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Characterization of Gamma Hemirings
Interms of Intuitionistic Fuzzy h-ldeals
Using Level Sets

V. Krishnamoorthy* D. Ezhilmaran**

Abstract : In this paper, the notions of intuitionistic fuzzy h-ideal in I'- hemiring are studied and some of the
basic properties of this ideal are investigated. The level set of intuitionistic fuzzy h-ideal in I'- hemiring is
defined and described some of the characterizations. Finally a Cartesian product of intuitionistic fuzzy
h-ideal in T'- hemiring is introduced and its properties are discussed.
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1. INTRODUCTION

Ideals of hemirings have a significant role to play in the structure theory and they are instrumental in fulfilling
scores of purposes. But the specific issue is that, they do not, in general, coincide with the usual ring ideals. Many
results in rings apparently have no analogues in hemi rings using only ideals. Informal applications, hemirings have
their utilitarian importance in automation and formal languages. It is universally only known that the set of regular
languages does form the “star, semirings”. The introduction of fuzzy sets by L.A.Zadeh[ 15] triggered an academic
revolution and the fuzzy set theory hasbecome, over the years, the heart and soul of several applications in the royal
domains of mathematics and other relevant fields. The idea of “Intuitionistic Fuzzy Set” was first published by
K.T.Atanassov[ 1] as a generalization of the notion of fuzzy set. Jun and Lee [8] went a little further and applied the
concept of fuzzy sets to the theory of I'-rings. The notion of I'-semiring was introduced by Rao[11]which, in
course of time, gained momentum and included ternary semirings to provide algebraic home to non-positive cones
of'totally ordered rings. Henriksen[5], Lizuka[6] and La Torre[9] dwelled deep in the study of h-ideals and
k-ideals in hemirings to amend the gap between ring ideals and semiring ideals. These concepts have been extended
to ['-semiring by Rao[ 11], Dutta and Sardar[2].Jun et al [7] to study the ideals in hemirings in terms of fuzzy
subsets. A characterization of an h-hemiregular hemiring in terms of a fuzzy h-ideal had been discussed in detail by
Zhan et al[16]. Some salient properties of fuzzy h-ideals in ['-hemirings had been studied by Sujit Kumar et al
[13].The notion of intuitionistic fuzzy h-ideals in I'-hemirings had been discussed Ezhilmaran et al [4] in the light of
the previous findings. In this Paper some different characteristic properties of intuitionistic fuzzy h- ideals in
I'-hemiring by using level sets have been discussed and debated verbally.

2.PRELIMINARIES
Definition 2.1.

A hemiring (respectively semiring) is a nonemptyset S on which operations addition and multiplication have
been defined such that (S, +) is a commutative monoid with identity 0, (S,.) is a semigroup (respectively monoid
with identity 1) Multiplication distributes over addition from either side, I 20 and 0, =0=S forallse S.
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Definition 2.2.

Let S and I" be two additive commutative semigroupswithzero. Then S is called a I'-hemiring if there exists a
mapping S xI' xS — S ((a, a, b)) — aab) satisfying the following conditions :

() (a+b)ac = aac+ bac,
(D) ao(b+c) = aab + aac,
(iii) a(o + B)b = aob + apb,
(iv) aa(bpc) = (aab)fc,
(V) 0oa = 0,—aal,
(Vi) a,rb = 0.—b0.a,

forall a,b,ce S and forall a, B € I'. For simplification we write 0 instead of Ogand 0.
Example2.3.

Let S be the set of all m x n matrices over Z~, (the set of allnon-positive integers) and I" be the set of all
nxm matrices over Z~, then S forms a I'-hemiring with usual addition and multiplication of matrices.

Definition 2.4.

A left ideal A of a I'-hemi ring S is called a left h-ideal if for any x,z€S and
a,be A, x+a+z=b+ z= xe A. Aright h-ideal is defined analogously.

Definition 2.5.
Let n be a non-empty fuzzy subset of'a I'-hemiring S (i.e.u (X) # 0 for some X € S). Then p is called a fuzzy
left ideal (fuzzy right ideal) of S if
1. p(x+ y)> min [m(x), my)] and
2. wW(Xyz) >(y) (respectively p(xyy) > n(x)) forall x, ye S,y eI

A fuzzyideal of'a I'-hemiring S is a non-empty fuzzy subset of S which is a fuzzy left ideal as well as fuzzy right
ideal of S.Note that if u is a fuzzy left or right ideal of a ['-hemiring S, then p(0) > u(X) forall x € S.

