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OPTIMAL APPROXIMATION OF SKOROHOD INTEGRALS
— EXAMPLES WITH SUBSTANDARD RATES

PETER PARCZEWSKI

ABSTRACT. We consider optimal approximation with respect to the mean
square error of It6 integrals and Skorohod integrals given an equidistant dis-
cretization of the Brownian motion. We obtain for suitable integrands optimal
rates smaller than the standard n—!, where n denotes the number of evalu-
ations of the Brownian motion. For the It6 integral this is due to the Weyl
equidistribution theorem and discontinuities of the integrand. For the Skoro-
hod integral the situation is more complicated and relies on a reformulation
of the Wiener chaos expansion. Here, we specify conditions on the integrands
to obtain optimal rates n=1/2, respectively, examples of lower rates.

1. Introduction

Suppose a Brownian motion (W})ic(o,1) on the probability space (£2,F, P),
where the o-field F is generated by the Brownian motion and completed by null
sets. Our aim in this note is to investigate the mean square error

1 1
e, =E </ usdWs — E {/ usdWs
0 0

for some It6 integrals and Skorohod integrals with sufficiently irregular integrands
(u¢)tejo,1- Our main result is that

271/2
Wi,Wz,...,Wl})

€ny Ncn,;l/2 (1.1)

for appropriate strictly increasing sequences (ny)ren and appropriate integrands.
The Skorohod integral is a natural extension of the It6 integral to nonadapted
integrands, see e.g. [4, 12]. The asymptotic behaviour in (1.1) is in contrast to
the ordinary optimal approximation error

en ~ent (1-2)

for 1t6 integrable and sufficiently smooth integrands us = f(s, W), see e.g. [8, 10,
14]. In [11] we considered simple Skorohod integrands of the type

(ue = F(tWe. Wray -, W) (1.3)
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for some f € C([0,1] x RE;R) and fixed 7o, ...,7x € (0,1]. Under some smooth-

ness and growth conditions on f and 1o,..., 7k € %N, we obtained (1.2) where the
constant ¢ is a natural extension of the constant in the Itd case. However, treat-
ing integrands with the condition 7o,...,7x € %N violated, the situation changes

extremely. Starting from the (stationary) Skorohod integrable process

1
Ut = Z Hh?kT}(W{kT})’
k>0

for the Hermite polynomials h” (x) (see below), the fractional part {kT} := kT —
|kT| and some fixed T € (0,1) \ Q, we are interested into the optimal ap-
proximation problem with integrands beyond the ordinary regularity assump-
tions. For these integrands no finite extension of the equidistant information
to Wijmyoo, Wi, Wey, ..., W, suffices to evaluate the corresponding Skorohod
integral exactly.

Thus, in contrast to (1.2), under some smoothness assumptions on the integrand
(1.3), we obtain as the main result in Theorem 3.3 a strictly increasing sequence
(nk)ken and the asymptotic behaviour (1.1) with the new constant

co = % <§E (/01 ugdWS)QDW

depending on further Skorohod integrals, where the integrands (u%)te[o,l] are spec-
ified by the initial process (u)¢ejo,1) in (1.3).

We observe the same optimal rate (1.2) for Itd integrals with discontinuous
integrands and specify the constant ¢ (Theorem 3.5).

Dealing with stationary integrands of more irregular type as u; = |Wr| for
some fixed T € (0,1) \ Q, we obtain smaller optimal rates, e.g. optimal rates
below n~ /2.

The recent work [7] presents It6 stochastic differential equations with infinitely
often differentiable and globally bounded coefficients such that the strong conver-
gence rate of all numerical schemes based on a finite information of the driving
Brownian motion is not polynomial.

However, in contrast to that, our results focus on the Skorohod integral. The
integrand requires appropriate continuity assumptions to ensure the existence of
the Skorohod integral itself and the elements in the constants in (1.1).

The paper is organized as follows: In Section 2 we give some preliminaries on
the Skorohod integral and present some helpful reformulations of the Wiener chaos
decomposition. The main results on the optimal approximation of Skorohod inte-
grals of integrands of the type u; = f(t, Wy, Wr,, ..., Wr,))ep0,1] are the content
of Section 3. The proofs are postponed to Section 4. Finally, in Section 5 we study
more irregular cases with optimal rates below n~1/2.

2. Preliminaries

Here, we give a short introduction to the Skorohod integral. An essential tool
is the reformulation of processes via the Wiener chaos decomposition. Aiming
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the optimal approximation, we collect some basic properties of conditional ex-
pectations and Skorohod integrals and present a simple It6 formula for Skorohod
integrals.

