[IJMS, \ol. 18, No. 3-4, (July-December 2019), pp. 243-257 © SerialsPublications
SSN: 0972-754X

DOUBLE-SOLITON SOLUTIONS AND PERIODIC
SOLUTIONS OF BOITI-LEON-MANNA-PEMPINELLI
EQUATION

Jinhua Zhang

Abstract: In this paper, by using the bilinear method of Hirota and the Cole-Hopf
transformation method, Boiti-Leon-Manna-Pempinelli equation is studied. Double-soliton
solutions and periodic solutions of Boiti-Leon-Manna-Pempinelli equation are obtained.
The dynamic properties of double-soliton solutions and periodic solutions are discussed.
By using software Maple, the graphs of some double-soliton solutions and periodic solutions
are drawn.
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1. INTRODUCTION

In recent years, there has been an increasing interest in the study of the exact solutions of
nonlinear equations, which can be used to simulate many phenomena in physics, chemistry,
and biology. The bilinear method developed by Hirota is a powerful tool and direct approach
to construct exact solution of nonlinear equations. By applying the bilinear method, people
obtained a series of multi-soliton solutions of many nonlinear equations, see references
[1-8]. In this paper, by using the bilinear method of Hirota and the Cole-Hopf transformation
method, we will study a (2 + 1)-dimensional model equation for shallow water waves, that
is, the following (2 + 1)-dimensional Boiti-Leon-Manna-Pempinelli (BLMP) equation [9-11]

Uy + Uy, — Sty ity — 3uu,, = 0. 1

This equation can be reduced to the potential KAV equation for y =x. In 1994, Clarkson
and Mansfield [9] studied this (2 + 1)-dimensional shallow water wave equation. Later,
Wazwaz studied Multiple soliton solutions and multiple-singular soliton solutions for Eq. (1)
in [10]. Recently, Luo investigated Quasi-Periodic Wave solutions of Eq. (1) in [11].
Different from Refs. [9-11], we will use a new auxiliary function to investigate the two-soliton
solutions of Eq. (1) based on the bilinear method of Hirota and the Cole-Hopf transformation
method.
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2. BILINEAR FORM OF BOITI-LEON-MANNA-PEMPINELLI EQUATION

In order to obtain more new two-soliton solutions of Eq. (1), we need to introduce bilinear
form and new auxiliary function. Suppose that Eq. (1) has a bilinear transformation

u=M(nf), 2)

this is Hope-Cole transformation, where f = f(x, y, #) is a auxiliary function and we will
know M = -2 in the below. When M = -2, substituting the Hope-Cole transformation (2)
into the Eq. (1), the Eq. (1) can be rewritten as bilinear form as follows:

(D,D,+D,D)f - f=0, 3)

where the bilinear arithmetic operators can be defined as

myyn ) A m o 9 n
DxD,vaf(x’%f)~g(x,y,t):[___/] [ ]

ox Ox dyx _a_y/
k
g J
T Ry NN
Suppose that the auxiliary function can be written as
fo,y, 0= a_ze_éz +a_,; e Sy a, P a, €24 Aet1t 5, 4)

where §; = k;x+ v,y —w;tand k;, v;, w;, a;, A, (i = 1, 2) are constants to be determined
further. Especially, whenA=a_,=a,=0,a_,=a,=1,k,=v,=w, =0 (i.e., f(x, y, 1) =
1+ eél), from Egs. (2) and (1), it is easy to know that

M=-2, w=k. (6)

