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Abstract: Fractional calculus is more popular in these days. These concepts are applied to control systems. Fractional
order PID controller is an enhancement of conventional PID controller. Fractional order PI controller is used in this
paper to control the output variable of the process. In this paper the conical tank was used as a process. Height of
the tank acts as output variable. In this paper the controller parameters (proportional gain and integral gain) are
calculated by using conventional controller tuning methods like Zeigler Nichols, Cohen-Coon, Chein-Hrones-
Reswick and Kappa-Tau methods and the response of the process is studied for various fractional value of an
integrator (�) of a controller. The performance of the fractional order controller is compared for different values of
� and also studied the robustness of the controller for a change in 25% and 40% time constant of the process.
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I. INTRODUCTION

In process control applications, control of process parameters is a challenging job. The important reason is
process parameters are uncertain and time-varying unmeasured variables, delay in inputs and measured
outputs, constraints on manipulated variables and load or set point variations. Maintaining the height of the
liquid in the tank is a problem in Process control industries. If height is too low or too high problems may
arise because of spillage of material or improper chemical reaction or penalty for sequential operations. In
this paper conical tank is used as a plant and mathematical model of the conical tank is nonlinear. Radius of
the tank is different at different locations. Control theory concepts have been used to maintain the response
at desired value. Majority control theory deals with design of controllers for linear process. PID controllers
are widely used in Process control industries because they are well known and simple to the field operator.
PID controller proved to be the best perfect controller for simple and linear processes. Practically all the
systems are not linear. Desired characteristic of the process can be improved by introducing the fractional
values in the PID controller.

Last few years research on fractional calculus has been increased. By extending the ordinary differential
equations fractional order differential equations can be obtained. It has numerous applications in the field
of control system because the advancements in computation power allow simulation and implementation
of systems with adequate precision. Podlubny proposed a generalization of the PID controller, namely the
PIëDµ controller [1]. The FOPID controller has by five parameters and the parameters are the proportional
gain, the integral gain, the derivative gain, the derivative order and the integrating order. Different methods
have been proposed for tuning of fractional order controller. Pole distribution (Petras,1999), frequency
domain approach (Vinagre, Podlubny, Dorcak & Feliu, 2000), state-space design (Dorcak, Petras, Kostial
& Terpak, 2001), two-stage or hybrid approach (Chengbin & Hori, 2004), Ziegler-Nichols rules (Valerio,
D. & Sa Da Costa, J., 2006)[3], Fractional Ms constrained integral gain optimization (YangQuan Chen,



818 N. Gireesh and G. Sreenivasulu

Tripti Bahskaran & Dingyu Xue, 2008)[4], Optimization based tuning (Fabrizio Padula & Antonio Visioli,
2011)[5].

In this paper the response of the fractional order controller for the different values of ë was studied and
proportional gain and integral gain values of the fractional order controller were calculated using Zeigler-
Nichols, Cohen Coon, Chein-Hrones-Reswick and Kappa-Tau methods. Time domain specifications and
performance indices Integral square error (ISE), Integral absolute error (IAE) and Integral time absolute
error (ITAE) are compared for different tuning methods with different values of �.

This paper is organized as following. Fractional calculus briefly discussed in section 2. Experimental
setup and Mathematical modeling the process discussed in section 3 and section 4. System identification is
discussed in section 5. Integer order and fractional order controller were discussed in section 6. In section
7 tuning methods are discussed. Computer simulations and results are given in section 8 and section 9 ends
with conclusion.

II. FRACTIONAL CALCULUS

In mathematics calculus is one of the main topic to discuss on limits, derivatives and integration. Normally
it deals with integer order. More than 300 years back Leibniz (1965) was addressed on fractional order.
Many mathematicians contribute in the field of fractional calculus, including Euler’s, J.L.Lagrange, P. S.
Laplace, J. B. J. Fourier, N. H. Abel, G.F.B Reimann, Oustaloop, I. Podlubny, etc [2, 18]. Fractional calculus
[6] is a generalization of integration and differentiation to non-integer order operator , where a and t
denote the limits of the operation and á denotes the fractional order.

(1)

(2)

Riemann-Liouville (RL) and the Grunwald–Letnikov (GL) definitions are commonly used for the general
fractional differentiation and integration.

GL definition is

(3)

RL definition is

(4)

where n, h and  are integers.

