International Review of Pure and Applied Mathematics
Volume 14 « Number 2 ¢ July-December 2018

AGGREGATION OPERATORSON DISCRETE
FUZZY NUMBER

Thangaraj Beaula and Johnson B.

Abstract: In thispaper some special general aggregation operatorsare given with
respect to different ordering on the set of all discrete fuzzy number. Further point
wise extension of aggregation operators and general aggregation operators with
respect to theordering is established.

Keywords: general aggregation operator, discrete fuzzy number, extension
principle, ordering on fuzzy numbers

1.INTRODUCTION

Chang and Zadeh[ 2] introduced the concept of fuzzy number with the consideration
of the properties of probability functions. Since then a lot of mathematicians have
been studying on fuzzy numbers. In 2001 Voxman [10] introduced the concept of
discrete fuzzy numbers, it can be used to represent the pixel value in the centre
point of a window [11].

In order to expand the classical fuzzy arithmetic, general aggregation operators
are introduced as special functions on discrete fuzzy numbers of some universe.
Classical fuzzy arithmetic is based on theextension principle ([3],[4]) and operations
on the values of membership functions of the arguments [5].

Inthis paper general aggregation operators are defined and also types of possible
general aggregation operators are introduced. Further the ordering on the discrete
fuzzy number of the set are given. Also general aggregation operators of typel and
type2 are viewed with respect to the orderings are developed.

2. PRELIMINARIES
Definition 2.1 [7] (Special fuzzy set)

Letue F(R), thea-cut of uisdefinedby “u={xe R /u(x) > «} andthespecial
fuzzy set o is defined by u=a.“u

2.2.First Decomposition Theorem [7]

Letu e AR)and u=c.“uthen U= U U

ae(0]]
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Definition 2.3

A continuous mapping A: nLEJN[O,l]” —[01] jsan aggregation operator on the

unit interval if the following conditions hold.

XAV — ,0)=0

VYN R—— D=1

(A3) ifforeveryi=1,2......c.c...... N, X <y then A(X, X, coveveennnene , X ) <
A, Yor coeevenenrnenin, A

Conditions (A1) and (A2) are called boundary conditions, and (A3) resembles
the monatonicity property of the operator A.

Definition 2.4 (Ordering on the set F(X))(Fuzzy subset ordering )

For any two fuzzy subsets P, Q of theuniverse. P is afuzzy subset of Q denoted by
P <. Qif the following holds

For every x € X; p(X) < 145(X) where< s an ordering on [0,1].
3. AGGREGATION OPERATORSON DISCRETE FUZZY NUMBER
Definition 3.1

Let A bea continuous mapping A: nLEJN F(R) — F(R) where F(R) is the set of

all discrete fuzzy numbers and < be the ordering on 7(R). A is called a general
aggregation operator on F(R) if the following properties hold.

(AD) AQ,.............. ,00=0

(A2) A, ..o 1)=1

(A3) Forany U,,V, € F(R), i =1,2,........ N if u<v
then A(u,,u,,......... ) < AW, Vy e, V,) Where U U, .Uy Vo Vy e v,,0,1¢
F(R).

Definition 3.2 General aggregation operators of typel

General aggregation operators A of type 1 arederived fromtheclassical aggregation
operators A in the following way as
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FOI‘ e/ay te R, ’LIA(Ul u,) (t) = 'A\(ll’lu1 (t)’ /Llu2 (t)’ """"" ’ /Llun (t))

Definition 3.3

Let Uy, u, € F(R), A:HEJN F(R)" - F(R) and A be an ordinary
aggregation operator on the unit interval