Example 2.6.

Let S be the additive commutative semi group of all non positive integers and I” be the additive commutative
semigroup of all non-positive even integers. Then S is a ['-hemiring if aand b denotes the usual multiplication of
integers avb wherea, b € Sand v e I'. Let u be a fuzzy subset of S, defined as follows

The fuzzy subset p of S is a fuzzyideal of S.
1 if x=0
u(x) = 10.7 if Xis even
0.1 if xisodd
The fuzzy subset 1 of S is a fuzzy ideal of S.

Definition 2.7.

A fuzzy left ideal A =<u,,v, > ofaI'-hemiring S is called a fuzzy left h-ideal if for all X, a,b,z€S, x+a
+Zz=Db+zimplies u, (X) = min {u, (@), u, (b)} and v, (X) <max{v, (a), Vv, (b)}
Definition 2.8.

Let pbe any fuzzy subsetof X and let t € [0, 1]. The set u, = [X € X : u(X) 2t] is called level subset p ,clearly

1, € p, whenever t>s.
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Definition 2.9[16].

A fuzzy subset ofa nonempty set X is defined as a function p : X —[0,1].
Definition 2.10[1].

Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS) Ain X is an object having the formA={< X,
(X)), v (X) >/ x € X },where the functions pu, X — [0, 1] and v,: X — [0, 1] denote the degree of
membership and degree of non membership of each element X € X to the set Arespectively and 0 <p,(X) +
V,(X) < 1.

Notation

For the sake of simplicity, we shall use the symbol A=<p,, v,> for the IFS A= {<X, u, (X), V,(X)>/
X e X}.

3.CHARACTERIZATIONOFINTUITIONISTICFUZZY H-IDEALSINGAMMAHEMIRINGS
Definition 3.1.

Let A be an intuitionistic Fuzzy subset in ['-hemiring S. For the intuitionistic Fuzzy pair (t, S) € [0, 1], the

subset A_, _ = {Xe X|p, (X)=t,Vv, (X) <s} is called the level set of A.

Theorem 3.2.

Aisanideal ofa " —hemiring S ifand only if fuzzy A= <py, V> where

1 XEA,
hx (9 = {0 otherwise,
0 XEA,
= {1 otherwise,

is an intuitionistic fuzzy left (resp. right) h- ideal of S.
Proof. (=): Let Abe a left (resp. right) ideal of S.
Letx,ye Sanda € I'. X, y € Athen X+ Yy € Aand Xay € A. Therefore.

Hy(X+Y)=1={pz(X) A pg(y)} and pg(xay) =1=p (y)(resp. pg(Xay) = pg (X)=1).
VE(X+Y) =1T< (v (X) V pc(Y)} and Vi (xay) = 0 = v (Y)(resp. Vi (Xay) = Vi (X) = 0).
If X¢ Aory ¢ Athen p,(X)=0o0r p (Y)=0v(X)=1lorVv.(y)=1
Thus we have
Hy (X+Y) = {ug (X) A pg ()} and pg(xay) > pg (Y)(resp. py (Xay) 2> pg (X))
Vi (X+y) < {vi(X) V vz (Y)} and v (Xay) < Vi (y)(resp. Vi (Xay) < Ve (X)),
Ifx+a+z=b+zforx a b,zeS. Then

(X)) =1 >{p, (@ Ap, (b},

(0 = 0 <{v,(@) Vv, (b)}
Hence A is an intuitionistic fiizzy left (resp. right) h- ideal of M.

(«=): Let A isanintuitionistic fuzzy left (resp. right) ideal of M.
Letx,ye Sanda € I'. IfX, y € A then

(X Y) > (s (0 A ()
and (X Y) S V00 AV (Y))

1 1
(a») p—
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So, x+yeA.
Also Hy(xay) > pg(y) = 1(resp.uz(Xay) > pg(X) =1),
Vo (xay) < Vi (y) = O (resp.vy (xay) < i () =0)
So, Xxay € A

Hence A is aleft (resp. right) ideal of S.
If X+a+z

b+ zfor x,a, b, z€ S. Then

{ny (@ Ap, (b)) >1and
{Vy(@) Vv, (b} <0

=
>
\

IA

Va

Hence A isaleft (resp. right) h- ideal of S.