We restrict ourselves to the stochastic calculus on the Gaussian Hilbert space
{I(f) : f € L?([0,1])} C L*(Q), where I(f) denotes the Wiener integral. We
denote the norm and inner product on L?([0,1]) by | - || and (-,-). Due to the
totality of the stochastic exponentials

exp (I(f) = If1?/2) . f € L*([0,1]),

in L%(Q), (see e.g. [6, Corollary 3.40]), for every X € L2*(Q2,F,P) and h €
L?([0,1]), the S-transform of X at h is defined as

(SX)(h) = E[X exp (I(f) — I £1%/2)]-
The S-transform (S-)(-) is a continuous and injective function on L?(Q2, F, P) (see
e.g. [6, Chapter 16] for more details). As an example, for f,g € L?([0,1]), we
have (S exp (I(f) — || f]1?/2))(g9) = exp ({f,g)). In particular the characterization
of random variables via the S-transform can be used to introduce the Skorohod

integral, an extension of the It6 integral to nonadapted integrands (cf. e.g. [6,
Section 16.4]):

Definition 2.1. Suppose u = (ut)¢ecpo,1) € L*(2x0,1]) is a (possibly nonadapted)
square integrable process on (Q,F, P) and Y € L*(Q, F, P) such that

1
Vg € L2(0,1)) - (SY)(g) = / (Sus)(g)g(s)ds.

Then fol usdWs =Y defines the Skorohod integral of v with respect to the Brow-
nian motion W.

For more information on the Skorohod integral we refer to [6], [9] or [12]. We
recall that for the Hermite polynomials

2 k 2
& B & T d —x
ha (@) = (=) exp <g> P <%)
and every k € N, the k-th Wiener chaos H** is the L?-completion of

{hﬁfng(l(f)) : f € L*([0,1])} in L?(£2) and these subspaces are orthogonal and

fulfill L*(Q, F, P) = @50 H*:. Thus, for the projections
e s L2(Q) — HF,

for every random variable X € L?(f2), we denote the Wiener chaos decomposition
as

X = iwk(X).
k=0

We refer to [6, 5] for further details and a reformulation in terms of multiple Wiener
integrals. We recall that a process u € L?(£2 x [0,1]) is Skorohod integrable if and
only if

o0

Z(kf + 1)||7Tk(u)”%2(9x[0,1]) < 00,
k=0
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(cf. [6, Theorem 7.39]). The S-transform is closely related to a product imitat-

ing uncorrelated random variables as E[X ¢ Y] = E[X]E[Y], which is implicitly

contained in the Skorohod integral and a fundamental tool in stochastic analysis.

Due to the injectivity of the S-transform, the Wick product can be introduced via
Vg € L*([0,1]) : S(X oY)(g) = (SX)(9)(SY)(g)

on a dense subset in L?(Q2) x L?(2). For more details on Wick product we refer
to [6, 5, 9]. For example, for a Gaussian random variable X and all k € N, we see
that Hermite polynomials play the role of monomials in standard calculus as

XOk == hI]E[Xz](X)

Following [5, 3], we denote the Wiener chaos decomposition in terms of Wick
products as the Wick-analytic representation. In particular, for fixed t1,...,tx €
[0,1], f : RE — R and a square integrable left hand side, there exist aj, ., €
R,ly,...,lx > 0, such that

f(th7"'7WtK): Z Q... ZKW,ilIO"'OW;iK. (21)

For a proof of the following reformulations we refer to [6, Chapter 16] or [11,
Proposition 7]:

Proposition 2.2. Suppose X € L?(2) and a Skorohod integrable process u €
L2(2 x [0,1]). Then, if both sides exist in L?(£2):

1 1 1 1
/ XougdW, =X <>/ usdWy, / Xougds =X <>/ Usds.
0 0 0 0

Suppose fi, ..., frr € L?([0,1]) and I1,...,lx € N. Then the polynomial

h o>t 2/2
Ti,...,TK) = ————— €X a;T; — aifi 5
(@10 sok) = 5, p(> I asil?2)|,

AR =

(where we omit the dependence on f; and I; for shortance) gives the analytic
representation

h(I(fr),. I(fx)) = I(f1)*" oo I(fx)*'™, (2.2)

(cf. [6, Chapter 3]). For more details on these multivariate generalizations of
Hermite polynomials see e.g. [2] or [13]. Dealing with L?norms of Gaussian
random variables, we will frequently make use of

E((I(f1) oo I(fa) (I(g1) o0 I(gm))] = bum > [[(fisg0i)s  (23)

geS, i=1

forall n,m €N, f1,..., fn,91,---,9m € L*([0,1]), where S,, denotes the group of

permutations on {1,...,n} (see e.g. [6, Theorem 3.9]). In particular
B [(1()™ - 1(50)%)°] < m [T 0l A 24)
i=1

We denote the equidistant discretization of the underlying Brownian motion by
Ppi={Wi, Wz,... Wi}
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and the corresponding linear interpolation of the Brownian motion as

W/ = Wi/ +nt —i/n)(Wiis1y/n — Wism),
for t € [i/n,(i +1)/n), i = 0,...,n — 1. Obviously, we have W' = E[W;|P,].
The advantage of the Wick product is preserving the conditional expectation (see
[6, Corollary 9.4]):
Proposition 2.3. For X,Y, X oY € L?(Q) and the sub-o-field G C F:

E[X ¢ Y|G] = E[X|G] o E[Y|G].