For convenience, without loss generally we suppose that M = -2, w, = k? in Eq. (2).
Thus, the Cole-Hopf transformation of Eq. (1) can be written as

u=-2(nf), (7
where w; = k°, that is, &, = k;x + v,y — k. 1.
3. TWO-SOLITON SOLUTIONS OF (2 + 1)-DIMENSIONAL MODEL
EQUATION FOR SHALLOW WATER WAVES
Substituting (5) into (3), we let all the coefficients of the polynomials ¢ as zero yields
—21Aa_ a_,k kyv,— 15Aa_a_-ki kyv,—36Aa_ a_,k> kv, —36Aa_ a_, k3 k3 v,
—15Aa_,a_, k k3 v, - 21Aa_  a_, k k3 v, =0,
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—8a§1a1 k‘}vl + 2a_1a_2a2k§ ky v, — 4a_1a_2a2k21 k%vl - 14a_1a_2a2k1k§v2 =0,
8a_1a%k‘11v1 -2a_,a a2k31 kyv, +4a_,a azk%k%vl + 14a_,a,a,k, k32v2=0,
3Aa_a ki kyvy + 5Aa_ya, kK ky vy + 8Aa_ya, K Ky v, + 12Aa_ya, K K3 v,
+5Aa_ya ki kv, + TAa_ra, k kv, =0,
—-14a_,a_,a, k?kzvl —4a_,a_,a, k%k%v2+ 2a_,a_ya, k; kgvl - 8a§2a2k§v2=0,
14a_,q, azki kyvi+4a_,q azk%k%vz— 2a_,a,a,k, kgvl + 8a_2a%k§v2 =0,
TAa_ a, ki ky vy + 5Aa_  ay ki ky vy + 12Aa_ a, K3 K3 v, + 8Aa_ a, kK K3 v,
+5Aa_ ayk kv, + 3Aa_ ay ki kv, = 0,
azla_zk? ky v, —azla_zk? ky v, — Za%Ia_zk%kévl + 2a31a_2k%k§v2
+a%1a_2k1 kgvl —azla_zkl kgvz =0,
a_la%k? kyv, + a_la%ki ky v, + Za_lagk% kzzvl + 2a_1a§k%k§v2
+a_1a§k1k32v1 + a_la%k1k3ZVZ=0.

By using software Maple, we solve the above group of equations, thus the twenty kinds
of parametric conditions are obtained. Corresponding to every group of parametric
conditions, we can obtain different kinds of exact solutions, such as double-soliton solutions,
smooth and non-smooth periodic solutions which are shown the below:

Case 1: Under the parametric conditionsA=A,a_;=0,a_,=0,a,=0,a,=a,, k; =k,
V| = Vy, ¥ = V,, the auxiliary function (5) becomes
f (x y H=a ek2x+vzy—kgt + Ae(kl +ky)x 4 (v +v)y —(k +k3)t (8)
1 > - "2 N
Substituting Eq. (8) into the Cole-Hopf transformation (7), we obtain a double-soliton

solution as follows:

x4 vy — k3 ki 4+ ko) x + (v +v)y — (k] +&3
—2(12](26 2% + V2 “I+A(kl—|—k2)€(l+ 2)X + (v + )y — (ky + k)t

kX + vy — k3t (ky 4+ )+ (v +vy)y— (k5 + k)t
+ Ae

; 9)

u =
ae

where A, a,, k, k,, v|, v, are arbitrary constants.

Case 2: Under the parametric conditions A=A, a_ =a_,a_ ,=a_5,a,=0,a,=0,
k; = —ky, ky = ky, v = v,, v5 = v,, the auxiliary function (5) becomes

3 3
(x’ y, t) —a e—kz,\f—vzy+k2t ta ekzx—vzy—k:t + AeZVlv. (10)
2 2 1
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Substituting Eq. (10) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

3 3
2](2 (a72efk:)c — VY +kyt . ailekzxf vy — k3t )
U, = ’ (1 1)

—kyx —vyy + k3t kpx —vyy— k3t 2vyy
a,e TR fa e T TR 4 A

whereA, a_,, a_,, k,, v, are arbitrary constants. If a_, =—a_, then f,(x, y, ) becomes
fo(x, y,1)=—2a_, sinh (k,(—x + k21)) + Ae™™" . (12)

Substituting Eq. (12) into the Cole-Hopf transformation (7), we obtain a soliton-like
solution as follows:

_ 4a_ k, cosh (ky(—x + k; 1))
— 2a71 sinh (k2 (_x + k22 Z)) B Aeszy .

