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Abstract: We aim at establishing certain new image formulas of family of some
extended generalized Gauss hypergeometric functions by applying generalized
form of Riemann-Liouville fractional integrals operators. Furthermore, by
employing someintegral transforms on the resulting formulas, we presented some
more image formulas the results obtained here are quite general in nature and
capable of yielding a very large number of known and (presumably) new results.
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1. INTRODUCTION

For our present study we recall some required special functions.

The generalized Beta function B (X, y) is defined by (see[1])

BRI (x,y) = J:tx_l(l—t)y_llF1(5;C;—ﬁ)dt, (L)

(R(p) 2 0;min[R(x), R(Y), R (), R(E)]> O min[R(x), R(w)]>O)

When x=p (1.1) reduces to the generalized extended beta function
B (x,y) defined by (see[2, p.37]).
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B (x,y) =j;tx-l(l—t)y‘llﬁ[&c:—tu(l'f t)u]dt’ 42

(R(p) 2 0;min[R(x), R(Y), RE), R(E)]>0:R(w)>0).

The special case of (1.2), when pu =1 reduces to the generalized Beta type
function as follows (see[3, p.4602)])

Bés,c) (x,y) = BE)S,C;l) (X, ) :J:tx—l(l_t)y—llFlE&C;_t(lp_)t)]dt, (1.3)

(R(p) 20;min[R(¥), R(y), R(E), R ()] >0).

The further special case of (1.3) when 6 = ¢ is given due to Choudhary et al.
[4] by

B, (XY) = Bé@,&)(x’ y) :J:tx_l(l_t)y_leXpE_t(1F—)t)]dt’ (R(p)=0) (1.4

Theclassical Betafunction B(X,y) isdefined by
B(x,y) = [ - dt, (R09>0,3i(y)>0) (L5)

Itisclear that thereisfollowing relationship between the classical Beta function
B(x,y) andits extensions:

B(x,y) =By(x,y) =By (xy) =B (x,y) =B (x,)

The generalized hypergeometric series ,F,(p,qeN) is defined as (see
[5,p.73]) and (6,pp. 71-75)]:
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- qu(al, ......... NV T ,quzy

Where (1), isthe Pochhammer symbol defined for (A e C) by (see[6. P.2and
p.5]):

. 1 n=0

(K)n = {k(k+1) ........... (A+n-1) (neN) .7
_T(A+n) -
Ty (ALeC\Zy), (1.8)

and Z, denotes the set of Non-Positive integers, where T"(A) is familiar
Gamma function.

Chaudhry et al. [7,p.591,Egs. (2.1 and (2.2))] made use of the extended Beta
functions By (x,y) in (1.4) to extend the Gauss hypergeometric function ,F; as
follow: The extended Gauss hypergeometric function Fj,(a,b;c;2) is defined as

> B,(b+n,c—hb) 2"
n=0 ! :

: (19)

(|4 <L %R(c) > R(b) > G;R(p) 20)

Similarly, by appealing to the generalized Beta function BI(OS'S) (x,y) in(1.3)

Ozergin [8] and Ozergin et al. [3] introduced and investigated a further potentially
useful extensions of the generalized hypergeometric functions as follows: The

extended generalized Gauss hypergeometric function FF(,S'C) (.) isdefined by

&, BYPb+nc—b) 2"

(8,6) o 7) —
Fy (a,b,c,z)_ngé(a)n Bboct) (1.10)

(14 <L min{R(5),R()} > 0;R(c) > R(b) > GR(p) 2 0)
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Based upom the generalized Beta function in (1.2), Parmar [2] introduced and

8, i)
studied a family of the generalized Gauss hypergeometric function Fro ot ()
defined by

. > BOSW (b4 n,c—b) 2
FSM (@abic;2) = (a),— ( )2
o B(b,c—Db) n!

, (1.11)

(|4 <L min{R(8), R (), R(w)} > 0,R(c) > R(b) > 0,R(p) 2 0)

Recently, Srivastava et al. [9] used the generalized Beta function in (1.1) to
introduce a family of some extended generalized Gauss hypergeometric function
defined by

= BEEM(binc-b)

FéS,C;K,u) (a,b;c;2) = Z (a), 50.0—0) "y (1.12)
n=0 ’ '

(14 <Lmin{R(E), R(), R(x),R(w)}>0O,R(Cc) > R(b) > 0, R(p)20)
It is easy to see the following relationship:

FO&M (a,bic;2) = F9(abc;2)
Fés'c;l) (a,b;c;2) = FF(,S'C) (a,b;c;2)
FO (a,b;c;2) = Fy(abic 2)
F3 (a,b;c; 2) = , F(a,b;c; 2).

The Fox-Wright function p‘Pq defined as (see, for details, Srivastava and
Karlsson 1985, [10]).