Definition 2.4. We define the class of Wick-analytic functionals as

o0 o0
o ok ok Kk
FO Wiy W) =Y a1 eWik o0 ar p Wik, maxsup \/kllai,| < oo.
= k
k=0 k=0

In particular, the analytic representation
Folty, ot , Wiy oo, W)

of a Wick-analytic functional via (2.2) fulfills f° € C*(]0,1]% x RX R) and all
derivatives of Wick-analytic functionals are Wick-analytic as well (cf. [11, Propo-
sition 10]). Combining the previous propositions, we obtained the following refor-
mulation (Remark 11 in [11]):

Proposition 2.5. Suppose f € C1i%-2(]0,1] x RX) and fized 72,. .., 7K € [0,1].
Then, via (2.1) and (2.2), the analytic representation

fo(t77-27"'7TKaWt7WT27"'7WTK) :f(tawtaWTzv"'vaK)
satisfies o € CL--1i22([0, 1)K x RE).
This yields a simple Skorohod It6 formula ([11, Theorem 15]):

Theorem 2.6. Suppose K € N, f € C1%--2(|0,1] x RX) and fived 1o,...,7x €

0
[0,1]. Then (—f(t, Wi, Weyy ooty Wey) is Skorohod integrable and
Oy te[0,1]

FOW, Wy oo s W) — £0, Wo, Way, o, W)
1 1
0
:/ % 0(t,7’2...,Wt,...,WTK)th+/ Lfo(t,TQ...,Wt,...,WTK)dt,
0 1 0

with f© € CL+-12--2([0,1]% x RE) from Proposition 2.5 and the differential
operator L is defined as

62
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It is mainly due to the following integration by parts formula which can be
checked by S-transform and will be useful below:

ol ol ol ol i
apy . lx (1)W1 S0 WTK — Q.. lx (O)WO SO WTK

1
_ / hat, 1 (OWE o o W2l aw,
0

1
+/ (a, .1 (1) Wfllo---ow;;lfdt, (2.5)
0

1 (1) € CL([0,1]) for all Iy,...,lxg > 0.

where a;,

.....

3. The Main Result

In [11] we specified some sufficient and equivalent assumptions for Skorohod
integrands to ensure exact simulation, i.e. e, = 0. Among them we had (Theorem
17):

(1) There exists a Wick-analytic representation of (ut).e[0,1] as in Definition
2.4.

(2) The analytic representation fulfills f° € C1+-12-2([0,1]% x RX) and
Lf°=0on [0,1]% x RE.

This motivated the following optimal approximation result which covers the
ordinary It6 case ([11, Theorem 21]):

Theorem 3.1. Suppose K € N, f° € Cb12--2(]0, 115 x RE) with some linear

and Hélder growth conditions on Lf°, T9,...,7k € [0,1] are fized and let
1 1 1/2
¢l = —— E[LF(s, T2, Tic, Wey Wey, oo, Wi 2d3>
1 x/Ii (jé [ f ( 2 K 2 K) ]
Then it is

1 1 27 1/2
lim nE[</ udes—E[/ udes|PnU{WTz,...,WTK}]>] .
n—oo 0 0

The convergence rate in Theorem 3.1 is essentially based on the exact approxi-
mation of the nonadapted parts W, ..., W, in E[(I —E[I|P,U{W,,,..., W }].
Let us consider the following example of a stochastic exponential random variable
without a finite nonadapted input:

Example 3.2. For a fixed T' € (0,1) \ Q we denote the fractional part as
{kT} := kT — kT

and notice {kt} € (0,1) \ Q for all ¥ € N. Then we define the infinite chaos
random variable depending on an infinite number of different nonadapted parts
W{kT}7 keN, as

Xr=3_ k,h{m Wikry) = Z Wik
k>0 k>0
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Due to (2.3), we observe

s E+1
Z(’f + Dllme(X7) 1720 = Z T{kT}k < 00,

k=0 k>0

which gives the existence of the Skorohod integral fol usdWy for the stationary
integrand (us = X7);e[0,1]- One can easily check by (2.4) that X¢ € LP(12) for all
p > 0. Notice that X7 is in some sense an infinite order Wick-analytic functional
and by [11, Proposition 10] the analytic representation

X1 = f(Wo, Wiy, Weary, - .)
is infinitely differentiable in all variables. Thus, in contrast to Theorem 3.1, no
finite set {W,,, ..., W, } is sufficient for the proof technique in Theorem 3.1.