1. Aisapoint wise extension of A if the following holds.

For evary t R,#A(u1

2. LeTbeat-norm A isdefinedasaT extension of anaggregation operator
Aif My = SUP ){T(uul(xl),/luz(xz), --------- iy (X))}

t= A e Xy
3. Let X Xy XY be universe and let U U,,........ u, be a discrete
fuzzy number of those universes X, X,,......X respectively 4 is defined
as an extension of someincreasing operator ¢: X, x X, X........... x X, —Ywith
Hpgany O = Lo P MEUI{A(;@(&), 7RI CA N #, (X))}
Definition 3.4

Let < beanorderingon R andu € F(R)
Define LH (x) =max{ ,u(y)/y<x and  RH(X) = max{ u(y)/x <y}

Define L(x) = max LH(x)and R(x) = max , RH (x)

a

Definition 3.5
Let u, v beadiscrete fuzzy number such that its corresponding supports“u, “v are
finite,

The ordering < on u, v are defined by u < v if and only if L(u)<L(v) and
R(v) < R(u)
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(ieu<, vifandonlyif LH(u)< LH(v) and ,RH(V)< RH(u).

Definition 3.6
The special fuzzy supersets L(u) and R(u) are defined by

«L(UW) =sup) U (U Ty =X R = sup u U X<y

€(0,1] <(0.1]
Define the ordering <_ by
us,ve [, Lu)X 2, LVE]AL RUK) <, RV)(X)]

Theorem 3.7

Let A beageneral aggregation operator of type 1 (i.€) a point wise extension of an
aggregation operator of type 1 (i.€) apoint wise extension of an aggregation operator

A and the membership functions of fuzzy sets Q,i,1 respectively are defined by
(1) ,U@(X):OXEX
) ,Ui(x)zl Xe X

Then for the operator A and fuzzy sets 0,i,1 the following conditions hold.

(AD) AQ,.............. ,00=0

(A2) A, ..o 1)=1
(A3) if for every i=12,..... N U <V, then A(u,,u,,...... ,u)
Ce AV, Vg, V,) Where U Us,........ VIV VAR v, are discrete fuzzy
numbers.
Proof

since (A1) Ha
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Since the upper presumption holds for every R it concludes that

o (0= A (O, 225 (0), e 21,1)

.............

U Uy, (VIR VAV Vv, € F(R) for everyi =12,........... ,nwith u . Vv,
If u<v then, L(u) < L(v) = LU)(®) <, LOV)(®)
= sup{U, u(s)/ s<t} <sup{U,v(s)/s<t}
= U, u(s,) (for somes, <t) < U_w(s') (for
some s/ <t)
= u(s) <, v(s)) with 5,8/ <t
= U(s) < V(s)for s<t

= G(t) < V(1)

Now for any t € R, AUy, Uy,..c........ LU )(t) = A, (8, 2, (©) e Mg, (1)
< Aty O, g, (O 1, (1)
S R A V().

3.8.General aggregation operators of type 1 and the ordering <,
Wewill now prove that the general aggregation operators A of type 1 with respect
to the ordering < , which do not fulfill the condition (,53) in the general case, the

proof is given by a counter example.

Theorem 3.9
Let A beageneral aggregation operator of type 1.The next implication does not
hold for discrete fuzzy number u, v, and arbitrary operator A :
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Ifu<, v then[, L)) 2 , LW AL, RWK) < , RV(X]

Proof
{0.1 02 01 04 03 06 04 03 0.2} bead f o
Let i e R S R R R B R R i et
x %% %% %X %% eadiscretefuzzy number
By definition (3.6) aL(U)(X)=SUp{a€L(J01]aU(Y)/ ysXp,

« R(u)(x) = SUP{ Ul] L) X<y the values are tabulated in Table (3.1) and

ae(0,

pictorially represented in Fig. (3.1)

