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POISSON APPROXIMATION OF RADEMACHER
FUNCTIONALS BY THE CHEN-STEIN METHOD
AND MALLIAVIN CALCULUS

KAI KROKOWSKI*

ABSTRACT. New bounds on the total variation distance between the law of
integer valued functionals of possibly non-symmetric and non-homogeneous
infinite Rademacher sequences and the Poisson distribution are established.
They are based on a combination of the Chen-Stein method and a discrete
version of Malliavin calculus. We give some applications to shifted discrete
multiple stochastic integrals.

1. Introduction

Stein’s method and the Malliavin calculus have been combined for the first time
by Nourdin and Peccati in the initial paper [9] in order to derive explicit bounds
on the error in the normal and Gamma approximation of functionals of general
Gaussian processes. This new approach to Stein’s method, also known as the
Malliavin-Stein method, has also been used to deduce quantitative central limit
theorems for functionals of general Poisson measures (see [13]) and for functionals
of infinite symmetric Rademacher sequences (see [11] and [6]). Here, the term
symmetric Rademacher sequence refers to a sequence of independent and identi-
cally distributed random variables taking the values +1 and —1 with probability
1/2 each.

The results in [11] and [6] are based on a product formula for multiple sto-
chastic integrals (see Proposition 2.9 in [11]), whose proof relies on the simplic-
ity of the underlying symmetric Rademacher sequence. The findings of [6] were
further developed in [7], where a second order Poincaré type bound on the Kol-
mogorov distance between the law of functionals of possibly non-symmetric and
non-homogeneous infinite Rademacher sequences and the standard normal distri-
bution was derived. For analogues of such second order Poincaré type inequalities
in the Gaussian and Poisson case see [10] and [8], respectively. One advantage of
the bound in [7] is that it can be further evaluated without the need of a product
formula for multiple stochastic integrals.

Poisson approximation by a combination of the Chen-Stein method and Malli-
avin calculus has first been tackled in [12], where the author computed explicit
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bounds on the total variation distance between the law of integer valued function-
als of general Poisson measures and a Poisson distribution. Furthermore, sufficient
conditions for the convergence in distribution of suitably shifted multiple stochas-
tic integrals to a Poisson random variable and rates of convergence for the Poisson
approximation of statistics associated with geometric random graphs were cov-
ered. For further works in the framework of the Chen-Stein method and Malliavin
calculus see, e.g., [3], [16] and [17].

The purpose of this paper is to combine the Chen-Stein method and a discrete
version of Malliavin calculus (as developed in [14]), and thus, to continue the work
of [6] and [7] to the case of Poisson approximation. A general bound on the total
variation distance between the law of integer valued functionals of possibly non-
symmetric and non-homogeneous infinite Rademacher sequences and the Poisson
distribution is shown (see Theorem 3.1). Applications to shifted multiple stochas-
tic integrals are considered (see Theorem 3.4 and Corollary 3.5 as well as Theorem
3.7 and Corollary 3.9). For this, a generalization of the product formula from [11]
to multiple stochastic integrals based on an underlying possibly non-symmetric
and non-homogeneous Rademacher sequence is proved (see Proposition 2.2). In
addition, using the techniques provided in [7], a second order Poincaré type in-
equality is deduced from the general bound (see Theorem 3.13).

The remainder of this paper is built up as follows. Section 2 collects the bases
of the discrete Malliavin calculus as well as the product formula for multiple sto-
chastic integrals. Furthermore, a short introduction to the Chen-Stein method
is given. Section 3 contains all of the main results and their proofs. Section 4
serves as appendix and bears the proof of the product formula and, additionally,
a standard approximation argument that is used within some of the proofs in this
paper.

The authors of [15] have also developed bounds on the total variation distance
between the law of integer valued functionals of possibly non-symmetric and non-
homogeneous infinite Rademacher sequences and the Poisson distribution by using
a generalization of the product formula for multiple stochastic integrals in [11] as
well. In particular, Theorem 3.1 and Corollary 3.3 here are related to Theorem
6.3 in [15], Theorem 3.4 and Corollary 3.5 are related to Theorem 7.1 in [15], and
Theorem 3.7 and Remark 3.8 are related to Theorem 8.2 and Proposition 8.3,
respectively, in [15]. However, the corresponding results of [15] and this paper
were worked out independently of each other and differ (see, e.g., Remark 3.6). In
addition, we contribute a second order Poincaré type bound which is not provided
in [15].

2. Preliminaries

2.1. Rademacher sequences. Let p := (pi)ren be a sequence of success prob-
abilities fulfilling 0 < pr < 1, for every k € N, and let ¢ := (gr)ren be the
corresponding sequence of failure probabilities with g := 1 — py, for every k € N.
Furthermore, let (Q,F,P) be a probability space with Q = {—1,+1}, F :=
PE-1,+1})®N and P := @, (prds1 + qrd—_1). Now, let X := (Xj)ren be a
sequence of independent random variables defined on (2, F, P) by Xy (w) := wg,
for every k € N and w := (wi)ken € Q. Here, we refer to the sequence X as
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(possibly non-symmetric and non-homogeneous) Rademacher sequence. In the
following, we will introduce discrete multiple stochastic integrals on the basis of
our Rademacher sequence. To this end, we also define the standardized sequence
Y = (Yk)keN with

Yi := (Xi — E[X])/v/Var(Xy) = (Xi — pr + )/ (2v/Pran),

for every k£ € N.

2.2. Kernels and contractions. Let x be the counting measure on N. We put
(N)®" .= [2(N",P(N)®" k"), for every n € N. In the following, we refer to
the elements of ¢2(N)®" as kernels. Let ¢?(N)°" denote the subset of ¢2(N)®" of
symmetric kernels. Furthermore, let £3(N)®™ denote the subset of kernels vanishing
on diagonals, i.e. vanishing on the complement of the set A, := {(i1,...,in) €
N" :i; # iy, for j # k}. We then put £3(N)°" := (2(N)°" N ¢3(N)®". For n,m € N,
take two kernels f € ¢3(N)°" and g € £3(N)°™. Now, for r = 0,...,n A m and
£=0,...,r, the contraction of f and g is defined by

0 - . . .
f*r 9(7’17 ey tn—r, klv .. '7k7“—£aj17 cee 7]m—r)
= Z f(z'l,...,in_,.,kl,...,k,._g,al,...,ag)