This motivates to consider optimal approximation of Skorohod integrals with
unattainable nonadapted parts. Surprisingly we have the following low conver-
gence rate result in contrast to Theorem 3.1. We consider the optimal approxima-
tion error with respect to the equidistant discretization

en = E l(/olusdws—ﬁ[/olusdws PnD

The proofs of the following theorems are postponed to the next section.

Theorem 3.3. Suppose K € N, f* € Ct-13-3([0, 11K xRE), 1o,..., 7 € [0,1]
are fized and let

1 L9 2
2= 3 ZEK/O 8Iif°(s,72,...,TK,WS,WTZ,...,WTK)dWS)]

Ti¢Q

Then there exists a strictly increasing sequence of integers (ng)ken, such that

o1 1/2

1/2

li 1/2 o
im n;'“ep, = ca.
k—o0

Remark 3.4. The smoothness assumptions and Theorem 2.6 ensure the existence
of all Skorohod integrals involved.

A similar optimal rate appears for It6 integrals of discontinuous integrands:

Theorem 3.5. Suppose N C (0,1) \ Q a countable set of discontinuities, f €
C12([0,1] \ N x R) such that f(t,-) is nonlinear for all fited t € [0,1]\ N. Then
for the Ito integral

1
I—/O (s, Wg)dWy,

o= </01E l(a%f(s,ws)ﬂ ds)l/z,

there exists a strictly increasing sequence of integers (ng)ren, such that

and the constant

I /2
im n,“en, = ca.
k—o0



50 PETER PARCZEWSKI

Example 3.6. In particular, we obtain strictly increasing sequences (ny)ren such
that, as k tends to infinity:

(1) For the It6 integral I = [; T W qwy,,
1
Nk eik ~ g(l —e2/m),

(2) For the Skorohod integral I = fol eV dW,

1 — T
nkeik ~ 1 (1—|—7'r 2)62/ .

4. Proofs of Theorem 3.3 and Theorem 3.5

In the proofs we will frequently make use of:

Remark 4.1. The Brownian bridge is denoted by
B =W, — W™

and yields the expansion

Wk — (wiinyek = gp oZWOk o (Wiimyei=t, (4.1)

Some elementary computations via (2.3) give for all s,t € [0,1], 4,5 € {1,...,n}:

E[Ws(hn)thm] _ rantin TL( n )(5 n ) ) L’IISJ Ln J < sAt, (42)
sSAt , [ ns| # [nt]

. " [nt] |nt] 1
E[B] B}'] = E[BYW,] = 8 ey (s At = =) (1 =n(s V= £2)) < =, (4.3)
E[B"W/} "] =0, (4.4)
/ / " Jdsdt = 65— (45)
E[B"BMdsdt = 6; j——. 4.5
(i—1)/n J Gi=1)/n 71203

The asymptotic bahaviour relies on the following worst case convergence rate
of E[(B")?] as n tends to infinity:

Proposition 4.2. Suppose t € (0,1)\ Q. Then there exists a strictly increasing
sequence of integers (ng)ren such that

1
dny,”

Nk
Proof. Due to the Weyl equidistribution theorem [15], for every irrational ¢ € (0,1)
there exists a strictly increasing sequence of integers (ny)ren with

klg{)lo (nt — [ngt]) =1/2.

E[(B{*)?] = E[B" W] ~

Hence, by (4.3),

E[(Bfk)Q] = E[B?kwt] = (t — LnktJ /nk)(l — nit — LnktJ) ~ ﬁ
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We firstly consider the simpler Theorem 3.5.

Proof of Theorem 8.5. We consider only the integrand f(s, )1 4(s) for some f €
C1%([0,1]xR) and a fixed t € (0,1)\Q. Then the statement of the theorem follows
by linearity and the It6 isometry. The Wick-analytic representation (2.1) gives

Fls, W) = ar(s)Wek
k>0

with ax(-) € C1([0,1]). Due to the Wiener chaos decomposition it suffices to
consider the individual chaoses ay(s)W2*. Thanks to (2.3) and Remark 4.1, for
all s,t € [0, 1], we have

B [(W7 — (WIm)o%) (W2 — (W] — ELBY BIJE (kW) (kW) 0

as n tends to infinity. Thus, by the integration by parts formula in (2.5) and
Remark 4.1 along the subsequence in Proposition 4.2, we conclude

E ap(s)WHdWs —E[ [ ax(s)WS dW|P,]
I

- / i (s) (WA — (imyoke) ds>2
~ w8 | (antom* ~ [ aowtas) ]
L ([ ak<5>kw;wdws)2] |

