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AmitaGarg* and Prof. A. H. Siddiqi**

Abstract : The moddswhich take spatial effectsinto consideration are expressed interms of partial differential
equations (PDEs), and in thefield of medical they also need to take into account the fact that the tumor region
is changing in time; in fact, the tumor region and its boundary I'(t), are unknown in advance. Thus one needs
to determine both the unknown “free boundary” I'(t) together with the solution of the PDEs in the tumor
region. This type of problem is called a free boundary problem. The models described in this chapter arefree
boundary problems. The main concern is the spatial/geometric features of the free boundary. This paper is to
present some results of various researchers and mathematicians on mathematical modeling, analysis, and
numerical simulations of cancer treatment and diagnosisin Hyperthermia, ductal carcinomain situ and Infrared
Thermography. In particular, we formulate a number of inverse problems for the well-posed free boundary
valued problem related to clinical diagnose of cancer.

Keywords : Inverse Heat Equation, DCIS, Hyperthermia, Infrared Thermography, Penne's bio heat modd,
Bio- heat transfer equation.

1. INTRODUCTION

Inverse heat equationsfind their useinvariousfieldsof medica sciences. At present, modern surgery hasat its
disposd agresat variety of different surgica techniquesfor heating biological tissuein alocalized and safeway. All
these techniques are based on specific applicators, i.e. deviceswhich extract (cryosurgery) or introduce heat
(laser, radiofrequency current, microwave or ultrasound treatments). The present section dealswith parabolic
partial differential equation (PDE) models arising in medicine (example: cancer therapy hyperthermia, DCIS,
Thermography.) .Inthistype of application the 3D geometry — say, of human patients— motivatesthe choice of
tetrahedral finiteelement methods(FEM). The dinical setting requiresthe robust computational solution of problems
to prescribed accuracy at highest possible speed on local workstations. Reliability plays the dominant rolein
medicine, whichisanice parallelismwith the intentions of mathematics. Numerica speed isrequiredto permit a
fast amulation of different scenariosfor different patients. In other words: the situation both requiresand deserves
the congtruction of highly efficient algorithms, numerical software, and visudizationtools. Beforemoving ahead a
brief introduction of these medical terms hasbeen given below.

1.1. Cancer

Cancer isaclass of diseases or disorders characterized by uncontrolled division of cells and the ability of
these cellsto spread, either by direct growth into adjacent tissuethrough invasion, or by implantation into distant
Stesby metastasis. Trangportation of cancerous cdlsto distant sitesisdone through thebloodstream or lymphatic
system. Cancer may affect peopleat al ages, but risk tendsto increasewith age. It isone of the principal causesof
deathindeveloped countries.
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Cancer may attack any organ, e.g. liver, lung, breast etc. whilethe severity of disease dependson various
parameters such asthe site and character of the malignancy and the presence/absence of metastasis. Despite of the
fact that modern medicine and medical research and technology made significant progresson thelast decades, il
adefinitive cancer diagnosisusually requiresthe histologica examination of tissue by apathologist. Thistissueis
obtained by an invasive procedure as biopsy or surgery. Most cancer types can be treated and some cured,
depending onthe specific type, location, and stage.

Oncediagnosed, cancer treatment usualy involvesacombination of surgery, chemotherapy and radiotherapy.
In casesof |late detection or no treatment, cancers may eventualy causeillnessand death, though thisisnot always
the case.

Cancer can also occur solely inyoung children and adolescents.
1.2. Hyperthermia

The objective of application of oncology isindisputable: to destroy selectively - if possible— the malignant
cels, to eliminatethetumor by heet [1]. The deep-heat targeting and control of noninvasivetransfer of energy are
mgjor problemsof oncological hyperthermia. The theoretical discusson and strict biophysical examination of the
actually used, mainly experimentally introduced, control parameters and dose concepts are vital in any serious
invedtigation.