III. EXPERIMENTAL SETUP

Experimental setup of a conical tank system consists of a conical tank, a water reservoir, motor, rotameter,
a level transmitter, an electro pneumatic converter (I/P converter), a pneumatic control valve, an interfacing
data acquisition module and a Personal Computer (PC). The level transmitter output is interfaced with
computer through NI USB 6008 data acquisition module. This module supports 8 analog input and 2
analog output channels with the voltage range of ±10volts. The sampling rate of the analog input 10K
samples per sec with 12-bit resolution. Figure 1 shows the real time experimental setup and figure 2 shows
the block diagram of the experimental setup of the process. Table I shows the technical specifications of the
setup.
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Figure 2: Block diagram of the experimental setup

Figure 1: Experimental setup of conical tank system
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Table I
Technical Specifications of the Setup

Part Name Details

Conical tank Stainless Steel

Height – 35cm

Top diameter -13cm

Bottom diameter – 0.8cm

Level Transmitter Capacitive Type

Range – 550mm

Output – 0-5VDC

Pump Single Phase AC motor

Centrifugal regenerative 0.5HP

Control Valve Equal percentage valve

Air to open

Size-1/4"

Rotameter Range – (0-1200)LPH

Electro pneumatic converter Input – (4-20)mA

Output – (3-15)psi

Supply – 20psi

IV. MATHEMATICAL MODELING OF PROCESS

The schematic diagram of the conical tank system is shown in Figure 3. The mathematical model [7, 9, 10]
of the conical tank can be determined by considering level as the control variable and inflow to the tank as
the manipulated variable.

The operating parameters are

F
in
 – Inflow rate of the tank

F
out

 – Outflow rate of the tank

H – Total height of the conical tank.

R – Top radius of the conical tank.

h – Liquid height in the tank.

r – Radius of the liquid in the tank.

K – Valve coefficient

Figure 3: Schematic diagram of conical tank level system
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The conical tank area of cross section is

(5)

(6)

(7)

(8)

According to mass balance equation, accumulation rate = rate of inflow – rate of outflow.

(9)

(10)

using (4) & (6) in (5),

(11)

Linearize the equation around h = h
s
 using Taylor’s series

(12)

By Taylor’s expansion,

(13)

The first term on RHS is zero, because the linearization is about a steady state point

(14)

(15)

This is similar to the first order equation. The transfer function of the system is

(16)

Where,

V. SYSTEM IDENTIFICATION

From the mathematical modeling, the process is first order system. For dynamic analysis first order plus
dead time model is used. To obtain this model controller is disconnected to the experimental setup and
operated in open loop. Initially the hand valves are at mid position. Applied fixed input flow rate of the
water to the tank. The height of the water in the tank reached at a steady state value. When there is a step
change in the input flow rate the output reached a new steady state value. The process gain is calculated
using Ziegler-Nichols open loop method. Identification of inflection point is difficult in Ziegler-Nichols
open loop method. Sundaresan and Krishnaswamy [8] proposed dead time and time constant for to avoid
the difficulty of identification of inflection point. The proposed times t

1
 and t

2
 are estimated from step

response corresponds to 35.3% and 85.3% response times.

Process gain, K = New steady state – Initial steady state
change in input

Time constant, � = 0.67(t
2
-t

1
)
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Dead time, L=1.3t
1
 -0.29t

2

The transfer function of a real time experiment setup is  at an operating condition of 675-

750 LPH.

VI. CONTROLLERS

A. Integer order controller

The transfer function of the integer order PID controller is

(20)

Where,K
c
 = proportional gain

�
i
 = integral time

�
d
 = derivative time

The response is faster as, proportional gain increases. At steady state offset error will be obtained.
Steady state error can be minimized by increasing the gain, sometimes it goes to unstable for large variation
in the proportional gain. The offset error can be eliminated and the steady state error reaches to zero by
adding the integral control. Derivative control reduces the overshoot and improves the rise time.

B. Fractional order controller

The fractional order PID controller transfer function is

(21)

Figure 4: General Form of fractional order PID controller

If ��= µ = 1, the controller is an integer order PID controller. The general form of fractional order PID
controller is shown in Figure 4. Normally the values of � and µ lie between 0 and 1 or 1 and 2.

In this paper the PI controller is used by assuming Kd is zero.

