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ON COMPLEX VALUED METRIC SPACES

Sultan Ali"

Abstract

In this paper we study the complex valued metric space as a topological space
and obtain some topological properties of this space. Here we prove that
every complex valued metric space is first countable. We also prove that every
complex valued metric space is Tj.
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1. INTRODUCTION AND PRELIMINARIES

We know, there are many generalizations of ordinary metric space like Semi metric
space, Symmetric space, Cone metric space, Fuzzy metric space, Rectangular
metric space etc. One such generalization is Complex valued metric space which
was introduced by A. Azam, F. Brain and M. Khan [2]. Since then, many research
articles ([1], [3], [4], [5], [8], [9]) have been published on this space. In every
work, we see only fixed point results and its applications, but here we study this
space as a topological space. Here we show that any complex valued metric space
is a topological space under the topology induced by the complex valued metric.
Now it is a natural query that how much the complex valued metric space is rich
topologically like ordinary metric space. Like ordinary metric space, complex valued
metric space has also many topological properties.

Let C be the set of all complex numbers and z,, z, € C. Define a partial order
relation = on C as follows:

z, X z, if and only if Re(z,) < Re(z,) and Im(z,) < Im(z,).
Thus z, 3 z, if one of the followings holds:
(1) Re(z,) =Re(z,) and Im(z,) = Im(z,),
(2) Re(z)) <Re(zy) and Im(z,) = Im(z,),
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(3) Re(z)) =Re(z,) and Im(z,) < Im(z,) and
(4) Re(z)) <Re(z,) and Im(z,) < Im(z,).

We write z; 3 z, if z; 3 z, and z; # z, i.e., one of (2), (3) and (4) is satisfied
and we will write z; < z, if only (4) is satisfied.

Remark 1: We can easily check the followings:
(1) a,beR,a<b=azbz,VzeC.
(i) 032 32 = |z<|z).
(i) z, Sz, and z, < z3; = z; < z3.
One can easily verify the following lemmas:

Lemma 1: The relation 3 is compatible with respect to addition i.e., z; = z,
=z1+z32y+2,Vz,25,2z€ C.

Lemma 2: Ifz,,z, € Cthenz, <z, =z, +z<z,+2, Vze C.

Lemma 3: Ifz, z,, z3,z, € Cthenz, 225, 2y Dz, =z, + 23 2, + 24
Lemma 4: Ifz,, z,, 23,z € Cthenz| 2 zy,z3 <z, = 2, + 23 <z, + 2.
Lemma 5: If z,, z,, z; € C then z; 3 z,, z, < z; = z; < z3 [(iii) of Remark 1].
Lemma 6: Ifz|, z,,z, € Cthenz, <z,,z, 323 =z, <z;.

The following lemma, similar as in real number system with ordinary order
relation, holds also.

Lemma 7: Ifa, b € C such thata < b + ¢, forany € € C, 0 < e then a = b.
Proof: Let € > 0 be given. Put e =e+ie. Thene € Cand 0 <¢".

Thus by given condition

a<b+e
= Re(a) < Re(b) + € and Im(a) < Im(b) + €.
Since € > 0 is arbitrary,
Re(a) £ Re(b) and Im(a) < Im(d)
Hencea X b. 1M
Azam et. al. [2] defined the complex valued metric space in the following way:

Definition 1 (|2]): Let X be a nonempty set. Suppose that the mappingd : X x X — C
satisfies the following conditions:
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(C1) 0 2 d(x, y), forall x, y € X and d(x, y) = 0 if and only if x = y;
(C2)d(x,y)=d(y, x), forall x, y € X;
(C3)d(x,y) 2d(x,z)+d(z, ), forall x, y, z € X.

Then d is called a complex valued metric on X and (X, d) is called a complex
valued metric space.

Example 1: Define the mapping d : R x R — C by
d(X,J/): i | xX=y |5 any e R.
One can easily verify that (R, d) is a complex valued metric space.