It seemsto be of vita importance the definition of hyperthermiaobject function in oncology. Hyperthermia
(aso cdlled thermal therapy or thermotherapy) isatype of cancer treatment inwhich body tissueis exposed to
high temperatures (up to 113°F). Research hasshown that high temperatures can damage and kill cancer cdlls,
usudly with minimal injury to normal tissues (1) At present thistherapy isapplied in combination with chemothergpy
or radiotherapy. Theideaisthat heated tumor cdlsaremore sengitiveto extinction by either raysor drugs. For the
medical treatment, the cancer patient isput into an applicator, which essentialy consists of aset of 83 (old) or 24
(new) radiofrequency antennas and awater bolusto alow for alow reflection passage of theradio wavesinto the
body. [1]

The antennas emit radiation at afrequency of about 100 MHz corresponding to awave lengthin water of
about 30 cm, which —physically speaking — meansthat wave optics and interference phenomenarather than ray
optics must be modelled. Heat withinthe body is produced by absorption of the radio wavesand distributed by
blood circulationinthetumor aswell asinsanetissue. Mathematically speaking, thewhole system (patient, water
bolus, applicator, surrounding air) ismodeled by thetime harmonic Maxwell’s equationsin inhomogeneous
mediaand aso— called bio—heeat transfer (BHT) partid differentia equation describing the heat distributionin the
body. Thetask isto tunethe set of radiofrequency antennas optimally suchthat the heat will concentrate withinthe
tumor of apatient, but not at any hot spotselsewhere.

1.3. Ductal carcinomain situ (DCIYS)

Breast cancer isthe most common cancer in women, among whomit isthe second leading cause of cancer
death. Ductal carcinomain situ (DCIS) refersto a specific diagnosis of cancer that isisolated within the breast
duct, and hasnot spread to other partsof the breast. At this stage, thetumor isnoninvasive, being confined by the
basement membrane of the duct. However, if left untreated, it isthought to then invade the breast ssromal tissue
surrounding the ducts, and becomelife threatening. The duct ismade up of acentra region of lumen (extracellular
fluid), lined by athin layer of epithelia cells, alayer of myo-epithelia cellsand an outer basement membrane (the
duct wal) comprising ameshwork of proteins. Ductsinthe hedlthy breast have anaverage diameter of 0.2mmand
aresurrounded by stroma (connectivetissue). DCI S occurswhenthereisaproliferation of epithelia cdlsthat have
undergoneamdignant trandformation (usudly originating fromasnglemutant cell). DCI Sis characterized according
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to the appearance of thetumor cellsproliferating within the duct and the broadest classification subdividesthem
into two types: high (comedo) and low grade (non-comedo) DCIS[15]. Low grade DCISiswell differentiated,
the non-comedo type DCI Stendsto beless aggressive than the comedo types of DCIS. Themost common non-
comedo typesof DCIS are: (1) Solid DCIS: cancer cellscompletely fill the affected breast ducts. (2) Cribform
DCIS: cancer cellsdo not completely fill the affected breast ducts; there are gaps between the cells. (3) Papillary
DCIS: the cancer cellsarrange themsalvesin afern-like pattern within the affected breast ducts.

1.4. Thermography

Medical infrared thermography isnon-invasive, non-contact and functiona imaging method that measuresthe
radiation emitted from the skin surface and providesinformation about subtle temperature changesinit. The
different patterns of temperature not only depend on physical parameters such asthetissue sengtivity coefficient,
but also in the physiology associated to the homeostatic and metabolic processes and the structureand dynamics
of thevascular, tissular and nervoussystems.

