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STABILITY OF JUNGCK-NOOR
ITERATION IN B-METRIC SPACE

Bhagwati Prasad and Komal Goyal

Abstract: The convergence of Jungck-Noor iteration procedure is studied in the setting of b-metric space for the maps satisfying some
general conditions. Some well known results are obtained as special cases. The convergence rate of Jungck-Mann and Jungck-Noor
iterative schemes is also discussed with multiple examples.
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|. INTRODUCTION AND PRILIMINIRIES

Let (X,d) be a complete metric space and T: X — X. LetF, ={x e X : Tx = x} be the set of fixed points of T

in X. The approximation of these fixed points can be achieved through several iterative methods. Some of
them are discussed below.
Let {x }' = X be a sequence constructed by the following rule:

X, =f(T,x) (1.1)
If f(T,x)=Tx, (1.2)
Then it is called Picard iteration process. It is well known that the Picard iteration is stable corresponding
to a strict type contraction but it is not stable in case of a non-expansive mapping.

The concept of stability was initiated by Urabe [29]. But a formal definition of stability of general
iterative procedure was given by Harder and Hick [6-7].

Definition 1.1 [6-7]. For the functional equations (1.1) and (1.2), Suppose {x,} converges to a fixed point
u of T. Let{y,} be an arbitrary sequence in X, and define
en=0d (Yn+1, (T, ¥n)), n=0,1,2, ....
If lime, = 0 implies that limy, = u, then the iteration procedure is said to be T-stable or stable with

n—ow n—o

respectto T.
First stability result on T-stable mapping was due to Ostrowski [16] for the stability of Picard iteration
using Banach contraction condition.
If £(T.x)=01-a)x, +aTx With {« }  <[0,1], then (1.1) becomes,

Xn+1 = (l_ an)xn + anTXn’n = 0,1, (13)
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the scheme (1.3) is called Mann iteration process [11]. If T is continuous and Mann iteration converges,
then it converges to a fixed point of T. But If T is not continuous, then there is no guarantee for its
convergence in the space.

Ishikawa [9] defined a two step iteration procedure as follows.

For x, e X, the sequence{x } , is defined by,

X,=1-a)x +aTz,

z =(1-8)x +BTx ,n=0,1,.., (1.4)
where {« } and {8}, are the real sequences in [0,1].
Observe that if «, =1 in (1.3), it reduces to (1.2). Similarly Noor [12] defined the following three step
iteration scheme.

X, ,=0-a)x +aTy,

y =(Q-8)x +p Tz,

z =(1-y)x +yTx,n=01,.., (1.5)
where {« } {8} ,and{y} , are the real sequences in [0,1]. If we put » =0 for each ‘n’ in (1.5), it
reduces to (1.4).

Singh et al. [28] defined Junck-Mann iteration process as follows:
Let Y be an arbitrary non empty set and (X,d) be a metric space and S,T:Y — X withT(Y) < S(Y)for

some x, €Y, consider the sequence {Sx }~, defined by

Sx ,=@0-a)SX +aTx,n=012., (1.6)
where {« }", is a sequence in [0,1].
If o, =1in (1.6), we get Jungck [10] iterative scheme.

Sx ., =Tx,n=0,12. (1.7)
Singh et al. [28] obtained the following important result for (S, T) stability in metric space.

Definition 1.2 [28]. Let S, T:Y — X, T(Y)cS(Y)and ‘Z’ a coincidence point of T and S that
iISSz =Tz = p (say), foranyx, €Y . Let the sequence {Sx }, generated by iterative
procedure, Sx , = f(T,x ),n=0,12..converges to ‘p’. Let {Sy }< X be an arbitrary sequence, and set
e, =d(Sy,, f(T,y,)),n=0,12..then the iterative procedure f(T,x )will be called (S,T)stable if and only if

limg =0=1limSy =p.

n—w n—w

On this line, Olatinwo and Imoru [13] defined {Sx } , in the following manner.
Sx ,=(1-a)SX +aTz,
Sz, =(1-p)Sx, +BTx ,n=0,1,..., (1.8)
where {« } ", and {8} , are the real sequences in [0,1], is called Jungck-Ishikawa iteration scheme.
When Y = X and S =id , the identity map on X, (1.8) becomes (1.4).

