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Kamenev-Type Oscillation Criteria for
Second Order Generalized Delay Difference
Equations

A.Benevatho Jaison* and SK . Khadar Babu*

Abstract : Some oscillation criteria are established by Raccati transformation techniques for the second-order
nonlinear generalized neutral difference equation.
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1. INTRODUCTION

Inrecent years, the oscillation or asymptotic behavior of second-order difference equationswasthe subject
of investigation by many authors (seefor example -2 4-11),

Inthisarticle, we are concerned with aclass of second-order nonlinear delay difference equationsof theform
A, (p(K)(A, (u(k) +c(k)u(k — )" )+ a(k)u’(k —cf) = 0,ke[0,0),/ € (0,) @
where A, denotesthe generalized forward difference operator A, u(k) = u(k + ¢) —u(k) for any real valued

function u(k), y >0and 3 >0 are quotientsof odd postiveintegers, t, o arefixed nonnegativeinteger, 0<c(k) <1,

p(k), and q(k) areany two red valued functionssuch that p(k) > 0,q(k) > 0, and q(k) hasapostiverea vaued
function, and for some k, >0,

1

0 1 ¥ _
Z[ p(k0+r/4)] - @
0 1 % _
or ZO[ ok - M)] = o, 3)
When c(k) = 0, equation (1) reducesto thefollowing equation
A, (p(K)(A,u(k))") +a(k)u’ (k—of) = 0, ke[ot,c0). (4)

We say that equation (1) or equation (4) isstrictly superlinear if >1; strictly sublinear if 0<3 <1;and
linear if p=1.

Inthe superlinear case, when y =3 >1, and ¢ = 1 theoscillation of the solution of equation (1) was discussed
int! under the condition (2). But when y > B > 1, theoscillationisnot known.

In the sublinear case, when 0<f <1,y>1, and ¢ =1 some authors studied the equation (4) under the

condition (2) or (3), seethearticle®. But it isnecessary to point out that their proof under the condition (3) iswrong,
s0 the corresponding theorem doesnot hold.
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Theobjectivesof thisarticleare:

1. Inthesuperlinear case, when y >3 >1, we establish the oscillation criteriafor equation (1) under the
condition (2), whichimprove and include severd oscillation criteriaintt.

2. Inthesublinear case, when 0< B <1,y >1, wecorrect and generalized the Theorem 2.3 and itsproof in®,
precisely, weobtainanew oscillation or asymptotic criteriafor equation (4) under thecondition (3).

2. MAINRESULTS

First, we consider the case, where (2) holdsand in the superlinear casewhere y >3 > 1.
Theorem 2.1. Assumethat (2) holds. Furthermore, assumethat thereexistsa postiverea valued functions
p(k),k e N(0) suchthat for some positive number M,

B/Y _
imsup Z p(ky +10)Q(k, 1) — 2 Z ér(ko 1)2 )(f,. ol 10 5

where Q(k) = q(k)(1— c(k — c¢))" . Then, every solution of equation (1) oscillates.
Proof. Supposethat, onthe contrary, u(k) isan eventualy nonoscillatory solution of equation (1). Without
lossof generality, wemay assumethat u(k) isan eventualy postive solution of equation (1) suchthat u(k—o¢) >0

for al k> k.
Set wW(k) = u(k)+c(k)u(k—z¥). (6)
By assumption, wehave w(k) >0 for k >k, andfrom (1) it followsthat

A, (p(K) (A, w(k))) = —q(k)u’(k—of) <0, (7)
for k > ky, and so  p(k)(A,w(k))" is an eventualy nonincreasing rea valued function. We show that
p(K)(A,w(k))" iseventually positive. Indeed p(k)(A,w(k))" iseither eventually positive or negative. Wefirst
showthat p(k)(A,w(k))' >0 fork=k,. Infact, if thereexigtsared k, >k, suchthat p(k,)(A,(w(k,)))" =c <0,

then p(k) (A, w(k))" < p(k) (A, w(k))’ =¢ for k >k, that is, (AW(K))"< — ., and hence

Pk
} n*—l 1 Y
w(k) <w(k)+c" > YO — —0o0, which contradicts the fact that w(k) > 0 for k > k,. Hence
r=0
p(k)(A,w(k))” iseventudly postive. Therefore, wehave
w(k) >0,A,w(k) = 0, A,(p(K)(A,w(Kk))") <0,k>k, ®

Then, from (8) and (6) we have u(k) > (1—c(k))w(k) and this implies that for k >k, =k, + o/,
u(k — o) > (1—c(k — ol))wk — cf), and by (7),

A, (p(K)(A, w(K))' + QW (k—ol) < 0,k>Kk,. ©
Definethe sequence z(k) by zk) = p(k) p(\;g((ﬁ‘_\'\;(:)))y- (10)
_ z(k+10) p(K) (A, w(k))"
Then, z(k) > 0 and A,z(k) = Am(k)—p(k n €)+p(k)A[~[ W (K—ol) ]
= Ap(k )Z(k+€) p(K)A, (p(K)(A wW(K) )W (k— (o —1)¢) — p(k + O)(A,w(k + £))' A W (k—a?)
=P p(k+0) W(k—(c—1))W(k—o?)
2(k+0) S(K)0(K) p(K) p(k + O)(A, WK+ 0)' A, (WP (k — &f)) |