Theorem 3.3.

Let Abe an intuitionistic fuzzy left (resp. right) ideal of Sand t € [0, 1] then
1. U(u, ;t)is either empty or an h-ideal of S.

2. L(v, ;t)is either empty or an h- ideal of S.

Proof. Let X,y € U(u,;?).

Then HAXEY) 2 {u () Ap (V) >t
Hence x+ye U (u,;1).

Letxe S,aeMandy € U(u, ; 1).

Then p, (Xay) > u,(y) 2 tand so Xey (u, ;).

Hence U(p, ;1) is anideal of S.

If x+a+z=b+zforx,ab,ze U(u, ;t)then

Ha ) >t (@ Ap, (D)} >t=x+a+z=b+zeU(u,;t)
Hence U(p, ;1) is an h-ideal of S.

Letx,y € L(v, ;1).

Then L(v, ;) < {v,(x) VV,(y)} <t
Hence x+y e L(v, ;).

Letxe S,ae'andy € L(v, ;1)

Then v, {xay} <Vv,(y) <tand so Xay €L(v, ; 1).

Hence L(v, ;t)is anideal of S.

If x+a+z=b+zforx ab,ze L(v, ;t)then

H-(X) >V, (@) AV, (b)) <t=x+a+z=b+zeL(v,;t)
Hence L(v, ;t) is an h-ideal of S.

Theorem 3.4.

Let I be the left (resp. right) ideal of S. If the intuitionistic fuzzy set A=<p ,, v,>in S defined by

p xel,
MA(X) = S otherwise,

u xel,
vV, (X) = .
(%) v otherwise,
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forallxe S anda € I', where 0 <s<p,0<v<uand p+u <1, s+Vv<1, then Ais an intuitionistic fuzzy
let (resp. right) h-ideal of'S and U(u, ; p) = 1 =L(Vv, ; U).
Proof. Letx,ye Sanda € T.
Ifat least one of Xand y does not belong to I, then
HA(X+Y)Zs={u, () Ap,(Y}and v, (X+ Y) SV={V, (X) VV, (V)]
Ifyel,xe Sand a € I then
1A (X0Y) = P= (). V,(x0y) =V =v,(Y)

(resp. 1,(Xay) = $= 1,(X), V,(Xay) =V =V,(¥)
If y¢ 1 then pa(Xay) = = p,(Y), vy(Xay) =V =V,(Y)

(resp. py(Xay) = = p,(X), v, (Xay) =V =V,(X).
Therefore Ais an intuitionistic fuzzy left (resp. right) ideal of S.
Let X, a, b, Ze S be such that x+a+z=b+zif, b € A, we obtain

u(@ = p,(b)=p, v,(a@=v,(b)=uand hence

HA) = {p@) A pa(D)}, V() < {v (@) v V(b))
Therefore A is an intuitionistic fuzzy left (resp. right) h- ideal of S.

Ifeitheraorb ¢ A.
Then {u, (&) Ay (0)} < P< 1, (X, {V, (@) Vv, (D) } 2 U< v, (X).
Hence A=<p,, v,> is an intuitionistic fuzzy left h-ideal of S.

Theorem 3.5.

An intuitionistic fuzzy set A=<m,,Vv,> inaI -hemiring S is an intuitionistic fuzzy left (resp. right) h-ideal if
and only ifA(t’ 9= {xeS|u,(x) >t,v,(X) <s} isaleft (resp. right) h- ideal of S for pn, (0)t,v, (0)<s
Proof : (=) Suppose that A= <pu,, v,> is an intuitionistic fuzzy left (resp. right) h- ideal of S and let

Ha(0) 2t v, (0)<s

Let X, yEA i anda €l
Then p, (X) > t,v, (X) <sand p, (Y) >t,v,(Y) <s.
Hence

Ha(XFY) 2 {u, (A py (Y)) = tand v, (X4 Y) <{p, () VY (Y)F < S
Ha(xay) > p, (Y) 2 tand v, (xay) <V, (Y) <S

(resp. p, (Xay) > p, (X) >tand v, (xay) <V, (X) < X)
Therefore Xx+y € A “ts and Xay € A “ts forallx,y e A “ts
HA(X) = (@) Ap (D)} >tandv, (X) <{v,(@) VV,(b)} <s

Hence xtatz=b+tzeA ¢

So A ¢ isaleft (resp. right) h-ideal of S.

