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Common Coupled Fixed Point Theorems
In V-Fuzzy Metric Spaces

Pritha Bhattacharyya* Samir Kumar Bhandari** Sudeshna Ghosh***

Abstract : In this paper we establish a coupled common fixed point theorem in V-fuzzy metric spaces. These
spaces are further generalization of fuzzy metric spaces in the sense of George and Veeramani. The concept
of W-compatibility is utilized here.

1. INTRODUCTIONAND PRELIMINARIES

The purpose of the paper is to establish a common coupled fixed point theorem in V- fuzzy metric spaces. In
1965 Zadeh introduced the concept of fuzzy sets in his famous work in [15]. After that many eminent authors
established many fixed point results using this concepts. Some references may be noted as [6, 7, 9, 13]. Fuzzy
metric spaces are important generalizations of metric spaces. Fuzzy metric spaces have been introduced in different
ways by many authors [3, 2, 10]. George and Veeramani [4] introduced the concept of fuzzy metric spaces
modifying the work of Kramosil and Michalek [11] to introduce a Hausdroff topology on fuzzy metric space.
Recently Guptaand Kanwar introduced V-fuzzy metric spaces in their work [8]. The concept is another generalization
of fuzzy metric spaces.

Before we go to our main result, we recall some of the basic concepts and results which are discussed below.

Denition 1.1 (t—norm) [14] A binary operation* : [0, 1] x [0, 1] — [0, 1] isa t—norm if it satises the
following conditions:

1. *(1,a)=4a,*(0,0)=0

2. *(a,b)= *(b, a)

3. *(c,d) >(a, b)wheneverc>aandd >b

4. *(*(a,b),c)= *(a, * (b, c)) where a, b, c,de [0, 1]

Typical examples of t-norms are a,, b = min {a, b}, a., =aband a.; b =Max {a+b-1, 0}.

Denition 1.2 (Fuzzy Metric Space — George and Veeramani) [4] The 3-tuple (X, M, *) is said to be a
fuzzy metric space if X isan arbitrary set, * is a continuous t-normand M is a fuzzy seton X x X x (0, o) satisfying
the following conditions:

1. M(x,y,0)>0,

2. M(x,y,t)y=1forallt>0iffx=y,
3 My, t)=M(y,xt),
4. M (X, z,t+s)>(M(x,y,t) * M (y, 2, 9)),
5 M(xY,.):(0,0) — [0, 1] is left- continuous,where x,y,ze Xandt,s>0.
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Example 1.1[4] Let X=R.Leta*b=a.bforalla,b e [0, 1]. Foreachte (0,) X, y € X,

t
let My 0 = )

Then (R, M, *) is a fuzzy metric space.

Denition 1.3 [5] Let (X, <) be a partially ordered setand F : X — X be a mapping from X to itself. The
mapping F is said to be non-decreasing if, forall x , x, € X,x; < x, impliesF(x;) < F(x,)and non-increasing
if, forall x,, x, € X,x; =< X, implies F(x,) > F(x,).

Denition 1.4 [5] Let (X, <) be a partially ordered setand F : X x X — X be a mapping. The mapping F
is said to have the mixed monotone property if F is non- decreasing in its rst argument and is non-increasing in its
second argument, that is, if, forall x,, x,e X,x; < x,impliesF(x,,y) < F(x,, y) for fixedy € X and if, forall
Y. Y, € Xy, =Y, implies F(x,y;) > F(x,y,), for fixed x e X.

Denition 1.5 [5] Let (X, <) be apartially ordered setand F: X x X — X and h : X — X be two mappings.
The mapping F is said to have the mixed h-monotone property if F is monotone h-non-decreasing in its first

argument and is monotone h-non-increasing in its second argument, that is, if, for all x;, x, € X, hx; < hx,
implies F(x,,y) < F(x,,y) forallye Xandif, forally,,y,e X, hy, =< hy,impliesF(x,y,) = F(x,y,), forany
xe X.
Denition 1.6 [5] Let X be a nonempty set. An element (x, y) € X x Xis called a coupled fixed point of the
mapping if
F(X,y) = X F(y, x) =y.
Further Lakshmikantham and —Ciric have introduced the concept of coupled coincidence point.