<A,p(k) (11)

p(K+0) W (k — (o —1))W (k—o¥)
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Now, by theinequality (see®)
ub —vB > (u-Vv)B, (12)
forallu>vand > 1. wehave
AW (Kk=00) = W(k—(c—1)¢)—w(k—ot)>WK—(c—1)¢) —w(k —¢))*

= (A, w(k—c0))". (13)
B Ap(k) _ p(k) p(k+ £)(A w(k + 0)" (A w(k —o0))°
Then A,z(k) < p(k)Q(k)+p(k+£) 2(k + ) (o D0) . (14)

By (8), we have
p(k—cO)(A WKk —a0) = p(k+0)(Awk+0),

pk+0) |
AwWk—cl) > [m] A w(k+7£), (15)
pk+0) | '
(A w(k—ot))f > [p(k_d)] (A w(k+0))",

A,p(k)
—o(k k N Sk
p(K)Q( )+p(k+£) z(k +1)

IA

So that A, z(K)

v| _P(k+£)
p(k) p(k +O)(A w(k +£)) o(k—of)

(U (k—(o—1)0))*

By
] (A, Wk + )P

A,p(k)
—o(k k N Sk
p(K)Q( )+p(k+£) z(k +1)

Bly
o(K) Pk + £)(A W(k + 0))' [p(k“)] (A Wk + 0
p(k—o?)

U (k—(c-1)0)° (A w(k+6))""

(k) + 2P 5 1)

p(k+2)
. p(k) [z(kw)]z y
P (k—oO(pk-+ O (p(k+ 1)) @ wiker ) (1

Now, fromthefact that p(k)(A,w(k))" isapositive and nonincreasing red valued function, thereexistsa
k, >k, sufficiently largesuchthat p(k)(A,w(k))" <1/M, holdsfor some postiveconstant M and k > k,.And
hence by (8) we have p(k + £)(A,w(k + £))" <1/M, so that

1 1B
(A,w(k+0)" = (Mpk+0) . (17

v

Ap(K) )
—p(k)Q(k)+@z(k+e)—R(k)z k+0, ()
B
where R(y = —2M
pz(k-l—ﬁ)py(k—cf)

IA

Therefore A, z(Kk)
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Thisimpliesthat
B 1 (Ap(K) 1 Apmf
A,z(k) < p(k)Q(k)+4R(k) pz(k+€) JR(K)z(k + ¢) 2\/R(k) k1 0)
B (1, 2
< —lp(k)Q(k)— RO } (19)

Summing (19) fromk, to k, we obtain

k

—z(k)) < z(k+ 0)— z(k,) < —>

r=0

p(k, +r0)Q(k, +r¢)—

P (K, +(r —o)O)(A,p(k, 4 1))
4p(k2 + rg) M (v=B)hy !
whichyidds

k

Z:lp(k2 +10)Q(k, +rl)—

r=0

P (K, +(r —3)O)(A,p(k, +10))?
4p(k, +re)M P
for all largek, and thisiscontrary to (5). The proof iscompleted.

Inthefollowing theorem, we provide another sufficient condition for oscillation of equation (1). Thisresult is
discrete analogy of Philos-type condition for oscillation of second-order differential equations.

Theorem 2.2 Assumethat (2) holds. Let p(k),k € N(0) be apositive real valued function. Further, we
assumethat there existsadoublefunction {H(m, k) : m> k > 0} suchthat (i) {H(m,k) :m>k > 0} for m> 0,
(i) H(m,k) >0, m>k >0, and (iii) A, H(m k) =H(m k+¢—H(mk)) <0 for m=> k>0. If

m-—1

Iinlsup O Z[H(m, ky +r0)p(K, +r0)Q(k, +r¢)

 (p(k, +(r +1)6))* ~Ap(ky+rl)
ok 1)) (h(m,k, +r0) p(k0+(r+1)€)’/H(m’k°+r€)

_Az([)H(m, k) ..
Hmk) =~ —
. p(k) M (v=B)y
p(k) = pB/Y(k_Gg)’
then every solution of equation (1) oscillates.
Proof. We proceed asin Theorem 2.1. Assume that equation (1) has a nonoscillatory solution, say

u(k —o?) >0 forall k> k,. Fromtheproof of Theorem2.1, weobtain (18) for all k > k,. From (18) we have
foral k>k,,

=C

ll

2

= oo, (20)

where h(m, k)

A, z(k) < —p(k)q(k)+AL(k)w(k+£) &wz(kq%),

p(k+0)  (p(k+0))?
y—B
- (kM 7 .
where p(k) = m- That is,
S (O S RN

p(k)atk) < —A,z(k) +

p(k+1) (p(k+0))°
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Therefore, we have

iH(m, K+rf)p(k+ré)ak+re) < —iH(m, K+r0)A,z(k+r?)