(<) Suppose that A “ts is a left (resp. right) h- ideal of S for p,(0) >tandv,(0)<s
Let X,y € Ssuchthat, p, (X)=t,Vv,(X)=S5, 1, (Y)=t,,and Vv, (Yy)=S,.

ThenXx € A andy € A

<t, s> <tp, $p>.
We may assume t, <t, and S, > s, without loss of generality.

ando el

It follows that A (. CA, .. sothat X, YEA, ..

Since A ;. isanideal of S, we have X+Yy € A<t1’Sl> and Xoy € A<t1’Sl> and foralla e I".
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X+ y) >t >t = {p, ) Ap ()}

Va(X+Y)<§ <SS = () VY ()}
Ha(Xay) >t >t = p,(y)
Vi(Xay) <§ <5, =V, (Y)
pa )=t >t = {u, (@ Ap, (b))
Va(0) <828 = {v (@) VV, (D).

Therefore A is an intuitionistic fuzzy left (resp. right) h-ideal of S.
Again suppose A=<u,, V,>is not an intuitionistic fuzzy left h-ideal
So there exits X, Z;, &,, b, € S such that x; + &, + z, = b, + z, and

MA(X()) = {MA(ao)/\HA(bo)}
Taking ty = 5 06)+ @) AR B}

Wehave p, (%) <ty <{n,(a) Ap ()}
Clearly p,(3)), p,(by) =1,

As n,(8y)+Vv,(8) <l thenv,(a) <1-n,(a,).Sov, (g, <Il-t,
Similarly V(b)) < 1-t,.

Consider A,

which is clea’rly non empty is a left h- ideal of S and a,, b, € A s

Therefore X, € A_; o, 80, (X)) > t,. whichis a contradiction.
Theorem 3.6.

Ifthe intuitionistic fuzzy set A=<, v,>inaI'- hemiring S is an intuitionistic fuzzy left (resp. right) h-ideal if
and onlyif S , = {x€S[p,(X)=p,(0)} and

SvA

{x € S|V, (X) =V,(0)} are left (resp. right) ideals of S.
Proof. Let X,y € SuA anda eI
Then 1) = 1(0). 1y(Y) =, (0).
Since A is an intuitionistic fuzzy left (resp. right)h- ideal ofa I'- hemiring S, we get

HAXEY) = {un, ) A, (X} =p, (0). But p, (0) > p, (X+Y).
So, x+ye SMA.

Ha(xay) = p,(y) =p,(0) (resp. p, (Xay) > p, (X) = p, (0)).
Hence xay € SuA'
If Xtat+tz=Db+z=p, (X2 {p,(@Ap,(0)}=p,(0)
But HA(0) 2 pu(X)

Therefore SHA is a left (resp. right) h-ideal of S.

Similarly, let X,y € SHA and o € I'. Then v, (X) = Vv, (0), v, (y) = V,(0).

Since A is an intuitionistic fuzzy left (resp. right) h-ideal of a I'-hemiring S.
VA(X TY) = V) VV, (V) =V, (0).

But (V)O0) < v, (X+Yy).Sox+ye Sv,.
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V,(Xay) <V, (Y) = V,(0) (resp. V,(Xay)) <V, (X) =V, (0).

Hence xay € Sv,
If Xta+z=Db+z =v,(X)<{v,(a) v V,(b)} =V,(0).
But V,(0) < Vv,(X)
Therefore S, is a left (resp. right) h- ideal of S.
Definition 3.7.
Let Aand B be an intuitionistic fuzzy subsets of X. The Cartesian product of A and B are defined by

(AxB)(xy) = min{p,(X), p,(y)} and (AxB)(X, y)
= max{V, (X),V,(y)} forall X, y € X.
Note 3.8. Strongest intuitionistic fuzzy relation on B is the Cartesian product of B with itself.