Definition 2: Let (X, d) be a complex valued metric space and 0 < r € C, a € X.
Then we define the open ball B(a, r) as

B(a,r)={ye X:d(a,y)=<r}.

Definition 3: Let (X, d) be a complex valued metric space and 0 < r € C, a € X.
Then we define the closed ball B[a, r] as

B(a,r)={yve X :d(a,y) Zr}.

Now we give a topology on a complex valued metric space (X, d) induced by
the complex valued metric d.

Definition 4: Let (X, d) be a complex valued metric space. We define
1={dtu{VcX:VaeV,3IreC, 0=<rsuchthat B(a, r) c V}.
Then 7 is a topology on X.

Verification: Clearly &, X e 1. Let {V,:iel} ct. PutV=u,_ V. Leta eV,
then a € V, for some i € I. Thus there exits » € C, 0 < rsuch that B(a,r) c V,c V
and hence V € 7.

Againlet V|, V, e 1. Leta € V; N\ V,, this implies a € V,, a € V,. Thus there
existr, 7, € C,0<r;,0=<r,suchthat B(a, r) c V|, B(a, r,) € V,. Let 0 < r such
that Re(r) < min{Re(r,), Re(r,)} and Im(r) < min{Im(r;), Im(r,)}. Then clearly
r<r;and r < r,. Thus B(a, r) € B(a, r}) € V, and B(a, r) € B(a, r,) € V,. Hence
B(a,r)cV,nV,. ThusV, "V, e

Hence the complex valued metric space (X, d) can be considered as the

topological space (X, 7).

2. MAIN RESULTS

In this section we present the main results of this paper.
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First we show that in a complex valued metric space any open ball is an open
set.

Theorem 1: Let (X, d) be a complex valued metric space, a € X and 0 < r € C.
Then the open ball B(a, r) is an open set in X.

Proof: Let x € B(a, 7). Then 0 3 d(a, x) < r. Put r — d(a, x) = r,. Then 0 < r,. Let
z € B(x, r)) = d(x, z) < r,. Thus d(a, z) 3 d(a, x) + d(x, z) < d(a, x) + r; = r. Thus
z € B(a, r). Hence B(x, r;) € B(a, r). Thus B(a, r) is open in X. B

Now it is easy to prove the following result.
Theorem 2: Let (X, d) be a complex valued metric space. Then
B={Bx,r):xeX,0<reC}
is a basis for the topology T of X.
Theorem 3: Every complex valued metric space is T,.

Proof: Let (X, d) be a complex valued metric space. Let x, y € X, x #y. Then 0 =
d(x, y), d(x, y) # 0. Thus |d(x, y)| = > 0.

Let 0 < ¢ e Csuch that |c|=7/2 . Clearly x € B(x, ¢), y € B(y, ¢).
We claim that B(x, ¢) N B(y, ¢) = &. If not, let z € B(x, ¢) N B(y, ¢).

Thus d(x, z) < ¢, d(y, z) < c. Hence d(x, y) = d(x, z) + d(z, y) < 2¢. Thus |d(x,
V)| <2|c|=r=|d(x,y)| and we get a contradiction.

Hence B(x, ¢) N B(y, ¢) = &. This completes the proof. B
Theorem 4: Every complex valued metric space is first countable.
Proof: Let (X, d) be a complex valued metric space.

Letx e X.

Put

Gz{B(x,l+i]:neN}.
non
Then clearly G ¢ 2N,.
LetN, € N..
Then d ¢ € C, 0 < ¢ such that
B(x, ¢) ©N,.
Let N € N such that
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% < min{Re(c), Im(c)} :

Thus

x*

B(x,i+i)CB(x,c)CN
N N

Hence X is first countable. B

Since any complex valued metric space is first countable we have the following
two important results.

Theorem 5: Let (X, d) be a complex valued metric space and A ¢ X. Thena € A
if and only if there exists a sequence {x,} in A such thatx, — a as n — oo.