0

Hence, ay(s)kWF—1 = a—ak(s)WSOk and the It6 isometry yield the asserted con-
x

stant. 0

Proof of Theorem 3.3. The proof is divided into three steps. In the first step we
consider the simplest case of nonadapted integrands

Fo(Ws, W)

for some Wick-analytic functional F°. Then, in the second step, we conclude the
statement for Wick-analytic functionals

Fe(Ws, Wy, ooy, Wep).
Finally, in the last step, we complete the proof to arbitrary integrands in the
theorem.
Step 1: Let the simple integrand

FOWe, W) = > ap d WD o Wek,
kE>0,1>0
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(This strange form is chosen to simplify the integration by parts formula in (2.5))
Firstly, due to the expansion in (4.1), (2.3) and (4.2)-(4.4), for k,k',l,I' € N,
t € [0, 1], we observe

E[(We* = W™y o wit) (Wek = (W) o wi) |

= > E[(Br oW o (Wi oWyl (B o WK T o (Wi o Wit )|

i=1,...k
j=1,...,k
_E[(B;L)Q] Z E[(Wtok i (Wlin)oz 1<>W )(WtOk =J (Whn)oj 1 Wol’):|
S
+EBIW > (k—i)(k )
i=1,..., k—1
j=1,...,k"'—1

<K [(Wtok =1 (Wlinyei=1 o e ) (Wtok’fjfl o (Whinyei=1 OWfl’)} . (4.6)

Making use of (2.3) and (4.6), we have the two sums
2

er =E || D ars(WF — (W) o Wy
k>0

=E[(BL)’] Y. akwawr

k+l=K'+U'>1

k 4
<« E (Z W;;kfz o (W‘Il_lzn)ozfl o Wlol) Z W;;k =i’y (W71_12n)<>z -1, W1<>l

i=1 i'=1

k
+ E[B¢2WT2]2 Z Qk,lak/,l/E Z(k _ i)w%kfifl o (W‘Il_izn)oi—l o Wlol
k+l=k'4+1'>1 i=1
~ Z Wok - (Whn)oz -1 o W<>l'
=1
= X'+ X7 (4.7)

Obviously, if 7, € Q, then we can choose a strictly increasing sequence of indices
n € N such that B2 =0 and e2 = 0.
A computation via (2.3) and (4.1) shows that the L?-norm of the difference

Zwok [ Whn)oz 1 OWOZ (kw;z(kfl) <>Wl<>l)

behaves in upper bounds as the L?-norm of

B! ok(k — WD o Wik,
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Hence, via (4.3)-(4.5) in Remark 4.1 and the assumptions on the integrand, we
conclude for

2=E(BL)Y S aawE [(kw;;(k*” onl) (k’Wf;k’*l) onl’)}
k+l=k"+1">1

= E[(B")? l(/ —F°(WS,WT2)dW)T,

X7 = f2l € O(n7). (4.8)

that

By a similar reasoning, via (2.3) and Remark 4.1, it is

1 82 2
E ( = F°(Ws, Wy )dWS)
o 073
k o(k—2) ol K o(k'—2) ol’
= ) anawrE o )W oW 5 | W5 oW ),
k-Hl=k/+1'>1
and for
1 62 2
g2 == E[B! W,,°E ( — F° (W, W, )dWs)
o 0z3
we have
X3 —gnl € O(n™?). (4.9)

The Skorohod integrals fo —FQ(W W,,)dWy and fo —FQ(W W, )dW5 in-

volved exist by the continuity assumptions and Theorem 2.6. Hence, by (4.7)-(4.9),
we conclude

=fn+O(n7).
With the sequence in Proposition 4.2, this yields
2
li = —F<> (W, Wi)dWy 4.10
gt =8| ([ 5 ! ” 0

Step 2: Now we make use of the shorthand notations

- 0
l:=(ly,...,lg) e NE |I| := Zli’ ai(s) == p T 1 (9)-

Dealing with a Wick-analytic functional integrand

FO W, Wryoo Wr ) = > qphW D oW om0 Wik

TK
li,..,lk 20
we make use of the multivariate expansion of (4.1) as

W oo Woke — (Whmyeh o .o (W) ol
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K
_ n <>l[7’L' linyoi—1 <>l2 <>l[ 1
= E B? o E Wer=to (W) oWZi2o- oW,

TI—1

o (WER )+t oo (WER)ohe, (4.11)

Then, via (2.3), Remark 4.1 and (4.11), for appropriate and sufficiently large n we
obtain similarly to (4.7),

=Y E[(BLY Y. aa

T1¢Q lfl=[|=1

153
x E lE W= o (WE o Wl o n o WEH T 00 (W))2H o WP

TI—-1
i=1

<>l _ _ <>l/ : / Ol/
XZ Wl i’ Whn)oz 1 W2 o V[/TII’1 oo (W}_II?)OZK <>W1 !

