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ABSTRACT: The main object of this paper is to derive two generalized Eulerian
integrals with integrands involving the product of a Fox’s H-function, the generalized
polynomial set and the H-function of several variables with general arguments. Being
of very general nature, due to the presence of these functions and polynomial, our
results provides interesting generalization and extension of a large number of new
and known results obtained by several authors earlier and hitherto lying scattered in
the literature. For the sake of illustration, we have evaluated here two new integrals
as special cases of our main integrals. As an application, the main integral formulas
have also been expressed as fractional integrals, which would provide useful
generalization of known results in the theory of fractional calculus.
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1. INTRODUCTION

The Fractional integral operator is defined and represented as follows:

D {F(y)}= r(lu)I(y—t)V‘lf (t)dt, Re(v)>0- (L1

The fractional integral operator (1.1) defines the classical Riemann-Liouville
fractional integral operator of order v when ¢ = 0 and when ¢ — o it may be identified
with the definition of the Weyl fractional integral operator of order v.

The generalized polynomial set is defined by the following Rodrigues type formula
[13, p. 64, Eq. (2.1.8)]:

SeP[xr,s,q9,AB mkI] = S [x]

Bion
T

B
= (Ax+B) " (1o ) T (Ax+B) (1o )T (1.2
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with the differential operator defined by
d
T, =X|k+x—].
Kl [ de (1.3)
The explicit form of this generalized polynomial set [13, Eq. (2. 3. 4), p. 71] is

e e BT (-0, (0, (0), (o), [ £ o
SO R BB u

U=0 b=0 e-0 p=0 ulvlel p!(l—oc—e)p

m+n u K A ¥ m+n)+ru+e ;-u
X 1™ () [wj [EJ Nl (o)™, 14

It may be pointed out here that the polynomial set defined by (1.2) is very general in
nature and it unifies and extends a number of classical polynomials introduced and
studied by various research workers such as Chatterjea [11], Dhillon [12], Gould and
Hopper [1], Krall and Frink [2], Singh and Srivastava [10] etc.

We shall also require the following important special case obtained on taking A = 1,
B=0andt— 0in (1.4),

S:ﬁr[x,r,Sqllomkq ni‘zu: — (a+qn+k+ruj |m+nBu Im+n+ru+qn

=0 oo ulv! |
(1.5)

The multivariable H-function introduced and studied by Srivastava and Panda [6],
occurring in this paper will be defined and represented as follows [4, p.251,
Egs.(C.1)-(C.3)]:

0, N:Mq, Np; .o Mg, Ny
Hlz, ...z) = Heeralira |:Zl""’zt

1
- (27'[0))t ,'_'.m[[\v(al’ o it)d)l(él)d)t (&t)zfl'--zté‘dél-..dgt, (1.6)
where ®=—/-1,
lﬁ[F{l— a +Zt:a(]')glJ
Vs = | (0.7
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and
i F(dfi)—é‘)(')é.) i F(1_ Cﬁi) +V(ji)§.)
-7 7 (i=1...1) 1.8
0,5 = 11 r(l‘dfi”sﬂ”ii)l_[ F(Cﬁ”—yﬂ')gl) (L8)
= j=Nj+1

For the sake of brevity,
R Q M; Q
=Y o +ZYJ 2 vy - 2B+ 28 - D
i= j=1 i

j=N+1 j=N;+1

>0, (vi=1,..p

j=M;+1

(1.9)

For the convergence and existence conditions of multivariable H-function, we refer
to the book [4, pp. 252-253, Egs. (C-4)—(C-8)]. Throughout the paper it is assumed that
this function satisfies the above cited conditions.