Medical applicationsof infrared thermography are not arecent phenomenon. However, inthe past yearstheir
successwas rather limited mainly dueto the complexity, high cost and poor sensitivity provided by the generation
of infrared camerasthat were availableat that time. Nowadays, advancesin theinfrared technology have again
promoted itsmedical application asapromising non-invasive tool for imaging the functionality of superficial layers
of tissuesand theinfluence of vascular, neurogenic and metabolic processthat affect them. In[7] SantaCruzet d.
have investigated by means of thermography the correation, in patientstreated with boron neutron capture therapy
(BNCT), betweenthe spatial extension of theacute skin reaction and the superficia dose distribution, inorder to
better determinetolerancedosesand thereforeto optimizethe BNCT treatment. Also they concludethat giventhe
capacity of thermography to observe thefunctiona aspects of tissues, the technique can helpto locate abnormally
high temperatureregionsaswell asmelanomanodulesthat arevirtually invisblein CT images.

2.HEAT TRANSFER MODEL

Our present model for the dissipation of heat inthe human body (cf. Pennes[4]) assumes potential flow for
the blood within the varioustissuesincluding the tumor. Thisleadsto the so—called bio—heat transfer equation
(BHT)

oT T
Ptcty = ky—WPtPoCb (T-T,)+Q,
(e)

Herein p,, p, denotesthe density of tissue and blood, ¢, ¢, the specific heat of tissueand blood, T, T the
temperature of tissueand arteria blood, k the thermal conductivity of tissue, W the blood perfusion, Q the power
depostionwithinthetissue, and o the eectric conductivity. Thethermd effectsof strong blood vesselsare excluded
inthissmplified model.

Thethreedimensional Pennes’ equation corresponding to practica situationisgiven by

dT d*T d*T d°T
— =k -W T-T XV, Z i
ARG, [dxz+dy2+dzz ARG (T-T)+Q (X Y, 2) (21)

Thisenergy balance equation isrewritten with temperature asthe independent variable. To start with the

energy storagetermisrepresented interms of itsthermal capacitance and afirst order derivative of temperature

oT
withtimeas pCE' Thehesat generationtermisgivenasQa Theremaining two termsontheright hand Sdeare

the conductive or convective heat transfer either into or out of the control volume. W, isproportionality constant
and thisrelatesthe amount of perfusioninduced convective cooling to the magnitude of temperature difference

(T-Ta).
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2.1. Optimal control problemson temperaturedistribution of thetumor embedded insdethebiological
tissuein hyperthermia

In hyperthermiatreatment, thetumor cellsinsdethetissue areheated to abeneficia therapeutic temperature
s0 astokill thetumor cellsby avoiding the damageof the healthy tissue[14]. Inthelast two decades, the conjugate
gradient method coupled with ad joint equation approach has been extensively used in theresolution of general
inverse heat transform problems|[9]. Theconjugate gradient method devicesthe bassfromthevariationd principle
and transformsthe original direct problemto the solution of two sub problems, namely, thedirect problemin
variation and the adjoint problem[14].

Inthismethod, asystem of adjoint function and the condition of optimality of the control variables are obtained
withtheaid of calculusof variation[14]. The optimal values of control variables, thus, can be obtained fromthe
optimality condition of the controls by means of computer smulations|[2].

Incourse of andlyticd investigation of optimal control problemsin multilayered biological tissue, the methodology
generdly adoptedisthe usua ‘ Maxima Principle’ withasuitably constructed Hamiltonian followed by the useof a
variant of finitedifference method [13,11].

Someanaytical investigations of optimal control problemson temperature distribution described by bio-hest
transfer equation in multi-layered biological tissue have been carried out indifferent articles onthe basisof Penne’s
bio-heat moddl [13].

In order to raise the temperature of the tumor inside the tissue to its beneficial therapeutic value, heat is
generated in thetissue by microwave, laser and ultrasound which are most commonly used heating methods.
Congdering Penne shbio-heat model, analyticd investigations onthis aspect of temperaturedistributionin thetissue
by controlling heating power have beenstudied in different articles[9, 10].