13)

Uy

Especially, when k, = K,i,a_; =A_i, i =+/—1, the u, becomes a periodic solution

- 4A K, cos (K,(x + K1)
u, = .
> 24, sin (Ky(x + K21)) — Ae™™

(14)

where A, A_ |, K,, v, are arbitrary constants.

Case 3: Under the parametric conditions A =A,a_;=0,a ,=a_,,a,=0, a, = a,,
ky =—ky, ky = ky, vi = v, v, =0, the auxiliary function (5) becomes

—kyx+ k31

i, y,t)=a_,e + azekz’“kgt + Ae'". (15)

Substituting Eq. (15) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

—kyx+ kit kyx—kyt
2k, (a_,e —a,e )

—kpx + 151 kyx — k3t ’
a,e R 4 ae™ R+ Ae™

(16)

U; =

where A, a_,, a,, k,, v, are arbitrary constants. If a_, = a,, then f5(x, y, ) becomes

f,(x, y,1) =2a, cosh (k,(—x + k%1)) + Ae™ . (17)

Substituting Eq. (17) into the Cole-Hopf transformation (7), we obtain a soliton-like
solution as follows:
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s 4a, k, sinh (k,(—x 4+ k> 1))

Uy = > —. (18)
2a, cosh (k,(—x + k; 1)) + Ae™
Especially,When k, = K, i, i =+/—1, u; becomes a periodic solution
= 4a,K, sin (K,(x + K; 1)) (19)

u, = —,
P 24, cos (K, (x + K21)) — Ae'™

where A, a,, K,, v are arbitrary constants.

Case 4: Under the parametric conditions A=A,a_;=a_,a ,=0,a,=0,a,=0,
ky = ky, ky = ky, v, ==*, v, = v,, the auxiliary function (5) becomes

—kx+ 224 i} ki +h)x+22 (5 +hk
e,y y=a e T gt T R (20)

Substituting Eq. (20) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:
—2(_a,1kleik1x+%+kﬁ + A(k1 + kz)e(kl Tha)x "22-" ()

(ky +ky)x +25— (k] + A3t

U, = —kx 2 ’ (21)

a_e 4+ Ae

where A, a_, k;, k,, v, are arbitrary constants.
Case 5: Under the parametric conditions A =A,a_;=a_;,a ,=0,a,=0, a, = a,,

k, = —ky, ky = ky, v{ = v, v = v,, the auxiliary function (5) becomes

3 v 3 ,
S pr)=a_ e T pg, TR et (22)

Substituting Eq. (22) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

3 3
—2k (a ekzx—vly—kzt +a ek2x+v2y—k2t)
g = ———el : , (23)

ailekzx—vly—kgt_'_azekz)CJrv:y—kgt+Ar(v1+v2)y

where A, a_, a,, k,, v|, v, are arbitrary constants.

Case 6: Under the parametric conditions A=A, a_;=0,a_,=a_,,a;,=0,a,=0,
ki =k, ky = k5, vi = =2v,, v, = v,, the auxiliary function (5) becomes

| 3 Cn (13 3
f6(x7 y’ t):aizefk2x+12y+k2t +Ae(kl+k2)x+»2y (k1+k2)t. (24)
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Substituting Eq. (24) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

—kyx — vy K3 ky +ky)x —voy — (k§ + k3
—2(—6172](26 2X—Wy+kit +A(kl —|—k2)€( 1+ hky)x — vy — (ki +k3)t
U, = : (25)

—hyx —vyy + k3t (ky +ky)x — vy — (k} +K3)t
a_e TR A TR TR TR TR

where A, a_,, k;, k,, v, are arbitrary constants.