The series representation of Fox’s H-function is defined as follows [7]:

Hmn|:

nG)XnG
} ZZ—G, S (1.10)

'=1G=0
where
H F(fJ anG)Hr(l_eJ + EJnG)
¢(ne)= J:tJW i=1 s -
[Lra e Fne) (e -Ene) .
and
(fg, +G)
Mo = 1.12
G Fg, ( )
Also
n p m q
T=, E_.ZEﬁLZE —.Z F >0. (L13)
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2. EULERIAN INTEGRALS
First Integral
T (b )7 x)° |(es
a ( cx+d (gx+ f)" P (cx+d gx+ f 5‘

) S:,B{(h(x—a)“(b—x))“ }_{zl(x—a)pl(b—x)ql z (x-a)" (b—x)* }dx

ox+d) (gx+ )| | (ox+d)" (gx+ £)Y T (ex+d) (gx+ f)°

er g e (0° 0(n0) 2°B7 (1) (<¢), (o), (~u),

9'=1G=0 u=0 v=0 &=0 p=0 G! Fy utvlel p!

SO B ) o (R2E210) (A

X (ac + d)—n—x nG—yR (bg +f)—m—8 nG—GR (b _ a)p+c+(§+é) T.IG+(p+u)R—1

B re) L L nke I, 1 nk) Y
PR (ac+d)t (bg+ )Y (ac+d)" (bg+ f)?

—h' (b-a)"""  c(b-a) —g(b-a)|(1-n-Ang —R:L,, s 11, 1,0),
(ac+d)7f(bg+f)9“(ac+d bg+f ‘1 N—Mg —YR:f, ey 1,77, 0,0),

(I-o-0m;—-6R:s,...s5,0r,0,1),(1-p-Cn,—uR:p,..,p, ur, 1,0),
(I-0-0m;-6R:s,...,5,0r,0,0), (1 -p-0c—-(C+En,— (L+V)R:

(1-c—-&ng —vr:q,...,q, vr,0,1), (aj :a(jl), a(jt), 0,0, 0)1,p :(cﬁl), y(jl) )1,a

Py + Gy P+ G (40,1 1), (bj :B(jl), B(jt), 0,0, 0)1,Q :(d}l),és(jl))ml

;...;(Cﬁt), y(jt))l . ;(1—u+sn,1); —

2

j ’8('1))1,q;(0’1);(0’1);(0’1) ’ @D
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where R=1(m +n) + ru + e.

The above result is valid under the following conditions:

Re(p, G, r) > 0,

min (u, v, vy, 0, P-4q,7,5)20@{=1, ..,

(b-a)g

max{|(b—a)c

‘(ac+d)’

Re

Re

i

p+§(%]+u{|(m+ n)+e+rsn}+
.

(bg+ f)

c+§(%]+o{l(m+n)+e+rsn} Itzlq{;

T Ti
(o)< 2 ) <

i=1, ..,
Second Integral

cx+d (gx+ f)"

b
Z—[ (b- x) P

m

(ex+d) (gx+ f)e

Lj=1, ..,

Ml.;j’ =1,...m

k

cx+d gx+ f
2(

prﬁ-
i=1 i

}<J;b¢a,

dl

OO

dl
(i)
8J

5 |

-

( C

|

J

1), (not all zero simultaneously)

>0,

>0,

z(cx+d)" (gx+ f)°

XSS‘B'{

(x-a)"(b-x)"

}H {zl(cx+d)rl(gx+ f)* |
(x-a)*(b-x)*

(x=2)" (b-x)*

(-2)° 6(ns) 2°B™ (-1)° (=€), (=), (-u),

G!F, ulvlel p!

uf prk+rv

L8

u-—sn)

hR
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-nN-An +YR —-0-0n +0R _ +o—(C+EN  —(pt+v)R-1
x (ac + dy™n GR (bg + )0 1R (b — g)pro-Grom

o O M 4N My i N, M 151,0,1,0 (b_a)wa (b_a)wq
GAPEQRQRAEOEA 2 (ac+d)*(bg+ F)* T 7 (ac+d) (bg+ f)*

~(b-a)""r c(b-a) —g(b—a)|(L+n+2ng +1R:1, ., 77,1,0),
th' (ac+d)" (bg+ f)" ’(ac+d bg+ f) ‘ 1+n+me +ARIM, .., 1,91, 0,0),

(I+o+on,+6R:s,...s5,0r,0,1),(1-p+Cn,+uR:p,....,p, ur, 1,0),
(I+o+on,+6R:s,...5,0r,0,0), (1 -p-c+(C+En,+(n+V)R:

(1-G+&ng +0r:q, ... q,r,0,1),(1-b; B, ..pY, 0,0, O)m (1-dP, 8¢ )m

P+, P +q,(u+u)r,],l),(1—aj :oc(jl), aﬂ”,o, 0, O)lP :(1_C§l)’y(jl))1,a

(2.2)

where R=1I(m +n) + ru + e.
The above result holds under the following conditions:
Re (p, o, 1) >0,

min(y, v, v, 0, P»4,7,5)20(@{=1,..,1), (not all zero simultaneously)

max C| | b—a)g| <l bza
ac+d)’| bg+f)| ’

Rel p—¢| = —p{l(m+n)+e+rsnj- ztllpl jy(i) >0,
i= j

3 t
Rel 6 —¢&| - J—u{l(m+n)+e+rsn}—2qi ]Y(i) >0,
i=1 i
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T Ti
(o)< T2 ) <

i=1,..65j=1,.,N;j=1,.,n".

Proof of (2..1): To establish the integral (2.1), we first express the Fox’s H-function
in series form, the generalized polynomial set and the multivariable H-function occurring
in the left hand side of (2.1) with the help of (1.10), (1.4) and (1.6) respectively, then
expressing in contour integral representation of the term (1 — tx" )™ ~* as appearing in

the series expression (1.4) of S"P*[x],

(1_Txr)sn_u_ 1 +jwr(_ét+l)r(u_m+§t+l)

T omi I'(u-sn) {—rx’ }ém dg.., (2.3)

—ioo

Now collect the power of (cx + d) and (gx + f) and applying the following formula
for x € [a, b],

1 (_auz)r(_n""&t&){(x_a)

d)" = d)" —
(cx+ ) (ac+ ) i d

C éHZ
2mi 3, r(-n) } dC2r (2.4)

|(x — a)c| < |ac + d|

(gx+ 1) =(bg+ f)“"iﬂfor (‘awsr)? _(C—Of*))'%us){—i)k;; Xf)g

ét+3
o } d&.s (2.5)

—ioo

(b —x)g| < |bg + f|

& —¥&.1 and — @ — n, — OR -

t
i=1

with n" and o' replaced by — n — An, — yR —,

t
ZSQ —Or&,.; respectively, then changing the order of summation and integrations
i=1

(which is justified under the conditions stated) and evaluating the inner integral with
the help of well-known Eulerian integral, finally we arrive at the desired result (2.1)
after a little simplification.

Proof of (2..2): To prove this result, we follow the same lines as in the proof of
(2.1) except the following changes. Here, we apply the formulas (2.4) and (2.5) with n’
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and o' replaced by n + An, + YR - Zré —Y&.1 and + o + ont, OR — ZS§ —6rg,,

i=1

respectively and then interpret the resulting Mellin Barnes contour integral as an

H-function of (¢ + 3) variables and arrive at the right hand side of (2.2).

3. SPECIAL CASES

(i) If wetake N=P, M, =1, N =P, 0. =0 +1(Vi=1, .. 1), the multivariable
H-function is reduced to the generalized Lauricella function of several complex variables
[3, p. 454] and further on taking A=1,B=0,g=s=m=k=0,[=-1 and letting T — O,

the polynomial set S"**[] reduced to the Gould and Hopper polynomial H'" (x; o, B)

[1] in our integral formula (2.1) and we arrive at following result after a little

simplification,

'—;o—

T (omX | 2xoa) (b <epr1

= ( cx+d (gx+ f)° d (ex+d) (gx+f)5‘(fq F,)

X

e

E ( o |( o (J_t) )1,p :(1_ Cgl)’y(jl) )1' i : ___;(1_ Cgt), Y(Jt))l,a
Fl

(1 b, :pY,... .>)

(cx+d gx+f S :
1Q

Syyy® )ﬁgzﬁ%H“M$W

9'=1G=0u=0v=0

X (aC + d)—n—k nG—yR’ (bg +f)—m—5 T.IG—GR’ (b _ a)p+c+(§+é) T.IG+(;1+D)R’—1

><1“(p+CnG +uR) I’ (o +E&ng +VR)
F(p+c+(§+§)nG +(u+o)R’)