Further, Olatinwo [14] extended condition (1.8) for three step iteration procedure as follows.
Definition 1.3 [14]. Let s: X — X and T(X) < S(X). Define
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X, =0-a)SX +aTz,
Sz, =(1-B)Sx + B Tr,
St =(1-y)SX +y Tx (1.9

where n=0,1,..and {« },{8 } and { } satisfy the following conditions:
(i), =1 (i0<a,B,,7,<Ln>0

(i)Y o, = o (iv)zn:aj H (1-«, +aa,) converges.

This scheme is called Jungck-Noor iteration scheme
Definition 1.4 [2]. Suppose{a,} and {b }are two real convergent sequence with limits ‘a’ and ‘b’

respectively.

b —b
Harder and Hick [7] established stability results for Picard and Mann both iterative schemes using Banach
contraction as well as Zamfirescu contraction conditions. Rhoades [25, 26] extended these results to the
following contractive conditions:

There exist ¢ <[0,1) such that

Then {a }is said to converge faster than {b } if lim =0.

n—w

d(Tx, Ty) < cmax{d(x, y),d(x,Ty),d(y,Tx)} Vx,y € X. (1.10)
and d(Tx, Ty) < ¢ max{d (x, y), d(X’TX);d(y’TV) AOGTy) d(y, T} VX, Y € X. (1.11)

Osilike and Udomene [15] studied the stability of a map satisfying a more general contractive condition
that is, there exits a [0,1] such that

d(Tx,Ty) < Ld(x,Tx) +ad(x,y) VX, y € X. (1.12)
Imoru and Olantinwo [8] generalized some stability results of Rhoades [25-26]. Singh et al. [28] obtained
stability results for Jungck and Jungck-Mann iterative procedures in metric space using the following
contractive condition:

d(Tx,Ty) < Ld(Sx,Tx) +ad(Sx, Sy) Vvx,y € X. (1.13)
It is to be noticed that the condition (1.13) is more general than that of Osilike and Udomene [15] but
independent of Imoru and Olantinwo [8]. Thereafter many researchers studied the stability of various
iterations for a variety of maps in different settings, see for instance Prasad [17], Prasad and Katiyar [18],
Prasad et al. [19] Prasad and Sahni [20-24] and several references therein.
The following metric space is widely studied in the literature due to its generality (see [5], [27] and
several references thereof).

Definition 1.5 [5]. Let X be a nonempty set and r >1 be a given real number. A function d: X x X — R,
is said to be a b-metric if and only if, for all x,y,z e X, the following conditions are satisfied:

(d(xy)=0iffx=y,
(i) d(x,y) = d(y,x),

(i) d(x,z) <r[d(x,y)+d(y,2)]
A pair (X,d)is called a b-metric space.
We shall require the following Lemma of [3] in the sequel.
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Lemma 1.1 [3]. If sis a real number such that 0< s <1and{¢} ,is a sequence of positive number such
that lime, =0, then for any sequence of positive numbers {u }*, satisfying u , <éu +¢,,n=0,12.. we have

n—w

limu =0.

n—ow

In this paper, we study the stability of Junck-Noor iterative procedure for the maps satisfying
condition(1.13) in the setting of b-metric spaces.