3. FREE BOUNDARY PROBLEM MODEL OFDCIS

Based on thewaysthey accessthe DCI S, they have posed different inverse problems for the free boundary
modél. In their paper they formulated four different inverse problemsbut we are taking only two inverse problems
relevant to present scenario. Onetypical type of DCISisthat cancer cellscompletely fill the affected breast duct
(solid type). We describe the solid type of DCI'S by an one dimensional mode.

We assumethe tumor to bewithintheinterval [-(t)/2, S(t)/2] at eachtimet; the growing boundary of the
tumor isgiven by x = —5(t)/2 and x = S(t)/2, where x =S(t) isan unknown function. Astumor growth strongly
dependsuponthe availability of nutrients, itsdiffuson through the growing meteria isintroduced inthe description
of modd. Wemodel tumor growth, using dimensionless nutrient concentration C (x,t) which satisfiesareaction-
diffusion equation. Inthe one-dimensional case, the model issmplified to-

% - gTS—X(x)C, inB(t), t>0 (3.1)
Csty/2,t)=C, t>0 (3.2)
COM2H) =C, t>0 (3.3)
C(x,0) = Cy(x), inB(0) (3.4)
0 2 =
= = uf -0k g0)=5, (35)
Where B(t) = {X|%< X<%},

Bty = (/2 8/2).
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Here A(x) C(x, t) isthe nutrient consumptionrate at thelocationx at timet. p, C,, C and s, areknown
congants. C(x) and A(X) > Otheinitial data, are given. Thefree boundary problemisto determine (C(x,t), (t))

for given’A(x), Cy(X), u, C,, C and Sy
3.1. Inverseproblemsrelated to cancer diagnose

Thereisanumber of inverse problems motivated by cancer diagnosis.
3.1.1. Clinical dataisobtained by oneincisional biopsy. [17]

When noticing possible breast cancer, one optsto do anincisiona biopsy to find out the DCI S pattern along
with thechanging rate at the moment. Since no informationisavailable before, wecan assumeno initia datagiven,
instead weassumethat two conditionsaregiven at termind timet="T.

Theproblemisasfollows. find C(x, t), t),. A(X) Suchthat

% = 2? A(X)C, inB(t),0<t<T (3.6)

Cls(t)/2,t) = C,, 0<t<T 3.7)

C(st)/2,t) = C, 0<t<T (3.8)
s(t) s(t)

C,T) = Gy, == <X<=- (3.9)

% =y’ (:;2 (C-O)dx, «T)=s, (3.10)

for (1= <x< 50}

3.1.2. Clinical dataisobtained by a sequence of needle biopsy.

Where Ci(x T)

When noticing a possible breast tumor, it may be benign; therefore one optsto do a sequence of needle
biopsesover atimeintervd to find out the DCI S patternchangein thetimeinterva. Inthis case we assumethat we
know initial data, and dataat aninterna point over timeinterva [0, T].[17]

The problemisasfollows: find C(x, t), S(t),. A(X) Suchthat

% = EE};S A(X)C, inB(t),0<t<T (3.11)
C(-s(t)2,1) = C, 0<t<T (3.12)
C(s(t)/2,1) = C,, 0<t<T (3.13)
C(x, 0) = Cy(x), S(t) izt) (3.14)
C(xy 1) = C(1), 0<t<T (3.15)

% = 7 (C-Ox, g0) =5, (3.16)

4. MATHEMATICAL MODEL OF INFRARED THERMOGRAPHY

A number of bioheat transfer equationsfor living tissues have been proposed sncethelandmark paper by
Pennes appeared in 1948. His main theoretical contribution was the suggestion that the rate of heat transfer
between the blood and tissueis proportional to the product of the volumetric perfusionrate and the difference
between thearterial blood temperature and thelocal tissue temperature.
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Theequationindudesthe heet trandfer by conduction throughthetissue, the volumetric metabolic heat generation
of thetissue and aterm including the volumetric perfusion rate and the difference between the arterial blood
temperatureand thelocd tissuetemperature, wherethe arterid temperaureis goproximeated to thecoretemperature
of the body. The Penne'shiohest transfer equationiswidely used to solvethe temperature distribution for thermal
therapy. Inmost of theworksrelated with thistopic thefollowing steady-state Penne'sequation is considered;