TI
i’=1
+ Y CEBEWL)?] Y aap
TI¢Q l=1"1>1

153
xE lE (Ir — i)Wl o (Whnyoiml o Weh oo Woli—1 6 o PN

i=1
’
lI ’ Nl —i =1 linyoi’ —1 ol oly_y oly
> I - 2
X E (7 —i"HWr, o (W) W2 o 0oWr'; oWt

i'=1
— n n
— X'+ X

Here the indices I with 7; € Q are ignored due to B, = 0 for an appropriate
sequence of indices. Moreover, for sufficiently large n we have |n7;| # |n7p/| for
all 7 # 7 and thus, via (4.3),

E[B:.lﬂ WTI] = E[Bfrll/B:}I] = 0

Thus, by an analogous reasoning as for (4.8) and the assumptions on the integrand,
we conclude

2
(/ —F<> {78 WT2,...,WTK)dWS> ]
(91:]

_ o ol olr—1 linyol ol
) alal,EKWTzlo---ollWTII oo (Whnyelx o s )
lll=1V|>1

ol —1 i
X (szllo-uol}WnI <>~~<>(WTI;§)°ZK<>th)}

and
X7 - fale O(n~?)

= E| l(/ a_:c,FQ WTz,...,WTK)dWS>2].

T1¢Q

for
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Similarly to (4.9), we have
X3 —gnl € O(n™?)

for
2
9721 = Z E[B;L2WT2]2E (/ %FO 7'27 e '7WTK)dW5) ‘| :
T1¢Q I
Proposition 4.2 yields again an appropriate sequence with
1 8 2
— o
Jim 7, 2 == %;Q]E (/O (%Z_F (WS,WTZ,...,WTK)dWS) 1 :

We notice that all Skorohod integrals above exist by the Skorohod It6 formula in
Theorem 2.6.

Step 3: The generalization to arbitrary integrands follows by a straightforward
extension of the computations above and the Wiener chaos decomposition. For
the arbitrary integrand, we have

ftma e W W) = > W o W2 o0 WK

TK

where the continuity assumption implies for all coefficients a;, ;. (-) € C*([0,1]).
We consider exemplary the integrand

f(S,t, W, Wt) = a(s) l Wso(lil) O Wtom

for some fixed ¢t € (0,1) \ Q, m,l > 1. The generalization is straightforward.
Thanks to the integration by parts formula (2.5), we have

e =B [(a()W5' o (W™ — (Win)em)

2
— Z/ Wol o Wtom _ (Wslin)ol o (thin)om)ds>
(i—-1)/
= E [ (a(WF" o (W™ — (wimyem))’]

-2 ’ a’'(s)a(1)

; [nl

< E [(W ((Wtom _ (thin)om)) (Wsol o Wtom _ (W;in)ol o (thin)om” ds

+E <Z [T amstewen - rinyte <wzi“>0m>ds>

i—1 (i—-1)/n

= I — 2013 + I}

By (4.10) in Step 1, for the sequence of integers in Proposition 4.2, we have

1
n - 7 — SE [(a(1)Wfl omwfm*1)2} -0,
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as k tends to infinity. By the expansion (4.11) in Step 2 and (4.10), we conclude
similarly

1 1
ny - I3F — ZE {(a(l)Wfl omW;™ 1) (/ a (s)We omme_lds)] — 0,
0
1 ! ’
ng - I3% — ZE (/ a (s)W2 omme_lds) ] — 0.
0

Due to Proposition 2.2 and the integration by parts formula in (2.5),
1 1
a()WPt o mWwem—t — / a ()W omWem lds = / a(8)IW e o mWem L dw,.
0 0

Hence we obtain

2
1 1

lim nge?, = 1E [( / a(s)IWe! omWf’”_ldW5> 1
0

k—o0
1 Lo ?
— ZE l(‘/o 8—1'2f(87t7W57Wt)dW8> ] .

Thanks to the same arguments as above and in Step 1 and Step 2, the Wiener
chaos decomposition completes the proof of the statement for arbitrary integrands
f e Ch-133(]0,1)% x RE). The existence of all Skorohod integrals involved is
justified by Theorem 2.6. O

5. Examples of Further Irregularity

In this section we discuss optimal approximation for Skorohod integrals of in-
tegrands beyond the continuity conditions in Theorem 3.1 and Theorem 3.3. In
fact, we present Skorohod integrals I such that the mean square error

en = E[(I - E[I|P,))*]"/?
exhibits a lower convergence rate than n~'/2. Moreover we construct Skorohod
integrals with infinite nonadapted part (i.e. an integrand which depends on an
infinite set {W;,t > 0}) and optimal rates n=* with « € (0, 1).