Theorem 6: Let (X, d), (X, ©) be two complex valued metric spacesand /: X - Y
be a function. Then f'is continuous at a € X if and only if for every sequence {x,,}
in X, f(x,) — f(a) as n — o whenever x, — a as n — oo.

The proofs of the above two theorems are omitted because for first countable
topological spaces they are available in any standard book of general topology, see
[6] or [7].

We know every second countable topological space is separable so every
second countable complex valued metric space is also separable. In general, the
converse is not true for topological spaces, but the converse is true for metric
spaces. Is the converse true for complex valued metric spaces? Here we show this
in affirmative.

Theorem 7: Every separable complex valued metric space is second countable.
Proof: Let (X, d) be a complex valued metric space.

Then X has a countable dense subset A (say).

Let

G={B(a,¢):acA c=r+ireC,reQ'}.

Clearly G is a countable collection of open sets.

Let V be an open set in X and x € V.

Thus there exists ¢ € C, 0 < ¢ such that

B(x,c)c V.
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Choose » € Q" such that
r <min{Re(c), Im(c)}.
Putc¢ =r+ir.

Then0<c € Candc <c.

Thus
B(x, c*) cB(x,c)c V.
Since A= X,
c*
B[x, —] NA #Q.
2
Let
ace B[x, C—J NA
2
C*
= dx,a)< —.
(x, ) 2
Thus

Xe B[a, %]cB(x, c*)c B(x, c)CV

Also BLa, %) eG

Thus G is a countable base for X.
Hence X is second countable. ®

Now we show that every complex valued metric space is regular, to prove this

we need the following theorem.

Theorem 8: Let (X, d) be a complex valued metric space, a € X and 0 < r € C.

Then the closed ball B[a, 7] is a closed set in X.
Proof: Put V=X -B[a, r].

Letxe V.
Then
x ¢ Bla, r]



On Complex Valued Metric Spaces

13

=3 Re(d(x, a)) > Re(r) or Im(d(x, @)) > Im(r).
Case 1: Re(d(x, a)) > Re(r)
Put
R=dx,a)—r+i|dx, a)—r]|.
Thus Re(R) > 0 and
Im(R) =| d(x, a) —r |+ Im(d(x, a) —r) > 0.

Thus 0 <R.
Let

y e B(x, R)
= dx,y)<R=d(x,a)—r+i|dx, a)—r]|

= r<dix,a)—dx,y)+i|dx,a)—r|3da,y)+i|dx,a)—r|
= r<d(a,y)+ildx,a)—r]|.
Thus

Re(d(a, y)) > Re(r)
= y ¢ Bla, r].
Hence
B(x, R) c X - BJa, r].
Thus V is open and hence BJa, ] is closed.

Case 2: Im(d(x, a)) > Im(r)

Put
R=d(x,a)—r+|d(x, a)—r|.
Then Im(R) > 0 and
Re(R) =|d(x, a) — r | + Re(d(x, a) —r) > 0.
Thus 0 < R.
Let

y € B(x,R)
= dx,y)<R=d(x,a)—r+]|dx,a)—r]|
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= r=d(x,a)—d(x,y) +|dx,a)—r| 3 da,y)+|dx, a)—r|
= r=<d(a,y)+|d(x, a)—r|.
Thus

Im(d(a, y)) > Im(r)
= v ¢ Bla, r].
Hence
B(x,R) c X - BJa, r].
Thus V is open and hence BJa, r] is closed. B
Theorem 9: Every complex valued metric space is regular.
Proof: Let (X, d) be a complex valued metric space.
Letx e X.
Let V be any open set such that x € V.
Then there exists » € C, 0 < r such that
B(x,r)c V.
Thus

XE€ B(x, %Jc B(x, r)CV.

Since B[x, %} is a closed set we have

xeB(x,zjcB[x,z}cB(x,r)cV.
2 2

xeB x,z cB x,z cV.
2 2

Hence X is regular. ®

Thus

Since every complex valued metric space is T, and hence T, we have the
following corollary.

Corollary 1: Every complex valued metric space is T;.
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