Theorem 3.9.

Let A and B be an intuitionistic fuzzy left h-ideals ofa I'-hemiring S.Then A x B is an intuitionistic fuzzy left
h-ideal ofthe I'-hemiring S x S.

Proof. Let (X, X,),(Y,, ¥,), €SxSand ve I Then
(AXB)(%, %) + (¥, ¥,)) = (AXB)X + ¥, % +Y,) =min{u, (X + ), 1w, (% + Y,))

min[min{p, (X)), ki, ()}, min{uy (%), pg(¥2)}]
= min[min{u, (X), Hg(Y,)}, min{u, (¥,), kg (¥,)}]
= min{(AxB)(X, %), (AxB)(Y;, ¥,)}

(AXB)(%; %) + (¥, ¥2)) = (AXB)(X + Y, % + ¥,) = max{V, (X + ¥,), V3 (X, + ¥,)}
2 max[max{V, (X ),V (¥;)}, max{Vy(X,), Vs (¥,)}]
= max[max{V, (X), Vs (%)}, max{V, (¥,), V5(¥,)}]
= max{(AxB)(X, %), (AxB)(Y;, ¥,)}

(AXB)(%, %)Y (V1> ¥2)) = (AXB)(X v Y, % v Y,) =min{u, (X v Y1), Hs (% 7 ¥5)§
> min{u, ()15 (Y,)} = (AXB) (¥, ¥,)

(AXB)(%, %)Y (Wi, ¥2)) = (AXB)X v ¥, % 7 Y,) = max{V, (X v ¥,), V5 (X, ¥ ¥,)}

2 max{V,(¥,),Vs(¥,)} = (AXB) (Y, ¥,)
Hence A X B is an intuitionistic fuzzy left ideal of S x S.

Now, let (8, a,), (b, b), (X. %), (, 2,) €S x Sbe such that

\

(X, %) +(@,a)+(z,2) = (b,b)+(z,2)
ie, x+a+z,%+a,+2z)=»BOB+2z,b+2z)
Then X+a+2z =b+zand X, +a + 2 =b, + Z sothat

\

(AXB)(X, %) = min{p,(X), ug(X,)} > min{min{p, (&), p,(0)}, {min{p,(a,), py(0,)}}
min{min{p, (a), p,(0)}, min{p,(a,), py(b)}}

min{(A x B)(a, &,), (A x B)(b,b,)}
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(AXB)(X, %)

IA

max {V, (), Vs (%,)} < max{max{v, (&),V, ()}, max{v;(&,), Vs(B,)} }
max {max {V, (&), V,(&,)}, max{v, (0), v; (b,)} }

max{(A x B)(a,, &), (A xB)(b, b,)}
Consequently, A x B is an intuitionistic fuzzy left h-ideal of S x S. Like hemirings

(Example 4.10 of [8]) the converse of Theorem 5.3 is not true. To conclude the paper, we obtain the
following characterization of an intuitionistic fuzzy left h-ideal ofa A-hemiring.

Theorem 3.10.

Let B be an intuitionistic fuzzy set in a I'-hemiring S and A be the strongest an intuitionistic fuzzy relation on
S. Then B is an intuitionistic fuzzy left h-ideal of S ifand only if A is an intuitionistic fuzzy left h-ideal of S x S.

Proof. Assume that B is an intuitionistic fuzzy left h-ideal of S.

Let (X, X%),(Y,;,Y,)€ SxSandyeT

Let (X, X%,),(Y,,Y,)€ SxSandy eI Then

(Ap)06 %)+ (Y Y2) = (Ap)(X + ¥, X% + Y,) =minfug (4 + V), by (% + Y,)}

min {min{pg (X ), tg ()}, min{pg (), uy(Y;)}]
= min{min{u; (%), kg ()}, min{py(Y)), iy (Y,)}]
= min{pg (X, %), ug(¥;, )} and

(Ap)(X%: %) Y (Vi ¥2)) = (Ap)(X ¥ Y, % v ¥y) = minfuy (X v Y g (6 7 Y,))
= minimin {ug (¥)), Kg(¥2); = (Ag) (V15 ¥s)