Case 7: Under the parametric conditions A=A,a_;=a_j,a_,=a_,,a,=0, a, = a,,
ky =k, ky =0, v, ==*, v, = v,, the auxiliary function (5) becomes

oy —kx + 2Lk kx+22 k3
2 T 4 Aet T (26)

L, y,t)=a_,e +a_e

Substituting Eq. (26) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

—kx + 22k kx+22 k3
2k(a_e T T —Ae T
Uy = kx+22 1kt kx +22 13’ (27)
—vyy —kpx + -~ xX+-5—
a,e™ +a e T AT

where A, a_,, a_,, a,, k;, v, are arbitrary constants.
Case 8: Under the parametric conditionsA=A,a_;=0,a_,=0,a,=a,,a,=a,, k; =k,
ky, = ky, v; = v5, v, = v, the auxiliary function (5) becomes

kx4 vyy — k3t kyx +vyy — k3t ky +ky 2v,y — (k3 + 43t
fg(X,y,t):ale X+ vy —ky +02€ 2X + vy — k3 +Ae( 1 Fky)x +2vyy = (ky +k3) . (28)

Substituting Eq. (28) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

kyx + vy — kit kyx +v,y— k3t (ky +ky)x +2vyy — (k3 +h3)1
y _ —2(ake” Yt a,k, e T TR Ak +ky)e T LR
. =

kx vy — kot kx4 vy — K31 (ky + ky)x +2vyy — (k3 + k)t ., (29)
alel 2) 1 _'_aze 2 2) 2 _'_Ae 1 2 2) 1 2

where A, a,, a,, k, k,, v, are arbitrary constants. If k;, = —k,, v, =0, a; = a,, then fg(x, y, 1)
becomes

fi(x,y,1)=2a, cosh (k,(—x+k21)) + A. (30)

Substituting Eq. (30) into the Cole-Hopf transformation (7), we obtain a kink wave
solution as follows:
o __4ak, sinh (k(—x + k3 1))
* 7 2a, cosh (k,(—x +k20)+ A

€1y
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Especially,when k, = K, i, i = /-1, ug becomes a periodic solution

= _ 4a,k, sinh (K,(x + K> 1))
* " 2a, cosh (K,(x + K 1))+ A’

(32)

where A, a,, K, are arbitrary constants.

Case 9: Under the parametric conditions A=A,a-1=0,a_,=a_,,a,=a;,a,=0,
k, = —ky, ky = ky, v{ = v, v; = v,, the auxiliary function (5) becomes

3 3 '
fg(X, V. )= a7267k2X7V2y+k2t + aleszXJrvlerkgt + Ae(vl +v2)y . (33)

Substituting Eq. (33) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

—lyx — vy + k3t —kyx + vy + K31
2k,(a_,e *+ae ! )

(34)

U, =

9 3 3 9

—k )Cfl’ﬂ\)#»kt 7](3)6#»\) V+k~;t vi+Wwm)y
a ,e BT +ae e —|—Ae(‘ 2D

where A, a_,, a,, k,, v, v, are arbitrary constants.

Case 10: Under the parametric conditions A=A,a_=0,a_,=a_,, a;=a,, a, = a,,
ky =k, k, =0, v, =v,, v, = v,, the auxiliary function (5) becomes

-0 Ky ) — k3 Y Ky 2y — ki
fox, v =a e ™ +ae™ "N f e 4 Aehr Tk (35)

Substituting Eq. (35) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

_2k (a ek1x+v1y—k?t +Aek1,t+(vl+v2)y—kft)
1\*1

kx vy —kit

; (36)

u =
10 v,y

vy kix 4 (v, +v)v—k3t
2 +Ael 1+ V2)) 1

a ,e +ae +a,e*

where A, a_,, a,, a,, ky, v|, v, are arbitrary constants.

Case 11: Under the parametric conditions A=A, a_,=a_,a_,=a_,,a;=a;, a,=0,
k; =0, k, = k,, v == 2v,, v, = v,, the auxiliary function (5) becomes

—kyx — vy + K3t 2v,y —2v,y kyx — vy — k3t
fu,yt)=a ,e ™ Y ta e t+ae TV +Ae TR (37)

Substituting Eq. (37) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:
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—kyx — vy + k31 kyx —vyy — k3t
—2k,(—a_,e + Ae )

—kyx — oy + K31 2v, —2v,y kyx —vay —kit
a e TR g et fae Y 4+ Ae TR

; (38)

U, =

where A, a_, a_,, a;, k,, v, are arbitrary constants. If a_ | = a,, then f},(x, y, ) becomes
7 ) 3 X — vy — k3
fi,(x, y, 1) =24, cosh (2v,y) + a_,e TR L Al (39)

Substituting Eq. (39) into the Cole-Hopf transformation (7), we obtain a soliton-like
solution as follows:

—kyx —vyy + K3 kyx — vy — k3
2k, (a_je TR Ae TR

Uy

40
kzx—v2y+k§t + Aekz,\:—vlv—kg ’ ( )

a 2a, cosh 2v,y) +a_,e”

where A, ay, a_,, k,, v, are arbitrary constants.