Il. MAIN RESULT

Theorem 2.1. Let (X,d) be a b-metric space and S,T:Y — X such that T(Y) < S(Y),and S(Y)or T(Y) isa
complete subspace of X. Let z be a coincidence point of T and S, that is Sz=Tz=p. Letx, Y and the
sequence{sx }, generated by (1.9) converges to p. Let {Sy } = X and define

g =d(Sy,,,(1-a)Sy +aTs ), n=0

If the pair (S,T) satisfies (1.13). Then,

() d(p,Sy,,) <rd(p,Sx )+ rZ]l[ (1-a, +aa,)d(Sx,,Sy,) + erazzn: r"’iajp’jyj]l[ (1-a, +aa,)d(Sx,,Tx,)

i=0 j=0 i=j+1

i=j+1 i=j+1

+Lrfa) ra B[ (- a +aa)d(Sr, Tr) +Lr Y ra [ [ (- o, +aa,)d(Sz,,Tz))
i=0 j=0

+Zn: r’“ll[ (1-a, +aa)s,
=0

i=j+1

(I lim Sy = p if and only if lim & =0.

n—o n—on

Proof: By triangle inequality,

d(p,Sy,,) <rld(p.Sx ) +d(Sx .Sy, )]
<rd(p,Sx ) +r[d((1-e,)Sx +aTz,Sy, )]

)+ rz[d (Q-a)Sx +a Tz ,1-a,)Sy, +aTs)+d(1-a,)SX +aTs,Sy )]

n+l

<rd(p,Sx

<rd(p,Sx,,)+r'(1—a,)d(Sx,,Sy,) + r'a,d(Tz,,Ts,)) + r'e,

<rd(p,Sx,,)+r’(1-e)d(Sx,,Sy,) +r'a,[ad(Sz,,Ss,) + Ld(Sz,, Tz )] + r'c,. (2.1)

n+l

But,
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d(Sz,,Ss,) =d((1-p,)Sx, + B,Tr. (1= 5,)Sy, + 5,Tq,)
=(1-4)d(5x,,Sy,)+ B d(Tr,Tq,)
<(@-p)d(Sx ,Sy )+ B [ad(Sr,Sq )+ Ld(Sr,Tr)]
<(@-p4)d(Sx .Sy )+afd((1-y)Sx +y Tx ,(1-y)Sy +y Ty )+ B Ld(Sr,Tr)
<(@-p)d(Sx,,Sy,)+ap (1-y )d(Sx ,Sy ) +aB y d(Tx ,Ty )+ B Ld(Sr,Tr)
<(@A-p4,+ap (1-y )d(Sx ,Sy )+aB y d(Tx ,Ty )+ g Ld(Sr,Tr)
<@A-pB +ap (L-y )Nd(Sx ,Sy,)+apB y [ad(Sx ,Sy )+ Ld(Sx ,Tx )]+ B Ld(Sr,Tr)
<(-pB +aB (l-y)+a’By )d(Sx,Sy )+aBy Ld(Sx ,Tx )+ B Ld(Sr,Tr)
<d(Sx ,Sy )+ B Ld(Sr,Tr)+ap y Ld(Sx ,Tx ). (2.2)

Therefore,
d(p,Sy,.,)<rd(p,Sx,)+r'(l—a,)d(Sx,Sy,)+ar’e [d(Sx ,Sy, )+ BLd(Sr,Tr)+aB y Ld(Sx ,Tx )]
+r'a Ld(Sz,,Tz2,) +r’e,. (2.3)

d(Sx ,Sy )=d((l-« ,)Sx ,+a Tz ,Sy)

<rd(l-e,)SX ,+a, Tz ,(1-a )Sy  +a Ts )+d((1-« )Sy  +a, Ts Sy )l
<r(l-e,_)d(Sx _,,Sy ) +ra d(Tz

<r(l-ea, ,)d(Sx

n-17 n-17 Tsn—l) + rgn—l

Ss, )+ Ld(Sz -

< r(l - anfl)d (anfl’ Syn—l) + aranfld ((1 - ﬂnfl)sxnfl + Ign—lTrn—l’ (1 - an—l)Synfl + 'Bn—qunfl)
+ra Ld(Sz Tz )+rs