(a1,...,ap) €A,

X g(j17"'7jm—7“akl7'"7k7’—f7a17"'7a’£)a

that is, by identifying r of the n variables of f with r of the m variables of g and
then integrating out ¢ of the r identified variables with respect to the counting
measure k. Note that f L g € 2(N)®Tm=r=t since || f *L gll2qensm-—r—e <
I flleznyen [lgllezyem (cf. Lemma 2.4 in [11]). Even though f € (§(N)°" and
g € 3(N)°™, the contraction f x£ g must neither be symmetric nor be vanishing
on diagonals. Therefore, we define the canonical symmetrization of a function
f on N by f(il, ceyly) = % > o flic1)s- - io(n)), Where the sum runs over all
permutations o of the set {1,...,n}. Note that, if f € (2(N)®", then f € (2(N)®",

since ||ﬂ\z2(N)®n < | fllez vy -

2.3. Discrete multiple stochastic integrals and chaos representation. For
n € Nand f € £2(N)°", we define the discrete multiple stochastic integral of order
n of f by

To(f)=" Y flir,...in)Yi oY

(i1,...,in)ENT

= Z flir, .o yin)Yey - Ya

(i1,.0yin)EAL

=nl > fli, . yin)Ys - Y (2.1)

1<i1<...<ip<oo

In addition, we put £2(N)®? := R and Jy(c) := c, for every c € R.
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For every n € N, the subspace {J,(f) : f € (3(N)°"} of L?() is called the
Rademacher chaos of order n. Now, every square-integrable Rademacher func-
tional F € L*(Q) admits a unique decomposition of the form

F=EF]+ Y Ju(f) (22)

with f,, € £2(N)°", for every n € N (cf. Proposition 6.7 in [14]). We call (2.2) the
chaos representation of F', where the series converges in L?((2).

We will now prepare for the presentation of a product formula for discrete
stochastic integrals. The following observation is crucial to derive such a product
formula (cf. Chapter 5 in [14]).

Lemma 2.1. For every k € N, Y,? admits the chaos representation
VE =14 opVs, (2.3)

where the sequence ¢ = (k. )ken 8 defined by or := (qk — Pr)/\/Pkqk, for every
ke N.

For n,m € N, take two kernels f € (3(N)°" and g € (3(N)°™. Now, for

r=1,...,nAmand £ =0,...,r — 1, we define the weighted contraction of f and
g by

SO*T_é(f *7{ g)(zlv e 77:n77’7 kla sy kT*f)jlv e 7jmfr)

= Py e P SR 9l Ry R 1 )
Note that the indices ki, ..., kr_¢ of the factors in the product ¢y, - ... ¢k, _, are
the  — £ variables of the contraction f «% g that are identified but not integrated
out. For r =0,...,n A m, we further define

A ) (€T I TR S IEEy S| (PR N SR N B

Now, the following proposition states a formula for the product of discrete
multiple stochastic integrals. Note that this is a generalization of Proposition 2.9
in [11] to the case of stochastic integrals based on a possibly non-symmetric and
non-homogeneous infinite Rademacher sequence. We refer to the appendix for a
proof of the statement. Also note that the following Proposition 2.2 corresponds
to Proposition 5.1 in [15].

Proposition 2.2 (Product formula). Let n,m € N and f € (3(N)°", g € (3(N)°™.

Furthermore, let (0*"=¢(f *£ g)) 1a € B(N)entm=—r=t forr =1,...,nAm
and £ =0,...,r—1. Then,

n+m—r—~

r

RTINS St (T (D Sl (A PRSI (v IR

r=0 =0
(2.4)

S () (e (T
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where we put Ta, = 1.

Remark 2.3.
(i) In Proposition 2.2, sufficient conditions for (p**=¢(f % g))1a,,,. . , to be
an element of (2(N)®+m=r=¢ forevery r =1,....,.nAmand £ =0,...,7r—1,

are given, e.g., if the sequence ¢ is either constant or fulfills [|p||¢2 vy < oc.

(ii) While we will use (2.4) in further applications, the representation of the prod-
uct formula in (2.5) exhibits the relation between the general case of a possibly
non-symmetric and non-homogeneous Rademacher sequence and the case of
a symmetric Rademacher sequence. In the case of a symmetric Rademacher
sequence X, i.e. pp = qx = 1/2, for every k € N, the coefficients ¢j, of the
chaos representation of Y;? in (2.3) vanish, for every k € N, so that Proposition
2.2 reproduces Proposition 2.9 in [11].

The next corollary states an isometry formula for stochastic integrals as seen
in Proposition 4.2 in [14]. Note that this is also an immediate conclusion from
the product formula in Proposition 2.2, since, for every n € N and f € (3(N)°",
E[J.(f)] = 0.

Corollary 2.4 (Isometry formula). Let n,m € N and f € (3(N)°", g € £3(N)°™.
Then,

Bl (/) m(9)] = {g“f e 26)

2.4. Discrete Malliavin calculus. We define the discrete gradient operator D.
For every w = (w1, ws,...) € Qand k € N, let w¥ := (w1, ..., wp—1, +1, Wp1,...)
and w* = (w1,...,wp_1,—1,Wky1,...). Furthermore, for every F' € L'(Q2), w € Q
and k € N, let F; (w) := F(w") and F, (w) := F(w*). For F € L'(Q), the discrete
gradient operator is defined by DF := (DyF)gen with

DyF = \/prae(F — F), (2.7)

for every k € N. Note that it immediately follows from (2.7) that, for every k € N,
Dy F is independent of X;. Now, let FF € L?(f2) have the chaos representation
F =E[F] + > 0", Ju(fn) with kernels f,, € (3(N)°", for every n € N. Then, for
every k € N, D, F € L*() and has the chaos representation

DypF = Z an—l(fn( ’7 k))v

n=1
where, for every n € N, f, (-, k) € £3(N)°"~1 denotes the kernel f,, with one of its
components fixed, thus as a function in only n — 1 variables (cf. Chapter 2.3 in
[7]). In addition, for F € L'(Q) and m € N, the iterated discrete gradient oper-
ator of order m is defined by D™ F := (D}*  ; F)g,, . knen with D' F =
Dy, (Dlji:l.,km,lF)’ for every ki,...,k, € N, where we put Dgl

.....
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Given F € L*(Q) with chaos representation F' = E[F] + > 7 | J,(f,) as above
and m € N, we say F' € dom(D™), if

o0

nl
]E[HDmFH?Q(N)@m] - Z mn'”‘fn‘l?z(l\])@n < Q. (28)

We will now define the discrete divergence operator ¢ and its domain dom(d).
For n € N and f, € £3(N)°"! ® ((N) we consider the sequence u := (u)gen
with wy == Y02 Jo—1(fn(+,k)), for every k € N. For such a sequence u, we say
u € dom(9), if

oo

Z | fala, H??(N)‘@n < oo. (2.9)

n=1

For u € dom(§), the discrete divergence operator § is then defined by

S(u) == Ju(fnla,)

n=1

Note that (2.9) is equivalent to E[(6(u))?] < co. Now, § is the adjoint of D (cf.
Proposition 9.2 in [14]).