(8,00 ) yeeeerenens (a,,0.);
p\Pq[Z]: P\Pq|: &0 00y Z:|
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(3.0), = P ,'(a +o:n) 2"
=¥ ﬁ_)'p-z => 5% — (1.13)
Bk ™| SR T (b; +B;n) N
Where the coefficients oiy,.......c..... O By € R suchthat
q P
1+ By - Do =0 (1.14)
j=1 i=1

To establish the image formulas, we require the following concept of the
Hadamard products (see[11]).

DEFINITIONS- 1.

Let f(2):=)" a7z ad g(2):=). b z" betwo power series whose radii
of convergencearegivenby R, and R, , respectively, then their Hadamard product
is power series defined by

(f*g9)(2=> abz", (1.15)
n=0
whoseradius of convergence R satisfiesR;.R; <R.

2. FRACTIONAL INTEGRAL FORMULAE
INVOLVING THE GENERALIZED GAUSS
HYPERGEOMETRIC FUNCTIONS

In this section, we will establish some fractional integral formulas for the
generalized Gauss hypergeometric type functions FF(,S'C;K'“) (a,b;c;z) by using

certain general pair of fractional integral operators. To do this, we need to recall the
following pair of generalized fractional integral operators (which are generalized
form of Riemann-Liouville fractional integrals) introduced by Katugampola [12].
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LEMMA - 1.

Let Q=[ab|(—o<a<b<) be a finite interval on the real axis R. The

generalized fractional integral I3 f of order ceC for X>a and R(c)>0 is
defined as

_@ o i)
I'(c) Ja (x* —tP)+©

2.1)

(P1g.1) 0

Similarly the generalized fractional integral PI f of order ceC for x<b
and R(c) >0 isdefined as

@Fﬂr tPf (1)

@@;ym=rw)xw_ﬁfﬁ

(2.2)

In our investigation, we choose a = b = 0 the above Lemma 1 reduces to the
following form:

LEMMA - 2.

The generalized fractional integral P15, f of order 6 e C for x>0and R(c)>0is
defined as

o e tPE(t
(p|<§’+f)(><)= (°) ()1_ , (2.3)
r((j) 0 (XP_tP) Y
Similarly the generalized fractional integral PI§ f of order ceC for x<0
and R(c) >0 isdefined as

o P)° 0 tPf()
(plo_f)(x): Ty b @ 0y dt, (2.4)

The main results are given in the following theorem.
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THEOREM - 1.

Let A,0,9,p,8,(,k,u,a,b,c, pe C besuchthat R(1) >0,
min{R(8), R(), R(Kx). KW} >0 K(c)>R(b)>R(p) 20,

R(p) > max[0,%(c - 9)].for x>0, we havethe following formulae

(P18 FPE (@,biet)) ()

A L1
X?x+6p 5.0 ) [+1,]
== FP9 W @biex)* w0 °

. hoad| @

Proof. For convenience, we denote the left-hand side of the result (2.5) by 4 and

using the definition given in equation (1.12). Further changing the order of
integration and summation, which is valid under the conditions of Theorem 1, we
have

BOSM (g1 n,c—b
p ( )i(p|g+tn+7»—l)(x)’ (26)

1= 2@ gpecp  n

n=0
employing the definition of fractional integral givenin equation (2.1), theabove
equation (2.6) reducesto

o0 B@.Sixu) (b+n,c—b) 1 ( )1—0 x  PrnrA-l
J= a p ! L P
nz:(‘)( )” B(b,c-b)

dt, 2.7
n! F(G) O(Xp_tp)l—c t ( )

Choose t? = X?Z in equation (2.7), after simplification we have

BOS*®) (b4 n,c-b) 1 L o

" N N+A+0 m _ )o-1
7=2.(), B(b,c—b) > i I'(0) OZ "o 28

further using the definition of the Beta integral in (2.8), after simplification we
get
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r &+l+1n
P xhHop = BI(OS’C;K’”)(b-i- n,c—b) x" P P 2.9)
= a = : .
p° Z( ) B(b,c—b) nt (A 1
n=0 | =+0c+1+=n
p p

Interpreting the above the above (2.9) in the view of the Hypergeometric
function given in equation (1.12) and Wright function following the definition of
Hadmard product given in equation (1.15) for two Series of function, we have the
required result.

THEOREM - 2.

Let A,0,9,p,8,(,k,u,a,b,c, pe C besuchthat R(1) >0,
min{R(8), R(Q), R(x),R(W)}>0; R(c)>R(b)>0;%(p) >0,

R(p) > max[0,%(c - )], for x< 0, we have the following formulae:

(PIE0T RS (@ b)) ()

Aol

6 X 6w (4 by oy (E”’E)
=(-)) = Foo=™ (a,b;c;x)* 'y . +11)|x (2.10)

Ayonl

P

Pr oof.

The proof of the Theorem 2 would run parallel to that of Theorem 1. Therefore, the
sameis skipped here.

