (2.12).

Hence S~ is an optimal solution of (P).
Remark 2.1

Theorem 2.1 also holds under any of the following different sets of assumptions

(1) > u: (Fi—q* H;) is (3, p1 ,0)-pseudoconvex at s’
iel(S")

(i1) > V} G j 18 (3,p2,0)-quasiconvex at s’
jed(s’)



202 NARENDER KuMAR AND R. K. BUDHRAIA

S * *
(i) Y wy Qi is (J,p3,0)-quasiconvex at S
k=1

(iv) p1 +p2 *p3 20

GOR’
(i) Y u; (Fi-q Hj) is (3,pq,0)-quasiconvex at S
iel(S")
(i1) > V; G i is strictly (3,p9 ,0)-pseudoconvex at s’
jed(s))

S * *
(iii)) Y wy Qi is (J,p3,0)-quasiconvex at S
k=1

(iv) pp +p2*+p3 >0
‘OR’

(1) > u: (Fi—q* H;) is (3, p1 ,0)-quasiconvex at s’
iel(S")

(i1) > V; G j is (3,p2 ,0)-quasiconvex at s’
jed(s)

S * *
(iii)) Y wy Qi is strictly (I, p3,0)-pseudoconvex at S
k=1

(iv) p1 *p2*+p3 >0

COR,
(1) > u; (Fi—q* H;) is (3, p1,0)-pseudoconvex at s’
iel(S")
(i1) > V; G j 18 (3,p2 ,0)-quasiconvex at s’
jeJd(s’)

S * *
(iii) > Wi Qi is (J,p3,0)-quasiconvex at S
k=1
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(iv) pptpytpz >0

‘OR’
(i) Y u; (Fj-q Hj) is (3,p1,0)-pseudoconvex at S
icI(S")
* S * *
(i1) 2V Gj + > Wi Qg is (J,pq,0)-quasiconvex at S
jed(S) k=1

(i) py +pg >0
‘OR’
* * * S * . ~
) 2 u(Fi-q Hj) + ¥ vjG; + 2wi Qr is (5,p.0)-
icI(S") jeJ(S") k=1
pseudoconvex at S” with p>0.

3. DUALITY

In this section, we present duality results between problem (P) and its following
dual
(D) Mingq

subject to

(u'D;(F-gH)p + v'D; Gp + w' D, Qr, xg — x7) >0

VSreA,lirin (3.1)
u;(F; —qH;)(T) >0, 1 <i<p (3.2)
m s
2 V;Gi(M+ 2wy Qp(T) >0 (3:3)
p
ue R?, Yu;=1,ve Rl andwe R°,qe R,,Te A" (3.4)

i=1

Theorem 3.1 (Weak Duality) Let S and (T,u,v,w,q) be arbitrary feasible solutions
of (P) and (D) respectively. Further, assume that
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P
(1) u; (F; —qH;j)is (3,pq,0)-pseudoconvex
i=1

m S
(i) X v GJ- + 2wy Qi is(3J,p9,0)-quasiconvex
j=1 k=1

(iii) Py +po >0
Then, max (F;(S)/H;(S)) > q.

l<i<p

Proof. Suppose on the contrary max (F;(S)/H;(S)) <q
1<i<p

which implies that F;(S)—q H;(S) <0, v 1<i<p.

p
From (3.4), we have u € RY with > u; = 1, which ensures existence of atleast one
i=1

u; > 0,1 <i < p. Therefore, by multiplying the above inequalities by u;, 1 <'i

< p, summing and using (3.2), we get

Zp:ui (Fi —qH;)(S) < %ui (Fi —qH;)(T)
i=1 i=1
By (3,p1,0)-pseudoconvexity hypothesis, the above inequality implies
I(S,T;u'D(F - qH)p) + py d2 (6(S,T)) <0 (3.5)
Moreover, feasibility of S for (P) implies
Gj(S)EO,lijim

Qx(S)=0,1<k<s
Since v; 20,1 < J £ m, so we obtain

Y VGt Twi Qu(S) <0
i=1 k=1

The above inequality along with (3.3) yields
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Y ViGi(S)* Ywi QplS) < X Vi G+ Swy QM)
j=1 k=1 j=1 k=1

m S
Applying (3, p5 ,0)-quasiconvexity of >, v ] G it 2 Wi Qp, we get
j=1 k=1

IS T;vIDGr + wiDQp) + py d2(6(S,T) <0 (3.6)
From (3.5) and (3.6) it follows that
IS, T;ulDEF - qH)p + viDGp + wiDQp) + (p1+p2)d2 (0(S,T) <0
which in view of assumption (iii) implies
IS, T;utDF - qH)p + vIDG + w'DQp)<0 (3.7)
From (3.1) and the fact that 3 satisfies condition (C), we have

IS, T;u'D(F —qH)p + viIDGp + wiDQp) >0 VS e A”
q)r T T) Z

which contradicts (3.7).
Hence the result.
Remark 3.1. Theorem 3.1 also holds good under other conditions as stated below.