Lemma 2.5. Let F' € dom(D) and u € dom(d). Then,
E[F(u)] = E[(DF, u) ). (2.10)

Next, we define the discrete Ornstein-Uhlenbeck operator L and its (pseudo-
Jinverse L™, Given F € L?(Q), again with chaos representation F = E[F] +
S Ju(fn) as above, we say F € dom(L), if

n=1

o0
> Pl fullZ2 guyen < oo

n=1

For F € dom(L), the discrete Ornstein-Uhlenbeck operator L is then defined by
oo
LF :=— Z nJp (fn)-
n=1
For centered F € L?(Q), its (pseudo-)inverse is defined by
o 1
L7'FPi==) = :
> —Tnlfa)
n=1
The following lemma states the relation between the operators D, § and L (cf.
Chapter 10 in [14]).
Lemma 2.6. It holds that

L=—6D. (2.11)

Finally, we present an integration by parts formula, which is one of the main
contributions to the discrete Malliavin-Stein method.

Lemma 2.7 (Integration by parts formula). Let F,G € dom(D). Then,
E[(F — E[F])G] = E[(—DL™"(F — E[F]), DG) g2 ()] (2.12)
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Proof. Relation (2.11) and the adjointness of D and ¢ in (2.10) yield
E[(F - E[F])G] = E[LL~*(F - E[F])G]
= E[-6DL™Y(F — E[F))G]
= E[(~DL™'(F — E[F]), DG)s(n)].
(I

2.5. The Chen-Stein method. Stein’s method for Poisson approximation, also
known as the Chen-Stein method, has been introduced by Chen in [4]. Since
then, the method was further developed by Barbour and others, see, e.g., [1].
The starting point of the method is the following characterization of a Poisson
distribution. A random variable Z has a Poisson distribution with mean A > 0, if
and only if, for every bounded function f : Ny := NU{0} — R,

E\f(Z +1) — Zf(Z)] = 0.

Now, the main idea is to set the total variation distance between the law of a given
random variable and a Poisson distribution in relation to the characterization
above. The link to do so is given by the Chen-Stein equation. To state the
equation, let Po(A) be a Poisson random variable with mean A > 0. Then, for
every A C Ny and k € Ny, the Chen-Stein equation is given by

Af(k+1) = kf(k) = 1ipeay —P(Po()) € A). (2.13)
For k € N, (2.13) has a unique and bounded solution fy 4 : N — R with

kl )\]

Ira(k) Po()\) € A))ﬁ’ (2.14)

]:0

Since, for k = 0, the value of f(0) does not contribute to (2.13), we conventionally
put fr.a(0) = 0. Given a function f : Ny — R, we define the forward difference
of f by Af(k) := f(k+ 1) — f(k), for every k € Ny. Furthermore, we define
the iterated forward difference of f by A2f(k) := A(Af(k)), for every k € Ny.
Moreover, the supremum norm of f is given by ||f|lec := supgep, |f(K)]. The
following bounds hold for the solution of the Chen-Stein equation in (2.14) (cf.
Lemma 1.1.1 and Remark 1.1.2 in [1]):

aalle S 1AV 2, 1Al < 2 (215)
ANAllco > e/\7 MNAlloco > Y . .
In addition, the relation ||AZf\ alloo < 2[|Afx.alleo gives the obvious bound
2(1—e™?
18245 alle < 22270 : ), (2.16)

Note that the bound [|AZf) alleo < 2(1 —e™*)/A? does not follow from Theorem
1.3 in [5] as stated in [12] and [15]. However, Theorem 1.3 in [5] does lead to a
bound [|AZfy allee < 2/
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3. Main Results

In the following, we will deduce a bound on the error in the Poisson approxi-
mation of general integer valued functionals of possibly non-symmetric and non-
homogeneous infinite Rademacher sequences with respect to the total variation
distance. The total variation distance between the distributions of two random
variables X and Y with values in Ny is defined by

dry(X,Y) := sup |[P(X € A) — P(Y € A)|.
ACN,

For a corresponding bound on the error in the Poisson approximation of integer
valued functionals of general Poisson measures see Theorem 3.1 in [12]. Again,
note that the following Theorem 3.1 and Corollary 3.3 are related to Theorem 6.3
in [15]

Theorem 3.1. Let F € dom(D) with values in Ny and let Po(\) be a Poisson
random variable with mean X\ > 0. Then,

dTv(P:PO(A»

< (L 2)n=BiF) + S5 B~ (DR DL (P~ EFDy ]

+1767>\E[< L DF(DF + ypiX) ~DL™N(F ~E[F)))
X Nz v

Proof. By the Chen-Stein equation in (2.13) and the integration by parts formula
in (2.12), we have, for every A C Ny,

P(F € A) — P(Po(\) € A) = E[Afa a(F +1)] — E[F fx a(F)]
=EX(faa(F +1) = faalF))] = E[(F — E[F]) faa(F)] = E[(E[F] — A) faa(F)]
= EMASya(F)] — E[Dfr a(F),—DL™'(F — E[F])) 2 w)]
— E[(B[F] = A)fa,a(F)]. (32)
We will now further deduce D fy 4(F). For every k € N, we have
Difaa(F) = Vokar(fra(FD) = fua(Fy)
= Afaa(F) - DiF + oeae(foa(F) = ra(F7) = Afsa(B)(E = F)
= Afxa(F) DiF + Ri(F) (3:3)
with

ZZ(N)] (3.1)

Ri(F) := ok (Fra(FY) — faa(Fy ) — Afs a(F)(F = F)).
Now, let a, k € Ng with k£ > a 4+ 2. Then,

k—a—1
fra(k) = faala) —Afxala)(k—a) = Z j- A faalk—j—1).
j=1
Similarly, for every a, k € Ny with k£ < a — 1, one gets
a—k

fralk) = frala) = Afxaa)(k—a) = > j-A%faalk+j—1).

J=1
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Moreover, for every a € Ny and k € {a,a + 1}, it holds that
fra(k) = faala) = Afxala)(k —a) = 0.

Thus, for every a,k € Ny,

Fralk) — Frala) = Ay aa) (k- o) < 122l )~ 1) (3.0

We will now use (3.4) to further estimate the error term Ry (F') in the chain rule
at (3.3). Note that, for every k € N, we have

Rie(F) = /oe@ie(fra(F) = faa(Fy) = Afaa(F ) (B = F) Lix=—1y
Prar(Mna(Fy) = fua(FD) = Afaa(FO(F = F9) Tix, =413 -
It then follows by (3.4) that, for every k € N,
[ a(ES) = faa(F) = Afa(Fy ) (B — F)

< A2 fx alloo

< IS DA (R - FO(F - Fy - 1)

and

|Aal(Fy) = faalFD) = Afsa(BD(F; — B

< 18Pl (et — 4 ),
Thus, for every k € N,
o) < I8Pl gy - B -1y
APl m e~ R -+ D ey
= ”Nf%”“’mmf —FOF — iy + Xi)
= A% fx alloe === DxF (DiF + /PraiX). (3.5)

ﬁ

Putting R(F) := (Ry(F')),cn, We then deduce from (3.2) by (3.3) and (3.5) that,
for every A C Ny,

|P(F € A) — P(Po()) € A)|
= [E[Afx a(F)(A = (DF,=DL™(F — E[F])) )]
—E[(R(F), ~DL™'(F = E[F))) 2] = EI(E[F] = N f.a(F)]|
< 18l B{A = {DF, -DL” HE — B[F]) e
8% f3 4l B [{ 5= DF(DF + \/paX), |- DL (F ~ E[F])|)

2/pq
+ [1/x.alloc|A = B[F]].