Table3.1

X LW AU (%)
X, 0.1 0.6
X, 0.2 0.6
X, 0.2 0.6
X, 0.4 0.6
X 0.4 0.6
Xg 0.6 0.6
X, 0.6 0.4
Xg 0.6 0.4
Xy 0.6 0.4

1 4

0.5T

0.7T

0.5T L) M

- e NG N\ LR

0.4T / +/4{ ¥>

03T e e -

02T //+/ 4

0.11 V

— —t— — ; } | >
X1 Xz X3 X4 Xs Xe X Xz X9

Figure3.1



AGGREGATION OPERATORS ON DISCRETE Fuzzy NUMBER 93

0.2 04 06 0.7 0.3 0.2 04
Lee V=Y o oo ( beadiscrete fuzzy number

By  definition (3.6) aL(V)(X)=SU|O{ U ]aV(y)/ySX :

ae(0,1]

« RWV)(X) = SUD{ U |« v(y)/x < y} the values are tabulated in Table(3.2) and

ae(0,1

pictorially represented in Fig. (3.2)

Table 3.2
X LWV (¥ LRV (¥
X, 0.2 0.7
X, 0.4 0.7
X, 0.6 0.7
X, 0.7 0.7
X 0.7 0.4
Xq 0.7 0.4
X, 0.7 0.4
1 3
Q.97
0.87 /
0.71 B ¢
0.6+ oL AV) 74
0.5+ S N L LR
’ /S NN
0.4t + +
0.37T
0.27T ¢ <+
0.1+
1 ] 1 1 1 1 | | | | -
! 1 1 1 1 1 1 1 T T
X1 Xz Xz Xa Xs Xs X7

Figure 3.2
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On comparing the discrete fuzzy numbers u and v we observe that U <_ Vv
since 0(t) < ¥(t) but [, LU)(x) 2, LM AL, RU)X) =, RV)(X)] does
not hold from the above figure (3.1) and figure(3.2) .Hence the theorem is proved.

4. GENERAL AGGREGATION OPERATORSOFTYPE 2AND
THE ORDERING <,

General aggregation operators of type 2 are a min-extension of an arbitrary
aggregation operator A on any interval [a, b];

X,) (t) = S"Ip ml n(;uu1 (Xl)! yrmnnnree ’ :Uun (Xn))
t=AK e X )1 X EX

Theorem4.1

Let A be a general aggregation of type 2 which is a min extension of a classical
aggregation operator A:[a,b]" —[a,b] then the operator Ais a general
aggregation operator of type 2 with respect to < and the discrete fuzzy numbers
Oand  aredefined by 0={a} and 1={b} respectively.

Proof

To provethat A satisfies condition (A1) — (A 3)

(AD AGDB}, .. {b})={b}. Since A is a min extension of A
A{bt....... {b})(t):tzA(lequh)min{y{b}(xl),, ......... ,y{b}(xn)},,faﬂeastoneof

the values x is different from b then 44,(X)=0and

MIN{ 24, (X)), e Ay (%)} =0

AGAN if X, =..occc..= X, =b then MIN{ g4 (0),rvencs 14, (B)} =1

Hence only at the point b the valueis 1 and in every other point the value is 0

which proves condition (A 1)

Analogously to prove (A 2)
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Now to prove (A3) that is to prove u<, v <

[ LWX) 2 LMK AL, RUWK) <, RV)(X)]

By definition (3.6) , L(u)(x) =sup{U u(y)/y<x}
That is v , L(u)(X) isimpliesthereexists Y € Usuchthat y < X
Moreover, deduce from the minimality that v < _ L(V)(X) henceit follows that

vc  Lu)(x) if andonly if  L(u)(x) 2 ,L(V)(X)

So the equivalence condition for every x € v or there exists y € u such that

y<xifandonly if  L(u)(x) = ,L(V)(x) holds

On applying analogous arguments it follows that for every X e uthere exists

y eV suchthat x < yif and only if | R(u)(X) < , L(V)(X)

[1]
(2]
(3]
[4]
(5]
(6]
[7]
(8]
(9]

From the above two equivalences we conclude u <_ v if and only if
[.LW)X) = , LMK AL, RUW)X) <, RV)(X)]
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