Proposition 5.1. Let t € [0,1] and the Skorohod integral
1
I:/ Wt|dW5:|Wt|<>W1.
0

Then there exists in each case a strictly increasing sequence of integers (ng)ren
such that:

(i) Ift € Q, then ey, = 0.
(i) Ift ¢ Q, then for all e € (0,1/4),

t3/4

Ver

n /4 <en €0 ny VA+ey, 5.1
k k k
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Proof. (i) The Wiener chaos decomposition (see e.g. [9, p. 65]) gives

m+1tm
o2m
|Wy| = ,/ Z - 2m>”W : (5.2)

Applying Proposition 2.3 on (5.2), we have

m+1tm
lin\o2m
E[I|P,] ,/ Z e 2m)”(w )%™ & Wy (5.3)

Thus, for t € EN and n € mN we obtain W}* = W, and exact simulation.
(ii) We firstly observe by the orthogonality of (W2™ — (W/}in)°2m) o W, for
different m,
t—2m

2t
2 _ —
T T m; 2m — 1)2(2m)2

E [((Wﬁm _ (wlinyezmy o Wlﬂ . (5.4)

Due to (4.6), the proof is based on upper and lower bounds of
E [(Wtokﬂ' o (thin)oi—l <>W1) (Wtokfj o (thin)oj—l <>W1)} .

Lower bounds: We define for shorthand

_ n\2
z = 7t E[iBt) ) <1
Due to Remark 4.1, it is

min  E[XY]=E[(W/™)?] =t —E[(B")?] =tz (5.5)
XY €{W,;, Wy, Wlin}

Hence, by (2.3) and (5.5), we have
E [(Wtok—i o (thin)oi—l <>W1) (Wtok—j o (thin)oj—l oWl)}
>E [(WtokJrlfi O(thin)oi—l) (Wtokﬂﬁ o (thin)oj—l)] > kI (tz)k'
Thanks to (4.6), ignoring the second term on the right hand side in (4.6), we
obtain
E [((wor — i)y o )] 2 BB emPem) (7", (5.6)
We observe for sufficiently large n that z > 0.96 and therefore
L, ( 22 ) _ 1
V1—22 VI— 2 \VI+z(1+V1-22)) ~ 21—z
Then, making use of (5.4), (5.6), the series
(2m)!z2m 2m\ [ 22\"™ 1
— — _— = 5.7
Z (2m)N? Z m 4 1—22 (5.7)
m>0 m>0

(see e.g. [1, 2.1]) and E[(B}*)] = t(1 — 2), we conclude for all € € (0,1/2] and
sufficiently large n:

t*Qm

2t
2 _ -
‘T T ngl 2m — 1)2(2m)!12

E (w2 — (Wi o )|
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=y S (0) (5) = st (=)
> BB (t”s -2 53)

For e = 1/2 and the sequence from Proposition 4.2 we conclude the inequality in

(5.1). Otherwise the term %(1 — 2)¥7 /2 s finite for 0 < z < 1 and explodes
as z tends to 1. Thus with the strictly increasing sequence of integers (ng)gen in
Proposition 4.2, for all € € (0,1/2) there is no upper bound on the term in (5.8)
and we obtain e2 ¢ O(n, 1 ).

Upper bounds Vla (4. ) we obtain
; 2
E[((Wek = (W™ o W)’

™

k
2] Z E {(Wtok—io (thin)oi—l <>W1) (Wtokﬂ o (thin)oj—l oWl)}
ij=1
+0(n?). (5.9)
Thanks to (2.3) and (4.2), we have

IE{(Wfk_io(Wt““)”_loWl) (Wf’“_jo(WtIi”)W‘loWl)} < R,V (5.10)

Since
k o k
DM =23 (- 1)2" 1—|—sz ! (5.11)
i,j=1 j=1

and E?Zl 271 <k, it remains to control the first sum on the right hand side. For
every € € (0,1/2), the Holder inequality implies
1/2+¢ X 1/2—e

k k
POFERIERES DEES > G-y

Jj=1 Jj=1 Jj=1

1 1/§+ 1/2+4¢ k 1/2—e

— 2z € 1

()™ (o)™
1 — z1/2+¢ 0

For every ¢ € (0,1) it is z € (0, 1] for sufficiently large n. Thus, by 1/(1/24¢) > 1

we observe
k 1/2+€
— »T/2F¢
(1 _ Z)l/2+5 <1Z71> < 1.