(3.1) now follows by (2.15) and (2.16). O

€2(N)}
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Remark 3.2. Note that the arguments used in the proof of Theorem 3.1 are not
restricted to the choice of the total variation distance to measure the distance
between the laws of F' and Po()). Indeed, choosing any arbitrary class H of
bounded test functions h : Ny — R would lead to a bound

sup [E[h(F)] — E[h(Po(A))]|

heH
< fnlloolX = E[F]] + [|A falloo E[JA = (DF, =DL™(F — E[F])) ;2 () ]

1
+|A2f, OOEK—DF DF + \/pgX),|-DL~Y(F — E[F >
| I N ( VPaX),| ( [F]I
where f5, denotes the solution to the corresponding Chen-Stein equation. Taking,
e.g., H as the set of all Lipschitz functions on Ny with Lipschitz constant not
greater than 1 yields the following bound on the Wasserstein distance:

dW (F, PO()\))

£ (N)] ’

<IN =ELF]| + (1A s ) ElIA = (DR, DL~ (F = E[F])) e |
+ (% A %) E [<2\ZTqDF(DF + paX), |-DLY(F — E[F])\>Z2(NJ ,

where we took the bounds for || fi|co, |Afnllce and [|AZ%fr|lee from Theorem 1.1
in [2].

The following corollary shows that we can rewrite the bound in (3.1) without
resorting to the Rademacher sequence X. In this way, our bound here gets a
representation closer to the one of the bound in Theorem 3.1 in [12].

Corollary 3.3. Let F € dom(D) with values in Ny and let Po()\) be a Poisson
random variable with mean X\ > 0. Then,

dry (F,Po(}))

e
§(1A\/z)IAE[F]I+1 B[\~ (DF, ~DL™\(F — EIF]))e2 |

Proof. We only have to consider the last summand of the bound in (3.1) sepa-
rately. Since, for every k € N, Dy F(DiF + /prqrXk) > 0 by (3.5) and Dy F is
independent of X}, for every F' € L*(f), we get

E K%DF(BF + /pgX),|-DL~N(F — E[F])|>E2(N)]

N
= \/;Tmc E[Dy F(DiF + \/prge Xy) - | =D L™ (F — E[F])]]

k=1
=2 plqu E[Dy F(DiF + v/prai(pr — k) - |=Dp L™ (F = E[F))]].

b
Il
—
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Plugging this into (3.1) concludes the proof. O

In the following, we will deduce explicit bounds on the error in the Poisson
approximation of suitably shifted discrete multiple stochastic integrals of fixed
order with respect to the total variation distance. We start with suitably shifted
discrete multiple stochastic integrals of order 1. Again, note that the following
Theorem 3.4 and Corollary 3.5 are related to Theorem 7.1 in [15].

Theorem 3.4. Let F = E[F] + Ji(f) with values in Ng and f € (*>(N). Further-
more, let Po(\) be a Poisson random variable with mean \ > 0. Then,

dry (F,Po())

2 1—e?
< (1A S5) A= EF + —— A = I |

7)\00

R X 0+ VP~ a0 (3.

— (1 A \/Z)M — E[F]| + ! 7;% |A — Var(F)|

LA &
B > o 0 VPR SR -F B 7

Proof. In order to show (3.6) and (3.7), we have to evaluate the last two summands
of the bound in (3.1). By virtue of Corollary 3.3, we thus have to compute the
quantities

Ay = E[X = (DF,=DL™(F = E[F]))e2m) ]

and

Ay = ’; plqu E[DyF(DiF + /prte(pk — ar)) - |-Di L™ (F — E[F))]].

Now, for every k£ € N, we have that
D.F = —D,L™Y(F — B[F]) = f(k).
This yields

(DF,=DL™Y(F = E[F))zy = Y _ (k) = || fll72n)-
k=1

In addition, by the isometry formula in (2.6), it follows that
Var(F) = || fll7 -
Thus,
Ar = X =1 f 7] = I = Var(F)].
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Furthermore, we have

— c- 1 2 _ .
Ay = ’; \/m(f (k) + v/Prar(pr — ar) f(K)) - [ f(K)].
This concludes the proof. O

Now, the following corollary is a first application of Theorem 3.4 and serves as
an insight into the quality of our main bound in Theorem 3.1.

Corollary 3.5. Let (Bg)ren be a sequence of independent Bernoulli random
variables with P(B, = 1) = py and P(Br = 0) = qi, for every k € N, and
Yooy pe < 0o. Furthermore, let F = Y 7 | By, and let Po(\) be a Poisson ran-
dom variable with mean X\ > 0. Then,

dTV (F, PO()\))

< (a2 -+ 55
k=1

Proof. Since, for every k € N,

‘)\ ZPM‘-F Zpqu-

X 1
Bki k2+,

F has a representation of the form F < E[F] + J1(f) with f € ¢*(N). More
precisely, we have

o0 oo

d o= X, +1 X +1—2py,
F= = Pk + \/kaki =E[F]+ Ji(f)

with f(k) := \/prqx, for every k € N. Note that f € ¢2(N), since

Zf2(k) = Zkak < Zpk < 00.
k=1 k=1 k=1

According to Theorem 3.4, we thus have to evaluate the quantities

= A= E[F]], As:=|\— Var(F)|

and
Z T )+ VP — ) FR) - | (B
Now, )
Zpk, Var(F Zpqu
Thus,

Ay = ’A—Zpk ;A= ‘A—Zpqu‘~
k=1 k=1
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In addition,

o0 o0
= pear(l+pe—ax) =2 piai-
k=1 k=1

This concludes the proof. O

Remark 3.6. Note that, for A := Z;’;l Pk, the bound in Corollary 3.5 yields

e

Zpk+ Zpk% S me

and thus, is (up to the constant) of the quality of the classical result

dTV(ZBk,Po)\)_

k=1

dTV (F PO(

as discussed in Chapter 1 in [1]. However, Corollary 7.1 in [15] does lead to a
suboptimal result (cf. Chapter 7 in [15]).

We will now turn to suitably shifted discrete stochastic integrals of order m > 2.
Here, we will have to fully make use of the generalized product formula in Propo-
sition 2.2. For a corresponding result on the Poisson approximation of perturbed
functionals of general Poisson measures inside a fixed chaos see Theorem 4.10 in
[12]. Again, note that the following Theorem 3.7 and Remark 3.8 are related to
Theorem 8.2 and Proposition 8.3, respectively, in [15].