Case 12: Under the parametric conditions A =A,a_ ;=0,a_,=0, a; = a;, a, = a,,
k; = ky, ky =k, vi = v|, v, = v,, the auxiliary function (5) becomes
k2x+vl)'—kgt

oy 13 | | 93
flz(x7 y,t):ale _‘_azek2x+»2y k2t+Ae2k2X+(Vl+L2)y 2k2t. (41)

Substituting Eq. (41) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

—2k2 (alekzx +wy—k3t + azekz,\: Ty —kit + AeZkz,\: (v )y — 2k§z)

kyx + vy —kst
ae™ "R L ae

; (42)

12 kyx +v. )'7k3t 2k \f+(v+v)v72k3t
2 LY 2 2 2)) 2
2 2. 2 Ae 2 1

where A, a,, a,, k,, v,, v, are arbitrary constants.

Case 13: Under the parametric conditions A=A, a- 1 =a,a_j,a;,a_ ,=a_,,a,=a,,a,
=a,, ky =—ky, ky = ky, v| = v,, v; = v,, the auxiliary function (5) becomes

—kyx —voy + K3t + a2a—2 kax —vay —kit

fi3(x’ Vs t) =a.,e
a

(43)

+ale—k2x+vzy+kgt_I_azekz)uruzyfkgt_l_Aeszy.

Substituting Eq. (43) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:
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2k2 (alaize—kzx—vzyJFkgt _azaizekzx—vzy—kgt +afe—k2,r+v2y+kgt _alazekz,\:Jrvzy—kgt)
13 3 3 3 3 ’
—kyx—vyy+ky kyx—vyy—k; 2 —k, 2y +ks kyx4vyy—k; 2v,
aae T paa e T T paje TR L aa,e T TR 4 Age™™
where A, a_,, a,, a,, ky, v, are arbitrary constants. If a_, = a,, a; = — a,, a, = a,, then

fi3(x, y, ) becomes

];13()6, y, 1) =2a,(cosh (k,x + v,y — k;t) —cosh (k,x — v,y —k;1)) + Ae™™ .  (45)

Substituting Eq. (45) into the Cole-Hopf transformation (7), we obtain a soliton-like
solution as follows:

. 2a,k, (sinh (—k,x — v,y + k; 1) —sinh (—k,x + v,y + k; 1))
a 2a, cosh (—k,x — v,y + k3t) — 2a, cosh (—k,x + v,y + k; 1)) + Ae

o (40)

where A, a,, k,, v, are arbitrary constants.

Case 14: Under the parametric conditions A=A, a_;=a_,a_,=a_,,a,=a,, @, = a,,
ki =k, ky=k,, v =0, v, =0, the auxiliary function (5) becomes

—kyx +k3 —kyx ki kx—k3 kyx —k3 ki +ky)x— (k' +k5
fayt=a,e ™ fa e L g Th g TR - At TR RN (g7

Substituting Eq. (47) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

—y X +13 —kyx -k kx—ki kyx—k3 Ky ko )x—(k +h3
2Aa ke ™ va ke —a ke TN —a ke — Ak +ky)et TR

—kyx+k3 — x4k kx—k3 kyx—k3 Ky +hy ) x— (ki +h3
61,26 KX +kat -0-61,1@ 1x+1t+ale X zt_'_aze HX _t+Ae(1+_)x (1+_)t)

, (48)

U, =

where A, a_,, a_,, a,, a,, k|, k, are arbitrary constants. If a_, = a,, a_, = a,, then fi,(x, y, 1)
becomes