Sy ) +re, [ad(Sz ¥z ) +re

<r(l-e, )d(Sx _,,Sy, ) +are, (1-4 )d(Sx .Sy ) +are g d(Tr ,Tq )

+ro Ld(Sz ,Tz )+rs

<rl-ea (1-ar@@-p _)»d(sSx_,,Sy ) +ara B [ad(Sr_,Sq )+ Ld(Sr_,Tr )]

+re Ld(Sz |, Tz )+rs |

<d(Sx_,,Sy, ) +are,_p [ad(Sr_,Sq )+ Ld(Sr_,Tr )]+re Ld(Sz Tz )+re . (2.4)
Now observe that
d(Sr_,Sq ) =d((A-y,)SX _, +r Tx A=y Sy, +7. 1Y)
<@A-y, )d(Sx _,Sy )+, d(Tx Ty ) So,
<@-y )d(Sx ,,Sy ,)+y [ad(Sx ,,Sy ,)+Ld(Sx ,,Tx )]
<d(Sx .Sy, )+, Ld(Sx ,,Tx ). (2.5
d(Sx,,Sy,) <d(Sx ,,Sy, ) +a‘re, B, [d(Sx Sy, )+y, Ld(Sx ,Tx )l+are A Ld(Sr ,Tr )
+re Ld(Sz Tz )+re |
<d(Sx Sy )+a‘ra_ B y Ld(Sx_,Tx )+are B Ld(Sr_,Tr )
+ra, Ld(Sz Tz )+re, . (2.6)

Thus from (2.3), we have
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d(p,Sy,.,) <rd(p,Sx,,)+r’(l-e, +aa,)[d(Sx, .Sy, ) +a’re, B, .7, ,Ld(SX, ,, TX, ,)
+are, B, Ld(Sr ,,Tr )+ra, Ld(Sz, ,, Tz, ) +re, ]+ar’e,[B,Ld(Sr,Tr)
+afy Ld(Sx ,Tx )]+ r’e Ld(Sz,,Tz, )+ r’s,.

This process when repeated (n-1) times yields (1).
To prove (Il), suppose that |IIT1 Sy, = p. Then,
g, =d(Sy,,
<r[d(Sy,,,,p)+d(p,(1-«a,)Sy, +a,Ts )]
<rd(Sy ,, p)+r(l—a)d(p,Sy,)+red(p,Ts,)
<rd(Sy,,, p)+r(l-e,)d(p,Sy,)+red(Tp,Ts,)

(1-a)Sy, +aTs)

<rd(Sy,,, p)+r(l—e )d(p,Sy,)+re,[ad(Sp,Ss )+ Ld(Sp,Tp)] > 0 asn — o

Now suppose thatlime, =0. Let A denotes the lower triangular matrix with entries

n—ow

a, = ajﬂj;/jH (1-a, +aa,).

Then A is multiplicative, so that

limLr'a’ Y ra By [ Q- +aa)d(Sx,,Tx,) =0,

n—ow - o
j=0 i=j+l

n

limLria) ra B[] A-a, +ac)d(Sr,Tr) =0
0

n—ow
j= i=j+1

and limLr* Y ra [ [ (- o, +aa)d(Sz,,Tz,) =0.
e j=0 i=j+1

Let B be the lower triangular matrix with entries

b,=[]-a +aa).
condition (iv) of iterative scheme implies that B is multiplicative and hence

n

n
lim> [ [-«a +aa)e =0.
n—w

j=0 i=j+1

Finally, condition (iii) of iterative scheme implies

im[[@-« +aa,)=0.

i=j+1

Hence, it follows from inequality thatlimSy =p.

n—w

This completes the proof.

.7)

On putting Y = X and S =id , the identity map on X in Theorem 2.1, we obtain the following result.
Corollary 2.1. Let (X,d) be a b-metric space and T : X — X . Let p be the fixed point such that Tp = p.