Theorem 3.7. Let m > 2 be an integer, F = E[F] + J,,(f) with values in Ny

and f € BN)™ fulfilling (9" =¢(f % ) Lapy, -, € BN, for cvery
r=1,....,nAm and £ =0,...,r—1. Furthermore, let Po(\) be a Poisson random
variable with mean A > 0. Then,

dry (F,Po()))

< (1/\\/Z>|)\—]E[F]|+ !

(m )

+1fe* ( ) | " mfm-1 *rr—1
) SHZZ {2m— 7‘[5}7"7) r—1 (-1

67)\
I\ — Var(F)|

r=14¢=1
9 1/2
X (SO*T*Z(f *ﬁ f)) ]1A2mfi“*z 02 (N)@S)
1—e? P
+ Var(F)(m? —((m — 1)! -k 2 1 )?
VN (3 = DB gen)
oo 1 2(m—1) m -1 : ’ :
DI DI DI - :
+m Zpqu Z s ZZ {2m—r—t=s}(r —1)! r—l t-1

k=1 s=1 r=1
s#Em—1
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2
X (cp*rfl(f( o k) *ﬁ:ll f( i k))) ]lAzmH‘*@ £2(N)®s
T S U ) Sy ()
iy Prdk . r=1¢=1 ey Al ol
X (@GR A FC ) L
. 9 1/2
+ VPR (e — ar) (- K) 52(N)®m*1) -89

Proof. Tt suffices to prove (3.8) for kernels f € £2(N)°™ with finite support only.
The general case then follows by considering the sequence of truncated kernels
(fr)ren with fy, := f1{ . gy, for every k € N, and the approximation arguments
further discussed in Lemma 4.1 and Corollary 4.3 in the appendix. Again, we
make use of Corollary 3.3 and compute the quantities

Az = B[]\ = (DF, =DL™Y(F = E[F)))e2m) ]

and
Ay:g; ;%EW#%MF+¢ﬁﬁ@www%FDM7%F*Hﬂm~

Now, for every k € N, we have
Dy F =mJp-1(f(-.k)). (3.9)
By the product formula in (2.4), it then follows that, for every k € N,
(DpF)? = m?(Jm-1 (f(+, )))*

B R

r=0 =0

r=1
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=m’ Z (Zzﬂ@m r—t=s) ’"1)( —11)2(;—1)

r=1 /(=1

X (4 ) Mg, )

= m - m!|| £ ) om

X (5 ) Doy ) (3.11)

Furthermore, for every k € N, we have
1

~DiL™H(F = B[F]) = Jpn 1 (f(+, k) = —DiF, (3.12)
and therefore, by (3.11)
1 o0
(DF,—DL™"(F — E[F]))p2() = ~ > (DyF)?
k=1
2m— 1) 1N\’ /r—1
= m!|| fII72qyem +m Z Js (ZZn{Qm =gy (r = 1)! (r_l) (5_1)
r=1 /=1

—_~

X (@ (A ) Lagees )-

By the Cauchy-Schwarz inequality and the isometry formula in (2.6), we then get
Ay < (B[(A = (DF, =DL™N(F = E[F]))2))*])/*

<A = fl1qwyem

2(m—1) m r 2
-1 r—1
2 ! —™
B S S oo (]) ()

NIV D) R VS

2 1/2
42(N)®s) '

Using (3.12), the Cauchy-Schwarz inequality and (3.11), we further deduce
s
m

=1 VPrdk
< ;L(kz DkF) —I—\/M(pk_qk)DkF)2]>1/2(ZE[(DkF)Q])lm

k=1

E[((DxF)* + /Prar(pk — qx)DiF) - | Dy F]
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= (m! 2 1/2 i = L 2 - 2 1/2
= (! f [ qen)* (= ;pqu EI((DyF)? + VPrae(pr — ae) DkF)?])
Now, by (3.10) and (3.9), we have
(DiF)? + \/prar (Pk — k) DiF
i m—1\> <~ [r—1
:mzz(r_l)!(r_J ;<£—1>

r=1

% o (PR FCR) Lag, )

+ m/Prr (Pk — ai) Jm—1(f( -, k))
(m—1) m—1\2/r—1
— m?2 g;l Js (ggﬂ{zm ret=s} (T )'<7'—1) (Z—l)

—_~—

X (@ (F( k) L (k) Laa,e )

m T 2
9 m—1 r—1
+m Jm—l(Z ]1{27n—7'—€:7n—1}(r - 1)'<7“ _ 1) (E _ 1)

r=1 /(=1

+ %\/pqu(m —aqr)f(-, k))

=m*(m *1)'||f('ak)H?2(N)®m—1
Ay m—1\?(r—1
2
+m Z J(ZZH{Q’”’"‘ZS} )'<r—1> <€—1)
r=1/¢=1
#m 1

X (k) HES ) Mg, )

L T

- m—1\/r—1
+ m2Jm—1<;; ﬂ{2m—r—€:m—l}(r - 1)'<7" _ 1) (g _ 1)

B n— @) (-, F))-
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Thus, by the isometry formula in (2.6),
E[((DxF)? + /Prak(px — ax) DiF)?)

=m*((m = DU B gyem1)?

2m 1) m—1\2/r—1
—|—m4 Z 5'”221{2771 r—{= s} )'(T_l) (6—1)
r=14=1
a#m, 1

2

X (R G RD) Lo

S m—1\"(r—1
A PO IR N vty

r=1 ¢=1
—

X ((P*T_e(f( " k) *ﬁill f( ) k))) ]lAzm—r—z

2

p(N)@m—l’

+ %\/pqu(pk —ar)f(-, k)

and therefore,

Az < (m!||fH§2(N)®m)1/2
=1
x(m3 ——((m =D f(-, k)|? mo1)?
I;pqu(( MLFCs Bz quyem—1)
> Hm 1) L m—1 2 r—1
3y 'H 1 o= (™ -
o kz—:lpkq’f ; ’ ;zﬂ A G
- s#Fm—1 -
Yi —1 2
VB RTS V0N E N

+m3i— m—1) szﬂ{zm rt=m-1y(r = 1)} <r—11>2<2—1>

:kak r=1 /(=1

X (‘P*r_é(f( " k) *ﬁzll f( © k))) ]IAme'rfE

2 1/2
ZQ(N)@m—l) ’

The result now follows by a final application of the isometry formula in (2.6) to

+ %\/pqu(pk —qr)f(-, k)

deduce
Var(F) = m!| fl|7 qyy@m-
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Remark 3.8. Resorting, e.g., to the case m = 2 in Theorem 3.7 yields the bound
dTV (F, PO()\))