FQP++34Qpl (S:flo Zi(b_a)pﬁql gy — Zt(b_a)pﬁq‘ ,—C(b_a),
} (ac+d)*(bg+ f)* (ac+d)*(bg+f)* (ac+d)
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g(b-a){(n+ins +vR:1, ..., 1,1 0),(0+8n; +6R':s,...,5,0,1),
(bg+ f)|(n+ins +yR:1,....,7;,0,0), (0 +8ne +6R':s,...,5,0,0),

(p+Ee + 1R : P,y B, 1,0), (6+ENg + VR @, -, 4, 0,1), (13 20, . a0, 0)1,p

(p+o+(C+E)Me +(r+V)R: P+ oy pt—i-qt,l,l),(l—bj :Bgl),...,ﬁg‘%o,o)m

(1_dq® s®) . f1_q0 sO) . : ’ 3.1)
(1-df, 8 )lQl,...,(l d", ! )LQ,(o,l),(o,l)

whereR' = ru — n.

The conditions of existence of this result can easily be derived from those mentioned
with (2.1).

(i) If wesetm=n=gq=k=B=0,l=r=-1and A =1 in our integral formula (2.1),
the generalized polynomial set reduces to unity and we arrive at following result after a
little simplification,

b (b X)G -1 . |
[0 Hp S
a ( cx+d (gx+f) (cx+d gx+f ‘

'—z

H{zl(x—a)p*(b—x)o‘l zt(x—a)p‘(b—x)o“]dx

(cx+d)* (gx+ f)* (ex+d)" (gx+ f)?

m o (_ G Me
33 U AMe)Z® o gy (b £) g (b-a) "

g'=1G=0 GI ng
s H O N+4ML Ny M, N L 01,0 zi(l:)_":l)lerC’(l 4 (b_a)pﬁq[ C(b_a)
PEQER QR QO (ac+d) (bg+ F)* " (ac+d) (g + )T (ac+d)’

(I-n-Ang:f, . 1,10),(1-0-8n6 S, ... 5, 0,1),(1-p—Ene : Pyy -y B, 1 0),
(1-m-Mng:h,.r ,0,0), (1-0=-8n5 S, ... §,0,0),(1-p—c(§+&)Ms

-g(b-a)
(bg+ f)
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(1—0—&1](3 "0, - G, 0, 1), (aj :oc(jl), - oc(jt), 0, O)lp : C(jl), y(jl))l,a s (C(jt),y(jt))LP ;

P+ 0y P+ 0), (BB B, O, O)lQ:(dfl)’&f))l,q;"';(dft)ﬁ(f))l,q;

001 32

The conditions of existence of this result can easily be derived from those mentioned
with (2.1).

(i) On taking w=0,m=n=q=k=B=0,l=r=-1,A = Ls,=00G=1,...,0,
reducing the Fox’s H-function to unity (by giving suitable values to parameters) in
integral formula (2.1) and reducing the multivariable H-function to product of ‘¢’ Fox’s
H-function (by taking P = Q = N = 0), then on taking ¢ = 1, we arrive at the integral
evaluated recently by Saxena and Saigo [9, p. 37, Eq. (2.1)].

(iv) Ontakingm=n=gq=k=B=0,l=r=-1,A=1,p.=q,=0(G =1, ...,7) and
reducing the Fox’s H-function to unity (by giving suitable values to parameters) in
integral formulas (2.1) and (2.2), we arrive at two known results given by Srivastava
and Hussain [5, Egs.(2.5), (2.6), p.79] after a little simplification.

In the results thus obtained if we further take =0, s, =0 (i=1, ..., 7) and reduce the
multivariable H-function to product of ‘¢’ Fox’s H-function (by taking P = Q = N = 0),
then on taking # = 1, we arrive at the integral evaluated recently by Saxena and Nishimoto
[8, Eq. (4.1), p. 69].