Denition 1.7 [12] Let X be a nonempty set. An element (x, y) € X x Xis called a coupled coincidence point
ofamapping F: X x X — Xand if

F(x,y) = hx, F(y, x) = hy.
If further x =hx =F(x, y) and y = hy = F(y, X) then (X, y) isa common coupled fixed point of hand F.
Denition 1.8 [1] Let X be a nonempty set. Mappings F and h are called W-compatible if
g(F () = F(gx ay)
whenever g(x) = F(x,y)and g(y) = F(y, x) for some (x,y) € X x X.

2 2
Example 1.2 Define P: X x X — Xand Q : X — X where X = [ 1, 1], P(x, y) = 22— Q(x) =x,which

satises Q(P (x, y)) =P (Qx, Qy) and Q(P(y, X)) =P (Qy, Qx). Forx=1andy =1,we get P(x, y) = Q(x) and P(y,
X) = Q(y). This implies that the mappings P: X x X — X and Q : X — X are W-compatible.

Denition 1.9 (V — Fuzzy Metric Space) [8] Let X be a nonempty set. Atriplet (X, V, *) is said to be a V-
fuzzy metric space (denoted by VF-space), where * is a continuous t-norm, and V is a fuzzy set on X" x (0, )
satisfying the following conditions forall t,s >0:

L VOGX X, X Y, 1) >0forall x,ye Xwithx#y,

2. V(Xg, Xpy Xpy wee s X Xy 1) 2 V(X X, X5, o, X, 1) fOr all Xp, X5, Xg, .0y X € Xowith X # X, # X,
o E X

3. V(X), X, Xg, oo, Xy ) = Lifand only if x, = x, =x;= ... =X,

4. V(Xy, Xpy Xgy ooy X, ) =V (P(Xg, X, X, .0, X)), 1) Where p is a permutation function,

5. V(Xy, Xo Xgy ooy X p U 8) Z V(X X, Xgy o, Xy L) *V(LLL L L X,S),

6. lLim V(Xy, Xpy Xgy oy X 1) = 1,
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7. V(X Xp X3, ooy Xy ) (0, 00) — [0, 1] is continuous.
Example 1.3 [8] Let (X, A) be an A-metric space. The t-norma* b =ab ora* b =min {a, b}. Forall x,,
Xy Xgy oy X, € X, 1> 0, denote
t
t+A(X], Xy, X5y X,)

V(X X0 Xgy ooy X 1) =

Then (X, V, *)isaV -fuzzy metric space.

Lemmal.1[8] Let(X,V,*)beaV -fuzzy metric space. ThenV (x,, X,, X3, ...
respecttot.

Lemma 1.2 [8] Let (X, V, *) be aV -fuzzy metric space such that

V(X Xps Xgy oy X KE) 2 V(X X5, X5, oy X, 1)

withk e (0, 1). Then X, =X, =X;=... =X,

Denition 1.10 [8] Let (X, V, *) be aV -fuzzy metric space. Asequence {x } is said to converge to a point
xe XifV (x, X X,t) > 1lasr— e forallt>0, thatis, foreach e >0, there exists n € N such that

t) is nondecreasing with

H nl

rr rl LR ] rl

forallr >N, we have V(x,, x X, t) > 1 —¢, and we write 1im X, =X,

rr\n rl LR rl

Denition 1.11 [8] Let (X V, *) be aV -fuzzy metric space. A sequence {Xx} is said to be a V -Cauchy
sequence if V (X, X, X, ..., X, X, ) = 1asr, g — oo forall t> 0. In otherwords, for each e >0, there exists n,
€ N such that forall r, g > n,, we have V(x,, X e X Xg )>1-€.

rl rl rl ) rl
Denition 1.12 [8] The V -fuzzy metric space (X, V, *) is sald to be VV -complete if every Cauchy sequence
in X is convergent.