£, y.)=2a,cosh(k, (—x +k> 1)) +2a, cosh(k, (—x + k2 1)) + Aehi TR0~k +00 - (49)

Substituting Eq. (49) into the Cole-Hopf transformation (7), we obtain a soliton-like
solution as follows:

i _ 2(2ak;sinh(k, (—x+k; 1)) +2a.k, sinh(k, (—x+k; 1)) — Ak, +k,)e" o Yk —kiky +42)0)

ERr—- - (50)
) 20, cosh(ky (—x+k; 1) +2a, cosh (k, (—x-+K; 1) +-Ae' T2l
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Especially,when k, = K, i, k, = K,i,A=0, i = /-1, u;, becomes a periodic solution

= _ 2(aKsin(K, (x+ K} 1) + a,K,sin(K,(x +k; 1))
1 a,cos(K,(x + k> 1)) + a, cos(K, (x + k; £))

; (D)

where a,, a,, K, K, are arbitrary constants.
Case 15: Under the parametric conditions A=0,a_,=0,a_,=a_,,a, =0, a, = a,,
ky =k, ky, = k5, vi = v{, v, =0, the auxiliary function (5) becomes

—kyx k3t

fiS(‘x’y’t):a,ze +a2 ek:x—kgt. (52)

Substituting Eq. (52) into the Cole-Hopf transformation (7), we obtain a soliton solution
as follows:

—kpx +k3t kyx — k3t
_ 2ky(a_,e —a,e )

Us = kx—kt s (33)

—kyx + 13
a,e ™ " rae

where a_,, a,, k;, k,, v, are arbitrary constants. If a_, = —a,, then f|5(x, y, #) becomes

fis(x,y,0)=—2sinh (k,(—x+k>1)). (54)

Substituting Eq. (54) into the Cole-Hopf transformation (7), we obtain a anti-kink wave
solution as follows:

2
1215 _ 2K2 cosh (kz(_x —|—2k2 t)) _ —2k2 coth (kz(—x + k; t)) (55)
sinh (k,(—x + k5 1))

Especially,when k, = K, i, i = /-1, u;s becomes

2
sin (K, (x + K5 1))

where K, are arbitrary constants.
Case 16: Under the parametric conditions A =0,a_,=0,a_,=a_,,a,=a;,a,=0,
ky =k, ky = k5, vi == v,, v, = v,, the auxiliary function (5) becomes

—kz)c—vzerk;t

fis(x, v, 1) =a_,e +alek"‘7w7"g’. (57)
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Substituting Eq. (57) into the Cole-Hopf transformation (7), we obtain a soliton solution
as follows:

—kyx —vyy + K31 kyx —vyy — kit
2(a_,k,e —a ke )

—kzx—v2y+kgt

a,e +ae

; (58)

u =
16 kl,\t—vzy—k?t

where a_,, a;, k;, k,, v, are arbitrary constants.

Case 17: Under the parametric conditions A=0,a_,=a_,a_,=a_,, a;=a;,a,=0,
k; =0, ky =k,, v = v, v, = v,, the auxiliary function (5) becomes

—kz)c—vzerk;t

fn(x,y,)=a ,e ta,e” +tae”. (59)

Substituting Eq. (59) into the Cole-Hopf transformation (7), we obtain a double-soliton
solution as follows:

—kyx —vyy + k3t
2a_,k,e

(60)

u =
17 —kz)c—vzy+kgt

b
a,e +a ,e™ +ae”
where a_,, a_,, a;, k,, v|;, v, are arbitrary constants.