< (1 A \/Z) A — E[F)| + > _;_A I\ — Var(F)|

1—e? N

+ =@l (f 2 Dl + 81 4 ) Las Iy
1—e A

+ )\e Var(F)

=1 =1
X (8 ——||f (- k) [fepy +16 Y —— k) F( k) Ta, |12 e
( ;pqu £ Bz kZ:lpqull(f( ) %0 f(0 k) La, ez ave

ad /
+8) L||<P*1(f( k) (k) + %\/pk%(pk —ar) f( 'ak)||§2(1\r))1 g

w1 Prdk

Thus, the weak convergence of the law of F,, = E[F,] + J2(f,,) with f,, € £3(N)°2,
for every n € N, to a Poisson distribution is implied by the convergence of the first
two moments of F}, and by the vanishing of the quantities

™ (Fn %2 Flll s 1(Fn %1 Fr) L 2oy o2

o0 oo

1 1
- n'vk ’ 9 — ’n'vk *0 n'vk 1 2
kZ:lpquHf( ez ;pqu\l(f( )x0 fn (-3 K)) La, [lp2yye2
and
— 1 x1 0 1 2
Sl (fal- k) ful- k) + 5\/]%611@(1% — @) fu ()72 vy
= P
as n — oo.

Corollary 3.9. Let n > 2 be an integer, p, = 1 — qi := %, for every k € N, and
F, := Jo(fn) with f, € 3(N)°? given by

fn(i,j) = { 2n2 f( 7.7) S {(172)’(271)7 7(]" )’( ’1)}’

0, otherwise.

Furthermore, let Po(A\,) be a Poisson random variable with mean A\, := Var(F,).
Then,

dTV(Fna PO()\n)) S

sl

with C == 5§ + V2.

Proof. First note that Fj, fulfills the assumptions of Theorem 3.7. To see that
F,, only takes values in Ny, let (Bg)ren be a sequence of independent Bernoulli
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random variables with P(By = 1) = 1 and P(B, =0) =1— 1, for every k € N.

Then, Y 4 3’% = Tiﬁff_f’ for every k € N, and thus,

n

- . n—1 -
= ) fali, )YiY; = VY VLB -n) (B —n).  (313)
,j=1 i=2 i=2

Now, since n > 2, we have that B; — n is a strictly negative integer, for every
i =1,...,n. Therefore, it follows from (3.13) that F,, is a strictly positive integer.
Let us come to the proof of the assertion. According to Remark 3.8, we have to
further compute the quantities

A1(n) == [Ap = B[R], Aa(n) == [An — Var(F,)|, Az(n) = [lo* (fu %5 o)l
As(n) = |[(fa*1 o) Lyl oqyees As(n) i= Zﬁ”f"( )1z
=1
Ag(n) = kZ:l M“(fn(vk) *8 In(-,K)) ]1A2||§2(N)®2
and
Ar) = 30— () 1)+ VERGE — ) B
k=1

First of, since A\, = Var(F,) = 2||fn||§2(1\0®2 = (";41)3, we have that Ai(n) =
(n—1)°
n4

< L and Ay(n) = 0. Considering A3(n), for every i € N, we get

n n
Faxg Fu(@) =D f2(05) = fali, )+ D f2(6,5)
j=1 =2
_ (17 1) (]1{ 2,...n} +(n — 1)]1{'71})
n 1= N 1= b
and hence, with ¢? = (q’;)kf;:) (7; -, for every k € N,
(n—1)3(n—2)? &
Agln) = = ;(n{z 2y (=1 Ly )
(n—1)*(n —2)? 1
= <
16n7 ~ 16n

Turning to A4(n), for every ¢, j € N, we have
(fr*1 fn) Lay (3, 5) Z (i) fu (3 k) La, (4, 5)

12
= fn(lv 1)fn(]7 1) ]lAz(ivj) + an(l, k)fn(.77 k) ]lAz(ivj) = % ]1{2§i;£j§n}a

k=2
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and thus,

n—1)%(n—2) < 1
16n8 = 16n2°
To compute As(n), note that, for every k € N,

1 Bl = (7208 + 3 £26.8)
j=2

B (n—1)*
T 16n8

A4(n) = (

<1{k:2wwn}_%01__1)21{k:1})a

and therefore, with pqu = 5, for every k € N,

(-1 ¢ : (-1 _ 1
Ao(n) = T 2 (Lo +0 =D Loy ) = B < g

For Ag(n), it shows that, for every i,j,k € N,

(fn( 7k) *8 fn( ’k)) ]1A2(Z’.7) = fn(za k)fn(]ak) ]lAz(Zvj)

(n—1)2
T T anr Locizj<ny Lip=13 -

Furthermore, for every k € N,

(n—1)°(n —2)
”(fn( T k) *8 fn( i k)) ]]-Az H??(N)‘g’2 = T ]l{k=1}’
so that, again with qu = 5, for every k € N,
- 1D*n -2 1
Ay — (=D =2)

1616 = 16n
Finally, considering A7(n), for every k € N, it holds that

Tl )l >>+§qu<pk—qk>fn<~,k>||§z<N>

e
n
n - 2 ViIn-2), 2
k - T 5.2  Jn 7k )
(n— 1)3/2(n—2) (n —1)3/2(n —2)\2
B ( 4nA - And ) (]l{k:Z--.,n} +(n—1) 1{k:1}> =0
where we used that ) = n/rfl and /PrG(pe — ar) = *%, for every

k € N. We thus conclude that A7(n) = 0. Now, it follows from Remark 3.8 that

dry (Fn, Po(An)) < A1(n) + 2/ A3(n) + 2¢/244(n) + 2¢/245(n) + 41/ As(n)

where we used that, for every n > 2, (1/\,/%) =1, 1_§7A" < land+/Var(F,) <

1. This yields the assertion. O
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Remark 3.10. Note here that the Rademacher functional in Corollary 3.9 is of the
same spirit as the one considered in the example that follows Proposition 8.3 in [15].
For a sequence of success probabilities p = (pg)ren as in Corollary 3.9, the authors
of [15] compare a suitably shifted stochastic double integral F,, = A\, + Ja(f) to
a Poisson random variable Po(),,), where \,, > 4n is an integer and f,, € £2(N)°2
is given by
.o Ea lf (Z,])E{(1,2)7(2,1),,(1,71),(7’1,1)},
fn(laj) = { " .
0, otherwise.
However, for this particular choice our bound in Remark 3.8 as well as the corre-

sponding bound in Proposition 8.3 in [15] does not vanish, as n — oo, since the
involved norms of contractions do not tend to zero. For example, we have

4(n—1)3 2(n —1)°
2 fullagyes = S and e e = 20

)

s 1 e=Pn
so that the quantities A 2||fn||ég(N)®2| and 1= ||fn *1 ane?(N)®2 in
the bound of Proposition 8.3 in [15] never vanish at the same time, no matter of
the choice of A,,.