Now we give our main result.
2. MAIN RESULT

Lemma2.1Let(X,V,*)beaV -fuzzy metric space. If there existsk € (0, 1) such that min {V(x,, X,, X

s X KO, (Y1 Yo Yao oo Yo KOF ZMIn {V (X, X5, Xgy ooy X0 1), (V1 Yor Vg s Yy D3 FOrall X, X5, X5, 00, X,
Y1 Yor Vg s Yy € Xandt>0thenx, =x,=x;=...=x andy, =y, =y, =..=y,.

Proof : Using lemma 1.2 we can prove this lemma.
2.1. Main Theorem

Let (X,V, *) be a V-fuzzy metric space with a* b =min{a, b} foralla,be [0, 1]]and F: Xx X —> X, g:
X — X be mappings satisfying

V(F(x,Y), F(u, V), F(u,v), ..., F (u,v), kt) >min {V(gx, gu, gu, ..., gu, t), V(gy, gv, gV, ..., gv, 1)} (2.1)

forallx,y,u,ve X,where0<k<1,F (XxX)cg(X)isacomplete subspace of X and the pair (g, F) is
W-compatible. Then F and g have unique common fixed point.

Proof : Letx,, y, € X, denote Z =F(x,, y,) =0x,,,andp, =F(y,, x)=09y,,, n=0,1,2 ..

Let r(t) = V(an n+1’ Zn+1!"' !Zn+1) t)
a‘nd S (t) = V(pnl pn+1) pn+1) LR | pn+1) t)
2NOW’ n + ]_(kt) = V(Zn+1! n+2’ Zn+2, Ty Zn+2; kt)

V(F(Xn + 1 yn+1)' F(Xn+2' yn +2)' T F(Xn+2! yn +2)! kt)

> min {V(an+1, an+2, gxn+2’ e an+2,t),
V(Y41 Wns o Wneo s Wy D} [Using 2.1]
=min{V(Z,, Z, . 1 Zy s 10 Zos 1o 0 V(O Py 10 Prs 10 oo 1 Pra 1 D3

{r(®, s,(0)}
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Therefore,

r, . .(kt) = min{r (t),s, (t)}. (2.2)
Also, Sn+1(KD) = V(P4 10 Prs o Prsor oo Py o0 KO
V(FVnt0 Xa ) FOL w0 Xpi2) oo s F (Vg h 0 X4 0)0 KE)
MiN{V(9Y, 4 1 OYnv o0 Wnwor s Ve 0 V(X4 10 9K 400 0K e s

OX, .0 1)} [Using 2:1]

mMin {V(P, Prags Pragr o+ P W V(EZ Z1 s 10 Zn v g o0 Z i 0 D
{s,(t), r (D)}

vV

Therefore,
S, +1(kt) = min{s (1), r ()} (2.3)

Thus, min{r, ,(kt), s, , ,(k)} = min{r (t),s, ()}
Hence, min{r, (t),s, (1)} = min{rﬂl( j s, 1(%}}

2 mln{rn 2(—j,sn Z(LJ}

k
2> mm{r (lj ( j}
k" k"

So, min{r (1),s, (O} = min{V(zO, Zyy Z) yeens zl,kt—n],V(po,pl, Dy sees pl,kt—n]}. (2.4)

For any positive integer n and xed positive integer p, we have

t
V(Zn’ n+p’ Zn+p’ " n+p’ t) - V( n+p—], Zn+p, Zn+p,.4.Zn+p, ;j

t
* ‘7 —
(ZnerZ, Zn+p—l, Zn+p—l,... Zn+p—l, p

* *V(Zn’Zn+l’Zn+l""Zn+l’ij
p
. t t
> ming V zo,z],z],...,zl,pkwpfl , V po,pl,p,,...,ppW
indv t v t
* min Zys 215 24 ,...,ZUW , po,pl,pl,...,pl,W
*