Letx, € X and the sequence{Tx }, generated by,
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X,=0-a)x +alz,

z =(1-8)x +pBTr,
r=0A0-7)x +yTx

converges to p. Let {Ty } = X and define ¢ =d(y,,,(1-a,)y, +aTs,), n=0
If the mapping T satisfies
d(Tx,Ty) <ad(x,y)+ Ld(x,Tx), a<[0,1), L>0.
Then,
(d(p,y, ) <rd(p,x_ )+ rzll[ (1-a, +aa)d(x,,Y,)+ erazzn: r"'ia]ﬂjyjll[ (1-a +aa)d(x,,Tx,)

i=0 j=0 i=j+1

+Lrta) e B [ - e, +a)d(r, Te) +Le* Y r o [ [ - o, +aa,)d(z,,Tz))
j=0 i=j+1 j=0 i=j+1

n

+Zn: r[]a-e + aa)e,
j=0

if and only if lim ¢ =0. (1) limy,_=p
If we put r=sand y, =0 foralln>0in Theorem 2.1, the following result of Prasad and Sahni [21] is

derived.
Corollary 2.2 [21]. Let (X,d) be a b-metric space and S, T maps on an arbitrary set Y with values in X

such that T(Y) < S(Y)and S(Y) or T(Y) is a complete subspace of X. Let z be a coincidence point of T and
S, thatis sz=Tz=p. Letx, eY and let the sequence {Sx }, generated by

SX,,=(1-a)SX +aTz,

Sz, =(1-B)SXx + BTX
converges to p. Let {Sy } = X and define Ss = (1-,)Sy +B8Ty,,n>0

g =d(Sy, ., (1-a)Sy, +aTs ), n=0

n+1’

If the pair (S,T)is forallx,y eV,
d(Tx,Ty) < ad(Sx,Sy) + Ld(Sx,Tx), a<[0,1), L>0.

() d(p,Sy,,) <sd(p,Sx,)+s [ [1-a +aa)d(Sx,,Sy,) +Ls'a)_ s"'a B [ | A~ o, +aa)d(Sx,,Tx,)
Then, i=0 j=0 i=j+1

+Ls° Y 8" [ [ -, +aa)d(Sz,, T2)+D s [ [ A~ o, +aa)e,.
j=0

i=j+1 j=0 i=j+1

(1) lim sy = p ifand only if lim ¢ =0.

n—on

If we put y, =0andr =1in Theorem 2.1, we obtain following result of Prasad and Sahni [24].
Corollary 2.3 [24]. Let (X,d) be a metric space and S, T maps on an arbitrary set Y with values in X such
that T(Y) < S(Y),and S(Y) or T(Y) is a complete subspace of X. Let z be a coincidence point of T and S, that
ISSz=Tz=p. Letx, eY and let the sequence{sx }, generated by
Sx ., =(1-a )X +aTz,
Sz =(1-pB)Sx + BTX
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converges to p. Let {Sy } = X and define Ss =(1-4)Sy + 8Ty ,n>0
e =d(Sy ,,(1-a)Sy +aTs ), n=>0
If the pair (S,T)is forallx,yeY,
d(Tx,Ty) < ad(Sx,Sy) + Ld(Sx,Tx), a<[0,1), L>0.

Then,

Hd(p,Sy,.,)<d(p,Sx ) +1l[(1— a, +ae,)d(Sx,Sy,) + Lazn:ajﬂjli[(l— o, +aa,)d(Sx,,TX,)

i=0 j=0 i=j+1

+LG: a, ﬁ (1-a +aa)d (Szj,sz)+illl (1-a +aa)e,

j=0 i=j+l j=0 i=j+1

(1) lim sy = p ifand only if lim ¢ =0.