r=0 r=0
U Ap(k+r10) LS p(k+r0)
+> Hmk+rf)————"—z(k+(r +2)¢)— > H(mKk+r¥)
z; p(k+(r +1)0) Z; (p(k+(r +1)0))
Theremainder procedure of the proof isfairly routineand issimilar to that of the Theorem 2.2 inwhen y =1,

SO weomit it.
Remark 2.3. By choosing the sequence H(m, K) in appropriate manners, we can derive several oscillation

criteriafor equation (1). For example, set
H(mk) = (m—Kk)%, A e N(1), m>k>0,

_2(K+(r +1)0).

we havethefollowing result.
Theorem 2.4. Assumethat (2) holds. Furthermore, assumethat there exists a positivereal valued function

p(K) for k e N(0) and A € N(1) suchthat

p" (ky + (r — o)) (p(k, + (r +1)0))*
p(ky +r0)Q(K, +rl) —w(k, +r¢) Zp(ke £ TOM TP

Iimsup Z(m (k, +r0));

m—oo / r=0

(21)
for some k, > 0, where
(0 = |Ae® Am-k-orf
VT ekt (m-k®

Then, every solution of equation (1) oscillates.

Remark 2.5. When y =3 > 1, equation (1) reducesto thedifference equation

A, (p(K)(A, (u(k) +c(k)u(k —t£)))") + a(k)u' (k—ol) = 0,ke[ol,00),

and the condition (21) in Theorem 2.4 reducesto

Iimsup%ni:(m— (k +10))" lp(ko +r0)Q(k, + 10y~ PI £ ‘fgflz:‘jf':og DO ik +10)| = 00

m—oo

(22)
whichisthe sameas Theorem 2.1 in** when ¢ = 1. So our Theorem 2.4 extend and include several oscillation
criteriaini™ when ¢ = 1.

Next, we consider the case where (3) holds and the sublinear casewhere 0<p <1, y >1.
Theorem 2.6. Assumethat (3) holdsand A, p(k) > 0. Furthermore, assumethét there existsapositivereal
valued function p(k), k € N(0) suchthat for every y > 1 and positive number M,

”msupzk: ok + 1)k - 10)— (p(Ky +(r — o))" ot B(k0+(r 0)O) " (Aplo+r)* | _ -
n—x r=0 4B(IVI) p(ko+ff)
o fj > dl 70| = o,

p(ko + rg) r=0
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for some k;, >0, then every solution of equation (4) oscillatesor lim u(k) =0.
Proof. Supposethat, onthe contrary, u(k) isan eventualy positive solution of (4) suchthat u(k —o¢) >0

for all k > k,. We shall consider only this case becausethe subgtitution v(k) = —u(k), transformsequation (4)
into an equation of the sameform. From equation (4) we have

A, (p()(Auk)) = —aq(ku’(k—of) <0,k >k,
andso p(k)(A,u(k))" isaneventually nonincreasing function, and thenthere exist two possible cases of
p(k)(A,u(k))", thatis p(k)(A,u(k))" iseventualy nonnegetive or eventually negetive, fromthisthereexist two
possible casesof A, u(k).

Inthe case, where A u(k) iseventually nonnegative, we may follow the proof of Theorem 2.1 in® and obtain
acontradiction.

If Au(k) is eventually negative, then lim u(k) =b>0. We assert that b = 0. If not then
u’(k—of) — b? >0 as k — oo, and hencethereexigts k; > k, suchthat u® (k — o) > b?. Therefore, wehave
A (P(R)(AuK)) < —q(k)b. (25)

Summing the last inequality fromk, tok—1, wehave

p(K)(A,u(k)’ < PIIAU(K) = PIL)(A,ulk)) < 6>~ qlky +10), (26)

1

and then Au(k) < —b? [ K>k,

ré
102 Z atk,+10)|
Summing the aboveinequality fromk, tok—1, weobtan

u(k+¢) < u(k) —b“’yZ[ ZQ(ki + rﬁ)

p(k, +8¢) =

Condition (24) impliesthat u(k) iseventually negative, whichisacontradiction. The proof iscompleted.
Remark 2.7. From Theorem 2.6, weobtan

x(k) < X(ky)— bﬁZB(k +(r +D0)q(k, +r€)+2(p(k +r0)A Bk, +rO)(Auk, +rf)) (28

s= k2

cannot concludethat

x(k) < x(kz)—bﬁkis(kﬁré +1)q(k, +r¢)

s= k2

+Hp(k, +1OA B, +rO)A B, +rO)NA UK, +10)' | —Zﬁé(p(kz +rOA P, +rO)A Uk, +ri+1))

by parts the last term in the right-hand side of (28). Hence, when y =1 Theorem 2.6 actually corrects the
correspondence Theorem 2.3 and itsproof in®, and it is essentially new.
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