We will now turn to our final result, a second order Poincaré type bound for
the Poisson approximation of Rademacher functionals. One advantage of such a
bound is that it can be further evaluated without the use of a product formula
for multiple stochastic integrals or even a specification of the chaos representation
of the Rademacher functional of interest as in (2.2). See, e.g., Theorem 1.1 in [7]
for an efficient application of a corresponding second order Poincaré type bound
for the normal approximation of Rademacher functionals. Before we come to the
statement, we collect some tools from [7].

Lemma 3.11 (cf. Proposition 3.3 in [7]). For m € N, let ky,...,k, € N and
F € dom(D™). Then, for every real o > 1,

E[|Dy; ., L (F = BIF)I"] <B[Dy; g, FI°.
Lemma 3.12 (cf. Proposition 3.4 and Remark 3.1 in [7]). Let F € LY(Q). Then,
Var(F) < E[||DF||Z )-

Theorem 3.13. Let F' € dom(D?) with values in No and let Po()\) be a Poisson

random variable with mean X\ > 0. Then,

dTV (F, PO()\))

-
= ( \/7)|>‘ E[F |A — Var(F)|
P i P (DLF2) A E(DD, PR(D D) )
J.k, =1
l—e /3 & 12
T (4 Z @E[(DZD F)2(DyDyF) ])

J,k,€=1
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e &
+ X g ﬁ(E[<DkF>2<DkF+ﬁpqu<pk — )’ (E[(DLF)) .

(3.14)
Proof. We build on Corollary 3.3 by further estimating the quantities
Ay :=E[X— (DF,—DL™"(F — E[F])) 2 ]

and

Ay = g wjmmwww + VBRaR(pk — @) - |-Dp L™ (F — E[F])]].

Starting with A;, by means of the triangle and the Cauchy-Schwarz inequality, we
get
Ay < E[JA — Var(F)[] + B[[Vax(F) — (DF, DL (F — E[F])) 2]
< E[|A — Var(F)|] + (E[(Var(F) — (DF, DL *(F — E[F]))gz(N))z])1/2. (3.15)

Note that, by choosing G = F —IE[F] in the integration by parts formula in (2.12),
we have

Var(F) = E[{DF, DL~} (F - B[F])) )2,
and thus,
E[(Var(F) — (DF, DL™"(F — E[F]))s2(v))?] = Var((DF, DL™"(F — E[F]))s2(x))-

Hence, the second summand on the right hand side of (3.15) can be further esti-
mated by Lemma 3.12 and Lemma 3.11 as shown in the proof of Theorem 4.1 in
[7], which leads to

Ay < E[JA = Var(F)|]

+(F 3 (D, DLR) @D, DD )

3 = 1 ) 5\ 1/2
+ (f Y — E[(D¢D;F)*(D;DyF) ]) :
t=1 Peqe

Furthermore, by virtue of the Cauchy-Schwarz inequality and Lemma 3.11, we get

oo
Ay <
=1

1

(E[(DxF)*(DiF + /prax(pr — ar))?])"/?
Prdk

x (E[(DeL™H(F — E[F]))*])"/?

> e (BIDLF V(DR -+ it — au)*) 2 (BDRF)))2

This concludes the proof. O
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Remark 3.14. To give a first application and an insight into the quality of the
bound in Theorem 3.13, we consider the Poisson approximation of infinite sums
of Bernoulli random variables once more. For this, let (By)ren be a sequence of
independent Bernoulli random variables with P(By = 1) = p; and P(B, = 0) =
i, for every k € N, and > | pr < 00, and let F':= Y 7, Bj. Recall from the
proof of Corollary 3.5 that

4= Xp, + 1
F = .
2

Now, for every k € N, we have that

d X +1 i X +1
F,jzl—i—g 5 and Fk:E 5
=1 =1
i#k ik

and therefore, for every k,¢ € N, we get
Dy.F = /prar(Fyf — Fy)) = \/pkar  and  D¢DyF =0,

P-almost surely. Hence, F' € dom(D?) by (2.8) and all assumptions of Theorem
3.13 are fulfilled. According to this, we have to further compute the quantities

Ay =N —E[F], As:= |\ Var(F),

oo

Az = ( (E[(DjF)2(DkF)z])1/2(E[(D£DjF)2(DZDkF)Q])l/Q)1/27
g,k 0=1
(= L . s
m j,kz,ez—l pray PUDeDE) (DeDicF) ])

and

As = g \/plquGE[(Dk;F)Q(DkF + V/orar (o — a))’]) V2 (E[(Dy F)])V?

from the bound in (3.14). Recall from the proof of Corollary 3.5 that
o o
A=A =Yoo and Az = A=Y pearl.

k=1 k=1
Furthermore, A3 = A4 = 0 and

oo o0
A5 = prar(l+pe —ax) =2 piak.
k=1 k=1

This leads to the exact same bound

2 > 1—e =
drv (F,Po()\)) < (IA\/;)‘/\—Zpk‘+ N A= e
k=1 k=1

201 —e ) &
+ %ZP%CD@
k=1
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that we have deduced directly from Theorem 3.1 in Corollary 3.5.

4. Appendix

The purpose of this appendix is to prove Proposition 2.2. We start by collecting
some arguments that will be used within the proof. Note that Lemma 4.1 is a slight
generalization of Lemma 2.6 in [11], while Lemma 4.2 is known as Lemma 4.6 in
[14].

Lemma 4.1. Fiz n,m € N. Furthermore, let (fr)ren and (gr)ren be two se-
quences of kernels with fi, € £3(N)°" and gy, € (3(N)°™, for every k € N. Then, if
(fr)ken converges to a kernel f in £3(N)°™ and (gi)ken converges to a kernel g in
(2(N)°™ it holds that, for everyr =0,...,nAm and £ =0,...,r, the sequence of
contractions (fi, * gr)ren converges to f«% g in (2(N)@ntm-r—t,

Proof. Using the triangle inequality as well as Lemma 2.4 in [11], we see that
| fx *ﬁ gk — f *ﬁ 9\|e2(N)®n+nH~4
=\ fuxt (g —9+9) — (f = fu + fr) %t gllezuyentm—r—e
= |l fuxt (gr — 9) + (fx — f) %t gllez yonsm—r—e
< fx *r (gx = @)lezyemen—r—e + [|(Fx = ) %5 glle2 quyemsn—r—e
< | fellezayon lge — gllemen + (1 fx — flle@en
The statement now follows immediately by taking the limit & — oo. (]

9||z2(N)®m-

Lemma 4.2. Let n € N and f € (3(N)°". Consider the sequence of truncated
kernels (fi)ren with fy = 11 gyn, for every k € N. Then, for every k € N,

In(fr) = E[In ()| Fl,

where (Fi)ren denotes the canonical filtration given by Fy := o(Xy,...,Xy), for
every k € N.