. t t
o mm{V[zO, 232y 5eens ZPW}V(%’H’ Pl,..-,pl,ﬁJ} (2.5)

Letting n — oo and using the axiom (6) from the denition of V-fuzzy metric space we get,

N (Z0Zy s Zosgs o Zya ) 2 1%1%1 . %1=1 (2.6)
Hence,
M N (Z0Zy 00 Zys o Zyap ) = L
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Thus {Z_}isV -Cauchy sequence in X. Similarly we can show that {p} isalso a V - Cauchy sequence in X.
Since g(X) is V -complete, {Z } and {p,} converge to some uand v in g(X) respectively. Hence there exist x and
y in X such thatu=gxandv = gy.

Now, V(Z, F(X,y), F(X, y) , ..., F(X, y), kt)

V(F (X Yo), F y) 5 F(Y) o F(X,y), kD)

> min {V(gx., gX, gX, ..., 9%, 1), V(gy,, 9y, 9, ..., 9y.)}
= min{V (Z,_;, 9%, 9%, ..., 9%, 1), V(p,_,, 9Y, 9Y, ..., 9Y,D)} 2.7)
Taking n — o, We get
V(gx, F(x,y), F(X,y), ..., F(x, ¥), kt) > min{1,1}=1. (2.8)
Hence, F(x,y) = gx. Similarly we can show that F(y, x) = gy. So,
gu = ggx
= g(F(x )
= F (gx, gy) [as (g, F) are W-compatible]
= F(u, v).
and gv = ggy
= g(F(y, x))
= F(gy, gx) [as (g, F) are W-compatible]
= F(v, u).

So, (u,v) e X x Xisa coupled coincidence point of F and g. To show that (u, v) is also acommon coupled
xed pointof Fand g.

Now, V(Z,, gy, gu, ..., gu, kt)

V(F(x,, y,), F(u, v), F(u, V), ..., F(u, v), kt)
min{V(gx,, gu, gu, ..., gu,t) , V(ay,, 9v, 9V, ..., gv, )} (2.9)

\Y

Taking n — < in above eqn,
V(u, gu, gu, ..., gu, kt) > min{V(u, gu, gu, ..., gu,t), V(v, gv, gV, ..., gv,t)} (2.10)
Similarly we can show that
V(v, v, gV, ...., gv, kt) > min{V(v, gv, qv, ..., gv, 1), V(u,gu, gu, ..., gu, t)} (2.11)
From (2.10) and (2.11)
min{V(u, gu, gu, ..., gu, kt), V(v, gv, gv, ... ,gv, kt)}
> min{V(u, gu, gu, ..., gu, t), V(v, gv, gV, ..., gv,t) }
So by lemma 2.1 u =gu and v = gv. Therefore, u =gu =F(u, v)and v =gv =F (v, u). Hence (u, v) isa
common coupled fixed point of F and g. For uniqueness, let (u,, v,) be another common coupled xed point of F
and g. So,

V(u, ug, Uy, ..., Uy, kt) = V(F(u, v), F(uy, v,), F(uy, v,), ..., F(ug, v,),kt)

min {V(u, u;, u;, ..., u, t), V(v,v;, vy, o, v, D)} (2.12)

\

Similarly,

V(V, Vi, vy, ey Vg, k) 2 mindV (v, vy, vy, e, v, ), V(U U, U, U D) (2.13)
Thus from (2.12) and (2.13),
min{V(u, u;, u;, ..., Uy, kt), V(v, v, v;, ..., vy, kB)} = min{V(u, u;, uy, ..., u; 1), V(v, v, vy, .., vy, 0}
Fromlemma2.1u, =uandv, =v.
Hence (u, v) is the unique common coupled fixed point of Fand g.
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