Case 18: Under the parametric conditions A=0,a_,=a_,a_,=a_,, a,=ay, a, = a,,
k; =0, k, = k,, v| = v{, v, = 0;the auxiliary function (5) becomes

—kyx + k3t

fis(x,y,t)=a_,e ta e +ae” +a,e (61)

Substituting Eq. (61) into the Cole-Hopf transformation (7), we obtain a soliton solution
as follows:

R kyx — k3t
2k,(a_,e —a,e )

(62)

Uyg =

9
—kyx + k3t kyx — k3t

a_,e +a e +ae" +ae

where a_,, a_,, ay, a,, k,, v, are arbitrary constants. If a, = —a_,, a_, = a;, then fi5(x, y, 1)
becomes

fis(x, v,1) =2a_,sinh (k,(—x + k1)) + 2a,cosh (v,y). (63)

Substituting Eq. (63) into the Cole-Hopf transformation (7), we obtain a soliton-like
solution as follows:

2a_,k,cosh (k,(—x + k; 1))
a_,sinh (k,(—x + K. 1)) 4+ a, cosh(v,y)

(64)

Ug =
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Especially,when k, = Kyi, v, =V i,a_,=A_,i, i =+/—1, u;3 becomes

- —2A ,K,cos (K,(x + K, 1)) 65)
Uqe = )
A sin (K, (x + K2 1)) + g, cos(V,y)

where A_,, K,, v, are arbitrary constants.

Case 19: Under the parametric conditions A=0,a_,=a_j,a_,=a_,,a;,=0,a,=0,
ky =k, ky = ky, vi = v,, v, = v,, the auxiliary function (5) becomes

—kyx — v:y+k§t

fox,y,)=a_,e + aﬁlefk"“”‘”k?’. (66)

Substituting Eq. (66) into the Cole-Hopf transformation (7), we obtain a soliton solution

as follows:

—lpx —vyy + k3t —kx —vyy k3t
2(a_,k,e +a ke )

—kyx — vy +kgt

a,e +a e

; (67)

U, —
19 —kx —vyy + kit
where a_,, a_,, k;, k,, v, are arbitrary constants.

a,a_,

Case 20: Under the parametric conditionsA=0, ¢ , ===2,a_,=a_y,a;=a;, a,=a,,
ay
ky = ky, ky = ky, vi == v,, v, = v,, the auxiliary function (5) becomes

a,a_, kpx—vyy+K3 1

+a.e” Fae R (68)

—kzx—vzy+k23t + e—k:x+v:y+k%t

fzo(x’y’t) =da.,e
a,
Substituting Eq. (68) into the Cole-Hopf transformation (7), we obtain a soliton solution
as follows:

—k,x—v v+k3t —k )c+v.,v+k.3,t 2 k)c—v.,y+k.3,t kyx v y—kit
2k,(aia_e T vaya_ e T —gie T YT —qua,e TP T

. (69)

U, —
20 2 kz,\t—vzy—kgt k~,,\:+v2y—kgt

kx4 vy k3
PR gle +a,a,e”

—kyx—v,y +k§t —
a,a_,e +a,a_,e

where a_,, a,, a,, k,, v, are arbitrary constants.If a_, = a,, a; = — a5, a, = a,, then f54(x, y, )
becomes

fzo (x,y,t)=2a,(cosh (k,x + v,y — k; t) — cosh (k,x —v,y — k; ). (70)
Substituting Eq. (71) into the Cole-Hopf transformation (7), we obtain a soliton-like
solution as follows:
o 2k (sinh (“kpx — v,y + k; t) —sinh (—k,x + v,y + k3 y))
20 cosh(—k,x — v,y + ki t) —cosh(—k,x + v,y +kyy)

(71)

where k,, v, are arbitrary constants.
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In order to show the dynamic properties of above double-soliton solutions, kink wave
solutions and peiodic solutions intuitively, as examples, we plot the 3D-graphs of
double-soliton solutions and kink wave solutions (11), (13), (31), (46), (64) and (71)
(see Fig. 1), the the 3D-graphs of periodic solutions (14), (32), (51) and (65) (see Fig. 2.)

" - "
& T -

[ B | -
o — {§ m
1 L F

-;':';-l_l. m 1

iz} kink wwve

(il s mangy= Lok womie (0 doiihleekink s

Figure 1: The Profiles of Solutions (11), (13), (31), (46), (64) and (71)
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Figure 2: The Profiles of Periodic Solutions (14), (32), (51) and (65)
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