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APPROXIMATION METHODS FOR NONLINEAR M-
MONOTONIC OPERATOR EQUATIONS

Dr. Lalan Kumar Sngh

We suppose H is a real refelexive Hilbert space and T:D(T)cH —> H is

alocally Lipschitzian m-monotonic operator, wherethe domain of T, D(T), isa proper

subset of H. For any f ¢ H, approximation methods are constructed which

converge strongly to the solution of the equation x + Tx=f.

Let H be areal Hilbert space.

Anoperator T withdomain D(T) andrangeR(T) inH iscalled monotonicif theinequality
Ix=yl<lIx-y+ArTx-Ty) | @

holds for all x,ye D(T) and all A > 0. If T ismonotonic and (I + rt) (D(T)) = H for

all r>0then T is called m- monotonic, where | denotes the identify operator.

If T is m- monotonic, then for any given f ¢ H the equation

X+ Tx=f 2
has a unique solution.

Here we study methods of approximating the solution of Eq. (2) (whenT ism -
monotonic) in Hilbert spaces where the domain of T, D(T), isa proper subset of H
and T maps D(T) into H. We have taken real reflexive Hilbert spaces instead of

uniformly smooth Hilbert spaces.

We denotes L the Loca Lipschitz constant of T.

Theorem 1 : Suppose H is a real reflexive Banach space, and T :D(T) c H —
H ism- monotonic and L ocally Lipschitzian. SupposeD(T) isopenandthat x* & D(T
) is the unique solution of the equation x+ Tx=f, feH. Suppose{oan)n=0 isa
real sequence satisfying the conditions.

(i) O<an<l/2[L2+2L+2], n>0
0.0]
(i) Yph=oon = .
Then there exists a closed convex neighbourhood B of x* contained in D(T) and
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for any givenX & B, asequence {x } —g of elements of B such that on setting.
p =(-a) +o (f-Ix ), n=0
the sequence { pn} satisfying the condition

Il Pn-1 = *n [| = inf{]l pn-1 — x| : xe B}" n>1 (©)
and converges strongly to x*. Moreover, if an =1/ 2[L2 +2L +2] for all n>0the

P2 =% 1< p" I pn — x|
wherep = (1- 1/ 4[L2 + 2L + 2]) £ (0,1).
Proof : DefineS: D(T) —» H by Sx = f — Tx. Observe that x* isafixed point of

Sandthat Sislocally Lipschitz with constant L. Furthermore (-S) is monotonic so
that for al r >0, and x, y € D(T).

Ix=yl<lIx=y-r (-9 (4)
Without loss of generality wemay assumelL > 1. Let B(y, r) ={xe H:||[x—-y|| < r}.
Then there exists r > 0 such that B(x*,r) < D(T). Since Sis locally
Lipschitzian, theree<isfsr2 >0 suchthat Sis Lipschitzian on B(x*, rp). Letr =min
{re.ra}. Then B(x*, r) < D(T) and Sis Lipschitziaon B(x*, rp) Let B = B(x*, r/
2L). Given any xpe B, the||Sxo—x*||[<r/2<rso that Sxge B (x*, r). Hence
po = (1 — o) X0 + apSXp € (X*, r). Hence po = (1 — aQ) X0 + a0SXQ € B (X*,I).
Since H is reflexive, there exists x1 ¢ B such that

Il Po— X [|= inf(|l po— x|| - xeB}.
Thus
pP1= (1— (xl)X1+ OL]_S(]_ € B(X*, r).
By continuing this process we obtain { pn} in B(x*, r) and { X} in B satisfying the
conditions.
pn=Q-an)Xn+anSHn,n=0

Ipn-1 - %n Il = inf{l pn-1 - x|l : xe B}, n> 1 )
Thus

[Xn =xI<lpn-1-x[n=1,
We now prove that lim pn = x*. From (5) we obtain
Xn = Pn + an Xn — an n
n=(L+an)pn - an Sn + 0% (n - Sq) + on (Pn-Sq)  (6)
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Observe that
X = (14 on )X* —op SX* )
Thus from (6) and (7) we obtain

| x, —x*[| = || A+, ) (P, — x*) — &, (Sp, —Sx*)
+ a?‘, (x, =Sx,)+a, (Sp, —5x,) ||

x * O’il

2(1+a,)| p,

(Sp, — S ||

n

2
— Oy H Xp — an H —Uy H Spn B an ||

2
Z(1+OLH)HPH _X*H —0y Hxn _an H

—a,, || Sp, —Sx, || (using (4))

Hence

i 2
H Pn— J‘XH < H Xp — x* H +ay, (xn a qu) +ay, (SPH T eri) ‘

l+a

n
!
z[1- Oy + O(;] H Xn —x* H
+(1+Lya2 || x, — x*|+ LA+ L)aZ || x,, — x*],...(8)

=[l-a, + (L + 2L+ a3]|| x, — x*||
l e
< l—zan H Py-1 —X° H

l n )
éexp{—anJ | p,, —x*[[>0asn —> o
2%

If we st an=2/2[L>+2L+2]"n>0in (8) we obtain

1

—————— |l par = ¥*|
47 +2L+2

H Pn —x* |S|:l -
<P’ 1l py =¥l
This completes the proof of Theorem 1.

Remark 1: In Proving Theorem 1 we first observed that the monocity of T implies
that (-=S) is monotonic and hence inequality (4) holds. In order to apply inequality (4)
we used (5) to express x,, in the form (6). Furthermore, we expressed x* in the form
(7). Using (6) and (7) and an application of inequality (4) and the Lipschitz condition
of Swe were able to prove Theorem 1 without the application of an inequality which
hold in uniformly smooth Hilbert Spaces.
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Remark 2 : Using Straightforward modifications of the proof of Theorem 1 one can
easily prove the following theorem for a more general iteration scheme.

Theorem 2 : Suppose H, T, D(T), S, and x* are as in Theorem 1. Suppose
{a,) and {B,);, are real sequence satisfying the conditions:

@) 0= ;< LA LA 4211 2], n>0

() 0<o,<1/2[L?+2L+2], n>0

(iii) anoaﬂ =00.

Then there exists a closed convex neighbourhood B of x* contained in D(T) and
for any given X9 ¢ B, a sequence {xn},=0 of elements of B such that on setting.

Yn = (I_Bn )x” +B,7an, nz0

Py ==0y), +a,5,), n=0

the sequence {p,} satisfying the condition
| Py—y = X, || = f{| py — x| xe By Vn21 3

and converges strongly to x*. Moreover, if o, =1/ 2[L2 + 2L + 2] v n > 0.then

| P —2%]| £ P” | B —x*||
wherep = (1- 1/ 4[L2 + 2L + 2]) & (0,1).
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