VII. CONTROLLER TUNING METHODS

Ziegler Nichols, Cohen-Coon, Chien-Hrones-Reswick and Kappa-Tau methods [11] are used in this paper
to tune the controller parameters K

c
 and �

i
. Two classical methods proposed by Ziegler Nichols one is open
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loop method and another is closed loop method [12]. These are more popular methods. The parameters are
calculated based on gain, time constant and delay of the FOPDT model in the first method. In the second
method the parameters are calculated based on ultimate gain and ultimate period. Poor performance for
process with dominant delay and large overshoot are the main disadvantages. Cohen and Coon [13] design
method is the second popular method after Ziegler Nichols method. This method is similar to the Ziegler
Nichols reaction curve method in that it makes of the FOPDT model to develop the tuning parameters. The
controller settings are based on the three parameters K, L, and ô response of the open loop step. The main
design requirement is the rejection of load disturbances. Chien-Hrones-Reswick (CHR) method [14] of
tuning was developed from the Ziegler Nichols open loop method for better performance of response speed
and overshoot. The quickest aperiodic response is labeled with 0% overshoot and the quickest oscillatory
process is labeled with 20% overshoot. Kappa-Tau method [15] is developed based on dominant pole
design with criterion on the rejection of load disturbance and constraints on the maximum sensitivity (Ms).
1.2 to 2 is the range of typical values of Ms. Larger values of Ms give systems that are less robust but faster.
This method gives good tuning for processes with long dead time.

For fractional order controller, the value of the fractional order (ë) was varied for different values. If the
order is one then the controller becomes the integer order. The order was varied between 0 and 1 and
between 1 and 2. The other parameters K

c
 and ô

i
 are taken from the integer order controller.

The PI controller tuning rules [16] of the above mentioned methods for the FOPDT model ( )
1

LSK e
G S

S
is given in the Table II.

Table II
Different Tuning Methods for Integer Order PI Controller

VIII. SIMULATION AND RESULTS

Proportional gain and integral time of the PI controller are calculated [17] for the system

using different tuning methods are given in Table III.
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Table III
Proportional Gain And Integral Time Values Of Pi Controller

Tuning Method K
c

�
1

Ziegler Nichols (Open Loop) 1.960 6.8265

Cohen-coon 2.204 6.324

CHR (0% overshoot) 0.762 64.32

CHR (20% overshoot) 1.307 53.6

Kappa Tau (Ms=1.4) 0.574 14.35

Kappa Tau (Ms=2) 1.320 14.35

The step response of fractional order controller for a conical tank process is shown in Figure 5, Figure
6 and Figure 7 for ��= 0.7, ��= 1and ��= 1.3 respectively. Time domain specifications and performance
indices are shown in Table IV for � = 0.7, 1 and 1.3.

It is observed that by increasing the fractional order (ë) all the parameters are increased in Ziegler
Nichols method, except settling time all other parameters are increased in Cohen Coon method, in CHR
(0% overshoot) and CHR (20% overshoot) methods performance indices are more for fractional order;
overshoot decreases in CHR (20% overshoot) method and in Kappa-Tau methods rise time is decreased.

Step response of the process with 25% and 40% change in time constant of the plant using fractional
order PI controller for � = 0.7, 1 and 1.3 shown in Figure 8 to 13. Time domain specifications and performance
indices are tabulated in Table V and VI. It is observed that the rise time value increased for increasing in
integral order for all methods. ITAE, Peak overshoot, settling time values are less in Kappa-Tau(Ms=2.0)
method for � =0.7. CHR(20% overshoot) has less overshoot, settling time and performance indices for �
=1 and � =1.3. Steady state error for CHR methods for an integral order is less than one.

Figure 5: Step response of the process with = 0.7
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Figure 7: Step response of the process with = 1.3

Figure 6: Step response of the process with = 1



826 N. Gireesh and G. Sreenivasulu

Figure 9: Step response of the process with 25% change in time constant for = 1

Figure 8: Step response of the process with 25% change in time constant for = 0.7
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Figure 11: Step response of the process with 40% change in time constant for = 0.7

Figure 10: Step response of the process with 25% change in time constant for = 1.3
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Figure 13: Step response of the process with 40% change in time constant for = 1.3

Figure 12: Step response of the process with 40% change in time constant for = 1
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Table IV
Time Domain Analysis for Servo Operation

Table V
Time Domain Analysis for Servo Operation with 25% Change in Time Constant

Table VI
Time Domain Analysis for Servo Operation with 40% Change in Time Constant

IX. CONCLUSIONS

The response of the conical tank process was simulated using MATLAB/SIMULINK for ��= 0.7, ��= 1 and
��= 1.3. The performance of the controller using different tuning methods are compared for ��= 0.7, ��= 1
and ��= 1.3. It is observed that for ��= 0.7, Kappa-Tau (Ms=2.0) method is more suitable for conical tank
process for servo operation. For ��= 1 and ��= 1.3, CHR (20% overshoot) method is more appropriate.
These methods have least values of ISE, IAE and ITAE.
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