4. APPLICATIONS
Forb=y,v=¢&=¢,=0(G=1, .., each of Eulerian integrals (2.1), (2.2), (3.1), (3.2)

can easily be expressed as fractional integral formula involving the operator .D," defined

by (1.1). To illustrate, we express below the integrals (2.1) and (2.2) as fractional integral
formulae, which are valid under the conditions stated with them,

D ° (y_ a)P—l Hm™ m,n' [ (y a) | ]

7 (cy+d)'(gy+ ) (cy+d) (gy+f) b‘

Sﬁ{ h(y-a)’ H a(y-a)"  _ a(y-a)’ H
(cy+d) (ay+f) | |(oy+d) (gy+f)*  (cy+d) (gy+f)
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e e (-1 0(ne) 2B (-1)°(-e), (a), (-u),

9'=1G=0 u=0 v=0 &=0 p=0 G! Fy utvlel p!

&_“’S(Emyw)[ pﬁ“)ﬂ(@)m

X (ac +d)™ T (bg + )N T (b — @)

s H O N+3M1, Nyj My, N1, 11,04, zi(y_a)pl Zt(y_a)pt
PReER A RO (ac+d) (gy+ 1) (ac+d) (gy+ 1)

—th'(y-a)"  c(y-a) —g(y—a)|C:K;(1—u+sn,1);—; (1-0,1)
(ac+d)"(gy+ )" (ac+d)’ (gy+f)|D:Li (02 (01 (02) |

where
C={d-n-M,-YR:r,...r,yr,1,0),(1-0-06n,-60R:s,..,5,0r,0,1),
. @ (t)
(1-p-Cn,—uR:p, ...p,ur, 1,0), (aj TOLT e, O ’0’0’0)1,p’
D= (d-n-M,-YR:r,...,r,yr,0,0),(1-0-6n,-60R:s,...,5,0r,0,0),
(1 _p_G_CnG_ I"LR :pl’ ""pt’ ur, 17 1)’ (bJ :B(jl)""’B(jt)’o’ o’o)l,Q’
@ .0 N RO
K = (CJ 7YJ )l,Pl,."’(Cj 1YJ )l,R,
® <@ g @)
L = (dJ ’SJ )LQly---y(dj 18J )qu

R = lm+n)+ru+e.

L) (ey+d)"(gy+ )" H Z(cy+d)k(gy+ f)6§(ep” Ep’)
oo

a-y { (y_a)l—p
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w{h(cy+ d) (gy+ f)e}H {zl(cy+d)r1(gy+ f)*  z(cy+d) (gy+f)° H

(y-a)' (y-a* " (v-a)

eregre (07 6(n0) 2°B7 (1) (<¢), (o), (~u),

9'=1G=0 u=0 v=0 &=0 p=0 G! Fy utvlel p!

) ey (B (A

X (ac + d)n+)mG+yR (bg +f)m+8nG+6R (b _ a)p+07€n(; —UR-1

S O M3 M NG MG L2001, (y_a)pl (y_a)pt
Q+3,P+3Q,R;...Q,R:;110,1;1,1 Zl(ac+d)rl(gy+ f)sl, 1 Zt(ac+d)r‘ (gy+ f)s‘ ]
~(y-a)" c(y-a) -g(y-a)|C:K; (L1); = (1-o,1)

th' (ac+d)" (gy+ f)"' "(ac+d)’ (gy+ f) ‘D':L';(u—sn,l);(o,l); (01) |

where
C' = (l+n+in, +yR:r,....,r,yr,1,0), (1 +®+dn,+6R:s,...,s,0r,0,1),
.n@ (t)

1-p+ CnG+ UWR:p,....p, ur, 1,0), (l_bj B 1"'1Bjt 0, 0’0)1(9’

D' = (l+n+Ain, +yR:r,..,r,yr,0,0),(l1+®+dn,+6R:s,...,s,0r0,0),
(1 il S Cc+ CnG+ HR :pl’ (X33} p,, ur, 1, 1), (l_aj :a(jl)""’a(jt)’o’o’o)lp’

, 40 SO . (1o q® S0
k = (1-dP.8 )LQL,...,(l d", 8 )1,q’

L = (1—c§1),v(jl))
R = Ilm+n)+ru+e.
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