Corollary 4.3. Letn € N and f € (3(N)°". Consider the sequence of truncated
kernels (fx)ren with fr = flg,. gy», for every k € N. Then, the sequence
(Jn(fr))ken convergences to J,(f) in L*(9).

Proof. By virtue of Lemma 4.2, (J,(fx))ken is a martingale with respect to the
filtration (F%)ren. Thus, the convergence of (J,,(fx))ken to Jn(f) in L?(Q) im-
mediately follows by the martingale convergence theorem. O

Proof of Proposition 2.2. Fix d € N. We start by proving (2.4) for stochastic
integrals of kernels f € ¢3(N)°" and g € (2(N)°™ with finite supports supp(f) C
{1,...,d}" and supp(g) C {1,...,d}™. We put A = A, N {1,...,d}" and
deduce from (2.1) that

In(f)Im(9)
= > Fivseeosin)gUny ey dm)Yay oo Ya Yy o2 Y5

(i1yeeosin,diseeesim) EAL X AL,

(4.1)
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We will now count the pairs of equal random variables in the products Y;, - ... -
Y; Y, -...-Y; in (4.1). Since (i1,...,in) € AL and (j1,...,jm) € A, each pos—

sible pair can only consist of one random variable taken from the set {Y;,,...,Y; }
and one random variable taken from the set {Y},,...,Yj }. Thus, each product
Y -... Y Y, -...-Y; can contain r = 0,...,n A m pairs. Now, there are
r!(:f) (T) different ways to build r pairs as described above. (There are (?) dif-
ferent ways to pick r random variables from {Y;,,...,Y; }, (") different ways
to pick r random variables from {Yj,,...,Y; } and ﬁnally r! different ways to
group pairs from the two developed r-sets.) By the symmetry of the summands
f(Zl,Jn)g(jl,,jm)Yzl Y;nY]l Y}m in il,...7in andjl,...,jm, re-

spectively, the sum in (4.1) can be rewritten in terms of summands containing r
pairs of random variables

nipamio =3 (") (") S Hlir kg k)

r=0 (’Ln rJm—rkr )eAn+m r

XYy oY Y Y YR YR (4.2)

with 4 = (i1, in—r)s Jm-r = (J1s-++Jm—r) and k. := (k1,..., k). We
will now further compute the product Y2 -...-¥;? in (4.2). By (2.3) it follows
that

HYM H 1+§0ng1€5 —1+Z Z ‘szl""'@kstkzl""'Ykzs'
(=1

s=11<t1<...<ls<r

Thus, the inner sum in (4.2) can be rewritten as the sum of the two quantities

2 Pl k)9 ki)Yo, - Vi YooYy (43)
(infmjm—'ka)EAd

ntm—r

and

Z Z Z Phey - Pk, fnr, ke )g(Gm—r, k)

(Bn—rsdm—r.kr)€Ad_ s=11<b < <Ls<r

XY .Y Y .Y,

In—r=J1 Im—r

Vi, oo Yo (44)

Using the fact that f and g vanish on diagonals as well as the symmetry of the

product measure ,u((X””)m 1 defined by ,u?”ﬁm T(A) = D i an)eA Yir ®
- Y;

inim_an, for every A € {1,...,d}"T™727 (4.3) can be further deduced as

> Flinr k)9 (Gm—r k) Yiy - Yo Vi oY

(En—rsdm—rkr)EAL

= Z Z fGn—r k) g(Gm—r, kr)Yiy - oo Yi, Y- Y,

(in—rsdm—r)EAL o, kr€AL
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= ) PR gl Gme)Yiy o Yo VoY
(infryjm,fr)eAi+rm72r
= Z (f*£ g)(in—’r’jm—r)}/i ."'.}/in—r}/jl e .Ytjmfr

(in—'r;jm—r)eAZ+m,2T

= Jntm—2r ((f *1rg) L pa

n+m-—2r

) : (4.5)
To further compute (4.4), note that, due to the symmetry of f and g, the sum-
mands

Phey “ v e Sakeb.f(infrv kr)g(jmfr’ k"‘)Yil et }/;n—r}/jl et }/‘—jm—'rYkll et Ykzs
are symmetric in k1, ..., k.. Thus, we get that, for r =1,... ., n Am,

Z Z Phoy oee @kzsf(in—'f” kr)g(jm—rv k?“)

kreAd 1<0 <..<l,<r

XY -

i1

Y, Y Y,

n—r Jm—r

Yie, oo Vi,

r o .
= <S> Z Gy = r o g(en—r, Ksy Fm—r)

kseA?
XYy oY, Y- Y Y Y
r *8 ™S8 . -
= s Z ® (f *p g)(znfhks’Jme)
kseA?
Yy -0 Y- Y Y - Y

Therefore, by using the same arguments as in (4.5), we obtain for (4.4) that, if
r=1,...nAm,

Z Z Z P, v Phag f(in*Tv kT)g(jmfrv kT)

(in—r;j'mf'ka)EATdL+m7T s=11<6<...<l:;<r

XYi, Y Y. Y

n—r<Jj1 Jm—r

Yiy, oo Vi

£s

=2 () > B R CHY N M

(in—mjm—r;ks)EAZer,QTJrS

XY ...

Yi, Y .. Y,

n—r Im—r

Vi, ... Vi,

_y (;”) 3 (" (F %57 9)(n—r Ky Gim—r)

(Tn—r>Jm—r 1ks)€A7{+m727«+5
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X Yil : - }/infryjl et )/jmfrykl '

- Ys

s

= Z (Z) Jntm—2ris (((P*s (f *p ° g)) ]]-Ai+m—2r+s ), (46)
s=1

and, if r =0,

Z Z Z 90/@@1 et @kzsf(in—ra kr)g(jm—ra kr) =0.

(infmjm—r,kr)EAerm7T s=11<l1<...<U;<r

(4.7)
Plugging (4.5), (4.6) and (4.7) into (4.2) finally yields
In(f)Tm(9)
nAm
3k (7:> (T) T (P 0) 18, )
nAm r
+2 7 (n) <m> 2 () Tnimorss (o (5 ) sy, )
~ n m —
= 2 7! <r> (T ) Jntm—2r ((f * g) ]IALWQT)
nAm
(

DG (e Tmse, )
- T;A::r! (Z) (T) ez;o (Z) S ((w*"“’(f K g pa )

for stochastic integrals of kernels f and g with finite supports supp(f) C {1,...,d}"
and and supp(g) C {1,...,d}™. For the general case consider the sequences of
truncated kernels (fg)qen and (gaq)aeny with fg:= f11 gy and gg := gL aym,
for every d € N. Now, f; € (3(N)°" with supp(fq) C {1,...,d}" and g4 € £3(N)°™
with supp(gq4) C {1,...,d}™, for every d € N. According to Lemma 4.1 and Corol-
lary 4.3, the statement now follows from the discussion above by taking the limit
d — o0. (]
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