(Ap)((X: %) (Vi Y1) = (Ap)(X 4 Y, X 4 Y,) = max{Vy (X +¥,), Vp (X, + Y,)5
< max{max {Vs(X), V5(¥,)}, max{Vs (%), V5(¥,)}]
= max{max{Vy(X), V5(%,)}, max{Vy (), Vs (¥,)}]
= max{Vg(X, %), Vs (> Y1) ;-

(A% %) Y (Y5 ¥2)) = (Ap)(X ¥ Y, X% 7 Y,) = max{Vy (X v ¥)), Vg (X, ¥ Y2)}

= max{max{Vy(¥,), V(¥,)} = (Ap) (V1> ¥2)
Hence Ay is an intuitionistic fuzzy left ideal of S x S.

Let (a,a,),(b,b), (X, X,),(Z, z) € SxS be such that
(4, %) + (&, 8) +(7,2) = (B,b)+(z,2)
i.e, xX+a+z,x,+a+z) = (b+z,b+2z)
Then X, +a + 2z =b 4+ 7 and X, + &, + zZ, =b, + Z, so that
(Ap)(%, %) = minfu, (%), p(%,)} > min{min{u,(a,), p,(0)}, min{u, (@), py(0,)}]
min{min {1, ().t (8,)}, min{u, (0), p, (0,)}]
min{ug(a, &), us (0, b))}
(Ap)(X, X)) = max{Vy(X), Vs (%)} < max{max{V,(a,), vy (b))}, max {v,(a), vy (b,)}]
max {max {V,, (), V5 (8,)}, max {V, (By), Vi, (b,)}]
min{V,(a,, &,), V; (b, b))} 1.

\
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There fore Ay is an intuitionistic fuzzy left h-idealof S x S.

Conversely, suppose that Ay, is an intuitionistic fuzzy left h-ideal of

Let X, X, Y,, Y, €Sand y €I'. Then

Hg (X + Y X, +Y,))

=y (X%, %)+ (Y, ¥2))

2 min{pg (X, %), Hg(Vi> ¥5) }

= min{min{ug(X), ug(X,) }, min{ug(y,), ug(¥,) }
max{Vy (X + %), V5 06 + ¥2)} = V5 (X + Y, % +V,))

= V5 (%, %)+ (Y1, V)

< max{Vg(X, X,), Vs (Y, ¥5) }

= max{max{Vg(X), V5(X,) }, max{Vg(y,), Vg(¥,) } } }-
Now, puttingX, = X,X,=0,y, =yandy, =0, in this inequality and noting that

Hg(0) = pg(X), V(0) <Vvg(X), forall xeS.

min{py (X + Y, by (5 + Y5}

We obtain Mg(X+Y) < min{i, (X), ()} & Vp(X+ Y) < max (v, (X), vy (¥)}.

Next, we have
min{py (4 7 Y1) My (%7 ¥2)) = By (XY Vi X 7 Y,)

= Mg (% %) 7 (Vs ¥2)) 2 1y (Y15 Y,) = min {pg (V), by (¥5)]
max{Vg (X v ¥):Vs O ¥ Y2)b = Vo (X7 Y %7 Y))

= Vu (X, %)Y (Y, ¥.)) <V, (Y4, Y,) = max Vg (V)), Vg (V,))-

Taking X, =X x,=0,y,=yand y,=0x, =X Yy, =yandy, =0, we obtain

Hp(XyY) = pg(Y)} & Vu(Xyy) < V().
Hence B is an intuitionistic fuzzy left ideal of S.

Let a,b, X, z€ S be suchthat Xx+a+ z=b+ z Then

X, 0)+(a 0)+(z0) = (b,0)+(z0)
Since Ay is a fuzzy left h-ideal of S x S, we have

He(X) = min{py(X), pg(0) } = {pz(X, 0) > min{u,(a, 0), py(b, 0) }
= min{min{ug(a), ug(0) }, min{p,(b), uy(0) 13}
= min{py(a), pg(b) } and

Vp(X) = max{V;(X), V5 (0) } = V5(X, 0) < max{vy(a, 0), v;(b, 0)}
= max{max{V(a), V5(0) }, max{V, (b), v;(0) } }

= mnax {VB(a)9 Vi (b) }

Consequently, B is an intuitionistic fuzzy left h-ideal of S.
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