n—o n—w

Ifweput o =B =y, =0forall n>0, g=a, s=randL=0 in Theorem 2.1, we obtain the following result

of Singh and Prasad [27].
Corollary 2.4 [27]. Let (X,d) be a b-metric space and S, T be maps on an arbitrary set Y with values in X

such that T(Y) = S(Y),and S(Y) or T(Y) is a complete subspace of X. Let z be a coincidence point of T and
S,thatis Sz=Tz=u (say). Letx, eY and let the sequence{sx }, generated by Sx  =Tx ,n=0,1,2... CONVerges
to u. Let {Sy } = X and define ¢ =d(Sy,,,Ty,), n>0. Ifthe pair (S,T) satisfies d(Tx,Ty) < qd(Sx, Sy) for all
x,yeY 0<qg<land k=sq<1. Then,

() d(u,Sy,,) < sd(u,Sx,,) +sk™'d(Sx,,Sy,) +s° D k"¢,

(I lim Sy _=u ifand only if lim ¢ =0.
If we put @ =B =y =0forall n>0, g=aands=r in Theorem 2.1, we obtain the following result of

Singh and Prasad [27].
Corollary 2.5 [27]. Let (X,d) be a b-metric space and S, T be maps on an arbitrary set Y with values in X

such that T(Y) = S(Y),and S(Y) or T(Y) is a complete subspace of X. Let z be a coincidence point of T and
S, thatis Sz=Tz=u (say). Letx, eY and let the sequence{sx }, generated by Sx_ =Tx ,n=0,1,2... CONVerges
to u. Let {Sy } = X and definee, =d(Sy,,, Ty ), n>0. Ifthe pair (S,T) satisfies

d(Tx,Ty) < qd(Sx,Sy) + Ld(Sx,Tx) forall x,y eY where 0<q<1s’g<landL >0.Then,

1

(1) d(u,Sy,,) < sd(u,Sx,,)+5(sa)"d(Sx,, Sy,) + S'LY_(sq)""d (Sx,, Tx,) +s° D (sq)" ..

r=0 r=0

(1) lim Sy, =u if and only if lim & =0.

n—o n—o0

The following example illustrates that the convergence rate of Jungck-Noor iterative scheme is faster than
Jungck-Mann iterative scheme.

Example 2.1. Let T,5:[0,1] — [0,1] be defined by Tx = —, Sx =§ and « =B =y, =0,n=12.15

X
4
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a =B =y = \/_ n>16. Itis clear that T satisfies (1.13) with a unique coincidence point. We see that

a,, B, and y, atisfies all the condition of stability of coincidence point. Here, we show that Jungck-Noor

scheme
converges faster than Jungck-Mann iterative scheme to the point p =0.

Proof: Let n>16. Then for Jungck-Mann iteration (1.8), we have
Sx . =@1-a)SX +a Tx

PRI A I S S
Jn2 dna o2 Sl
X =2(£—i)x =(1—i)x.
n+l 2 \/H n \/E n
Also, for Jungck-Noor iteration (1.9), we have
St =(1-y,)SX, +yTX
_(1_i)xn 4 x (l 1)x
Jn' 2 J_4 2 Jn'
[ =20 )%, = - —F)x,,
n 2 \/H n \/H n
:(1—ﬂ)5xn+ﬁTr
- e - -
f 2 o o4 "

1 4
z, = 2(———)xn = (1——)xn,
2 n

=(1-a)SX +aTz
4 4 X 1 1 4

- % —1———"— )X,
N N RN

X _Z(E_L_L)X (1- 2 _L)X
2 dn NEEIN
n 2 8 8
1= 2 ° 2
. on 05 i e e
, X (JM) - 2 _|:16 2 .
n+l H(l— )Xo (1_7)
i=16 \/H \/H

It is easy to see that

0< Ilml_[(l— ”*/_ —VR ¢ I|mH(1——) = I|m—:0.

n—o n—ow n—w N

1— i=16
( \/ﬁ)

Hence

x,(IN)-0|
X (IM)-0|
Therefore, by definition 1.4, Jungck-Noor iterative scheme converges faster than Jungck-Mann scheme.

lim

n—w
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