AV, (X) + k[T, - T. ()] + Q.. =0, xeR", n=23.

wherethe subscriptse= 1, 2 identify the sub domains of healthy tissue and tumor respectively (Fig. 1)A,, is
thethermal conductivity, k,= G, C, isthe perfusion coefficient ( istheblood perfusionrate, isthevolumetric
specific heat blood, isthe metabdlic heat sourceand T, isthe constant blood temperature.

4.1. Inverseproblem and results

According to them, the presence of ahighly vascularized tumor canlead to theincrease of local blood perfusion
and the capacity of metabolic heat source and thereforethis causesan increase of temperature at the skin surface.
Then, theideaisto usetheabnormal temperature at skin surfacein order to predict thelocation, Szeand thermal
parameters of the tumor; thishasbeen done considering two different inverse problems. Thefirst problemconcerns
inthelocalization; depth, width and size of the tumor, assuming that al others parametersare known. The second
one, isrelated with the estimation of the metabolic heat source intengty indde thetumor region being. Inboth cases
we used the same methodology. Giventemperature profilesobtained fromthe smulations, thesewereused asthe
clinical data. Then the Pattern Search method [20, 23], wasused to estimatethe tumor parametersby minimizing
afitnessfunction. Thefitnessfunctionrelatesthe given datato the temperature profile for agiven set of estimated
parameters.

Theresults obtained by them show that for the two-dimensional case, aswell asfor thethree-dimensional
case, it ispossible to determinethe required parameters fromthe surface temperature data. Moreover when 5%
and 10% of random noise was added to the input datathe results obtained were very good. Inthecasewhenthe
input datawere contaminated with 15% of random noise the results obtained were good enough. Inal casesthe
values of the known parametersand the dimensions of the domain were the same.

5.CONCLUSIONS

5.1. Hyperthermia

Onthebackground of dua-phase-lag heat conduction model, mentioned in equations 2.1 and 2.2, the optimal
control problems canwell be studied which may focusamodern guideline on the aspect of hyperthermiatreatment.
Further, analytical and numerical sudiesontheoptimization problemsto determinethe optimum heating pattern,
induced by magnetic particleinjectionsinthe tumor modelswithirregular structures, can aso be developed which
will giveagood insght onthe strategy of modern hyperthermiatreatment.

5.2.DCIS

Their analysis showsthat if we have information of the tumor pattern, and some information related to its
growth ratewithtime, which may be obtained through anincisional biopsy and sequence of needlebiopsy, thenwe
canusearegularized minimization method to determine the coefficient function of the free boundary problem
mode of DCIS, henceto estimatethe growth tendency of thetumor.

Sincethisisarather smple mode that neglects accounting for someimportant factors such astumor cell
density, etc., further study is necessary. Nevertheless, thisresult showsaway to use mathematical mode inthe
diagnogtic processof the growthtendency of DCIS.
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5.3. infrared Thermography

A smple methodology was developed for the estimation of thermo physical or geometrical parametersof a
tumor region using the temperature profile on the skin surface that may be obtained by infrared thermography.
Theseinverse problems have been solved using a second order finite difference scheme coupled with the Pattern
Search algorithm. The presented resultsdemongtrate the feasihility of the proposed methodology. Eveninthecase
when 5% and 10% of noise wasadded to the input datathe methodology estimatesthedifferent parameterswith
very good accuracy for the 2D case aswell asfor the 3D case.

The good results obtained are largely dueto the strong restrictionsimposed to class of functions alowed for
the thermal coefficients and the metabolic heat source.

According to theresults, thismethodology can help to locate tumor regions, like melanomanodules, aswell as
to estimate parametersrelated with themthat could be useful and important to sudy the tumor evolution after a
treatment procedure
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