Theorem 3.2 (Weak Duality) Let S and (T,u,v,w,q) be arbitrary feasible solutions
of (P) and (D) respectively. Further, if

p
(1) 2 u; (F; —qH;)is (3, pq ,0)-quasiconvex,
i=1

m S
i v j G gt Wi Qy is strictly (J,p9 ,0)-pseudoconvex and
j=1 k=1

(iii) Py +p2 >0
‘OR’

p
(1) > u; (F; —qH;) is (3, pq ,0)-quasiconvex,
i=1
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m S
) X A& Gj + > Wi Qg is(3,p9,0)-quasiconvex and
j=1 k=1

(iii) py + pg >0
‘OR’

P m S

>u; (F;—-qHp)+ X \& Gj + 2wy Qg is (3,p,0)-pseudoconvex with p > 0.
i=1 j=1 k=1

Then, max (F;(S)/H;(S)) > q.
1 < i <p =

Theorem 3.3 (Strong Duality) Let S bea regular optimal solution of (P). Then

+

p * * * *
there exist u € R?, Yu;j=1,v e R}, w € R®and q € R, such that
i=1

(S* ,u* , V* , W : , q*) is feasible for (D). Further, if the conditions of any one of the
Weak Duality theorems hold, then (S* ,u* ,V* ,W* ,q*) is an optimal solution of

(D), and max (Fj(S"VH;(S )=q .

1§1§p
Proof. Since S is a regular optimal solution of (P), therefore, by Theorem 2.1,
there exist U € RP, v € R™, w e R°,and q = max (F;(S"VH;(S")
1<i<p
such that conditions (2.3)-(2.5) hold.
Now, as S” is feasible for (P), we also have Q( S*) = 0, and therefore,
Wi Qr(S)=0, 1<k<s

This along with (2.5) gives

m * % S * *
2 Vi Gi(S)+ Xwg Q(S )=0 (3.8)
j=1 k=1

It follows from (2.3), (2.4) and (3.8) that (S™,u”,v ,w ,q ) is feasible for (D).

Optimality of ( s’ , u , v , W , q*) follows from the Weak Duality theorem.
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Theorem 3.4 (Strict Converse Duality) Let S” be optimal for (P) with

q = max (F;(S")/H;(S")). Let (T,u,v,w,q ) be optimal for (D). Further, if
I<i<p

ut(F - q*H) is strictly (3,pq,0)-pseudoconvex, viG + WtQ is (3,p9,0)-

quasiconvex with p; + pgy > 0.

Then S =T.
Proof. We assume that S* # T and exhibit a contradiction.

Since q* = max Fj( s’ )/ H; ( s’ ), therefore, we have
l<i<p

Fi(S)-q Hj(S)<0, 1<i<p.
Multiplying the above inequalities by u; > 0, 1 <i < p, and adding, we get

ut(F-q H)(S") < 0

(A

which along with (3.2) yields
u'(F-q H)(S) < u'(F-q H)(D)
By strict (3, p1 ,0)-psedoconvexity of ut (F—q* H), it follows that
3(8".T;u"D(F-q H)p) + py d?(0(S™.1) <0 (3.9)

Also since S is feasible for (P),and vj > 0,1 < j < m, we have

m * S *
2ViGi(S )+ Xwr Qr(S) <0
j=1 k=1
which together with (3.3) imply

viG(ST) + w'Q(S") < viG(T) + wtQ(T).

Using (3,9 ,0)-quasiconvexity of viG+ wt Q, we get

3(S TV DG + w'DQp)+ py d2(6(S™,T)) < 0 (3.10)
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Adding (3.9) and (3.10), and using sublinearity of 3, we obtain

38" mutpE-q H)p + viIDGT + wiDQr) + (p1+pa)d2O(S 1) <0
Since p; + py > 0, the above inequality can be rewritten as

3(S",T;utD(F-q H)p + vIDGp + wiDQp) <0 (3.11)
Now, from (3.1) and the fact that J satisfy condition (C), we have

3(S,T;utD(F-q H)p + v DG + w'DQrp) > 0 VSe A",

But this contradicts (3.11) for S= s”.
This completes the proof.

Remark 3.2 Theorem 3.4 also holds good under other conditions as stated below.

Theorem 3.5 (Strict Converse Duality) Let S” bean optimal solution of (P) with

q* = max (Fi(S* )/ H; (S* ). Let (T,u,v,w,q*) be an optimal solution of (D).
lfiip

Further, if ut (F—q* H) is (3,p1,.0)-quasiconvex, viG + wt Q s
(3,p2,0)-quasiconvex with p; + pgy >0

‘OR’

ut (F- q* H) is (3,p1.0)-quasiconvex, viG + wt Q is strictly
(3,p2,0)-psedoconvex with p; + py > 0.

Then S* =T.
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