1 — z1/2F<

IN

Hence, by (5.11)-(5.12), ([ 272 dx)!/2~¢ < k3/27¢ and E[(B})?] = t(1 — 2), we
obtain
k
E[(B7)*) D 297 S E(BY)*]MPee /e 3 k32

i,j=1
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Plugging this into (5.9)-(5.10), we conclude
E [((Wtok — (Winyeky o W1)2} < E[(BP)2]Y2 2 3k B3/ 251 4 O(n2).
Due to (5.4) and the Stirling formula
4Lm (%ZL) N \/i_m (5.13)
we obtain a constant ¢ > 0 such that
el <E[(BP)Y27%c > m )+ 0(n7?).

m>1

By the sequence (ny)ren in Proposition 4.2, this gives e? € O(n;1/2+€) for all
e € (0,1/2). O

Remark 5.2. Due to (2.3) and (4.2), for all 0 < 4,j < k, we observe the hypergeo-
metric series
E [(Wtokfi o (thin)oi) (Wtok—j o (thin)oj)}
_ ki/j) ikl (k — i)l (k — )il j! (5.14)
o YWk —i—D(k—7i—ID(i+7— 1 ’
v (i) NEk—i—-D'(k—7—=D'G+j—k+1)!
We used the simple bounds > k!t*2* and < k!t*2%V7. From the proof and computer
experiments we conjecture

—1/4

Eny ™~ CNy,

for a constant ¢ > 0. The computation of the constant ¢ must rely on a more
subtle handling of the sum in (5.14).

Remark 5.3. The following example shows that the regularity conditions in The-
orem 3.1 are less sensitive. Let

1 1
I= / o(s)|WildW, = / o()dW, o [ W]
0 0

for some g € C'([0,1]) and ¢ € LN fixed. Then, by Proposition 2.2, n € mN and
(2.5), it is

. Hn ’ li
B[P = (g - Y / g (sWhnds | o W]
i—1 /(=1)/n

and thus, making use of the arguments in the proof of Theorem 3.1, which carry
over to the Wiener chaos decomposition in (5.2), we have

n i/n j/n
=3 [ e BB o Wi By o Wildsdu
(i=1)/n J(j=1)/n

4,j=1

n i/n i/n
S| EBBdsdug (- D/ B + O
i—1 Y (i=1)/nJ(i=-1)/n

# </01 g/(s)2d8> E[|W[?] + O(n~?).
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We notice that the constant fol g'(s)%ds E[|W;|?] equals fol E[Lf(s,t, Wy, W;)?]ds
for f(s,t, W5, W;) = g(s)|W¢| in Theorem 3.1 if we ignore the discontinuities. This
indicates further extensions of Theorem 3.1 to weaker assumptions. Under the
same assumptions, by analogous arguments, for

1 1
I:/ 9(5)|Wt|<>Wdes=/ g(s)WedW, o |[Wy|,
0 0
it is
&= /1 "(5)’E [(IWloW)Q] ds | +O(n?)
n 12n2 o g t s .

We notice that |W;| o W2 ¢ L?(Q) due to (5.2) and (5.13). Hence for the next
integrand of this type, (g(s)|Wi|oW2?),¢(0,1], the Skorohod integral does not exist.

S

Remark 5.4. Inspired by the Wiener chaos decomposition in (5.3), for a fixed
T €(0,1) \ Q, we define the random variable

1 o2m
Xg = Z (2m) T (2m)!! Wimry-

m>0 Y

One can easily check by (5.7) that X, € L?(Q) for all ¢ € (—1/2,1/2) and the
Skorohod integral

1
I, :/ X, dW, = X, 0 W,
0

exists in L2 with

5 2m + 1)! om
E11< > W{mﬂ < 0.
m>0

Due to Proposition 4.2 there is no finite extension of P,, such that I, is exactly
simulated. We sketch the optimal approximation results since the proofs can be
done following the lines in the proof of Proposition 5.1. Similarly to (5.4), it is

= WE [((Wfi’%} - (W{%T})sz)omﬂ . (5.15)

m>1

Due to fractional calculus on (5.7), we conjecture for the contained sum

Z (2m) 24 (2::) (mTY?™ = (1 - {mT}z)—1/2_2q'

m>0

Following the proof of Proposition 5.1, we assume with the the sequence from
Proposition 4.2 for all ¢ € (—1/2,1/2) the asymptotic behaviour

2 _ . —1/242q
€y X My .

Remark 5.5. Simpler Skorohod integrals such that no finite extension of P, is suf-
ficient for exact approximation can be constructed as follows: Let g : [0,1] — [0, 1]
be a function with ¢([0,1]) ¢ Q, |g([0,1])| = co. Then the following Skorohod in-

tegral exists (is an element in the second Wiener chaos) and fulfills fol Wy(sdWs =
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Zje g a;Ws, o Wy, for an infinite index set J. Such examples let us assume that
Skorohod integrals of the following type

1
/0 f(Wq(S))dWS

for sufficiently irregular or discontinuous function g : [0, 1] — [0, 1] and appropriate
f € C%(R), do not allow a finite extension of P,, with exact approximation and the
optimal approximation behaves according to the rather irregular case in Theorem
3.3.

Acknowledgment. The author thanks Andreas Neuenkirch for interesting
discussions.
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