In the following sections, we establish certain theorems involving the results
obtained in this section associated with theintegral transforms like Beta transform
and Laplace Transform.

3. IMAGE FORMULAE ASSOCIATED WITH BETA
TRANSFORM

The Beta transform of f(z) is defined as [13]

B{f(z):a,b}:j:za—la— 21 f(2)dz (3.1)
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THEOREM 3.

Let A,0,9,p,8,C,x,u,a,b,c, pe C besuchthat )(A) >0,
min{R(8), R(), R(x),R(w)}>0; R(c)>R(b)>0;%(p) >0,

R(p) > max[0,R(c-9)], for x>0, we have the following formulae:

B{(pl g+t7“‘1Fr§5'C”"“) (a,b;c; tz))(x) 1, m}

k+ | ,1),[7”+1,1j
—T(m) X FOEM (b x)* ¥, UL 3.2)
p (I +m,1),[f;+c+1,pj

Pr oof.

For convenience, we denote the left-hand side of the result (3.2) by .5, then using
the definition of Beta transform, we have

B = j H1- 2™ (PG RS S (o b ctz) ) (X) dz, (3.3)

now using the definition of family of extended Gauss hypergeometric function
givenin (1.12) and then changing the order of integration and summation, we have

- B (bn,C—b) 1/, o sina\, s f ten o
5= (a),—> 56.0°5) n!(pl t* l)(x)lz' L1-2™'dz, (34

applying theresult in equation (2.9) and theintegral formula after simplification
the equation (3.4) reduced to the following form:

F[x+1+1n]
05 r‘(m) 7”'6[3 . (a BSS’C;K’H) (b+ n!C_b) p p F(l + n) Xrl (35)
Eﬁ " B(b,c—b) F[k ]F(I+m+n) n

+o+1+-—
p p
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Interpreting the above the above (3.5) in the view of the Hypergeometric
function given in equation (1.12) and Wright function following the definition of

Hadmard product given in equation (1.15) for two series of function, we have the
required result.

THEOREM 4.

Let A,0,9,p,8,C,x,u,a,b,c, pe C besuchthat %(A) >0,
min{R(8), K(), R(Kx). KW} >0 K(c)>R(b)>R(p) 20,
R(p) > max[0,R(c - )], for x< 0, we have the following formulae:

B{(pl g_t”‘lFéM”"“) (a,b;c; tz))(x) 1, m}

k
— (-)°T(m) F<5C‘<M>(abcx)*
p°

Pr oof.

The proof of the Theorem 4 is same as that of Theorem 3. Therefore, it is omitted.

4. IMAGE FORMULAE ASSOCIATED WITH
LAPLACE TRANSFORM

The Laplacetransform f(z) is defined as[13] :

L{f(z)}:J:e‘Szf(z)dz (4.1)
THEOREM 5.

Let A,0,9,p,8,C,x,u,a,b,c, pe C besuchthat %(A) >0,
min{R(8), R(), R(x),R(w)}>0; R(c)>R(b)>0;%(p) >0,

R(p) > max[0,%(c - V)], for x>0, we have the following formulae:
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L {Zl -1 ( P g+t7»—1FF§6,C;K,M) (a,b; C;tZ)) (X)}

ALl
A+op [+1,],(I J)
X . X X
~d.o Féé'gK'“)(a,biCi—j* oW1 ; P 0 = (4.2)
Sp S [p+0+1,p] S

Pr oof.

For convenience, we denote the left-hand side of the result (4.2) by Z. After using
the definition of Laplace transform, we have:

using the result from (2.9), then changing the order of integration and
summation, the above equation (4.3) reduces to the following form:

r k+1+1n
Atop o B(&C?K’H) b+ n,c—b n N N -
T X _ a). p B(b(c 5 )% kp p : J’O eZ7 gy (4.4)
P™ n=0 s 'F(+c+1+n]
Y Y
after simplification the above equation (4.4) reduces to the following the form:
A 1
. '—+1+-n
Xop & BEEH(benc-b) x° (p+ i j r(+n)
L=—7> a), — | » (4.5)
B(b,c-b n! N
P™ n=0 ( ) F(K+G+l+lnj S
p p

Interpreting the above (4.5) in the view of the Hypergeometric function given
in equation (1.12) and Wright function following the definition of Hadmard product
givenin equation (1.15) for two series of function, we have the required result.

THEOREM 6.

Let A,6,9,p,8,(,x,u,a,b,c, pe C besuchthat R(A) >0,
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min{R(8), R(), R(x),R()}>0; R(c)>R(b)>0,%(p) >0,
R(p) > max[0,R(c - )], for x< 0, we have the following formulae:

L{z'—l(plg_tx_lFés’c;K’”)(a’ b:c: tz))(X)}

A 1
. Mop & BSS,C;K.H) (b+n.c—b) (p+Lpn],(l,1)
:(_1) | .o Z(a)n * 2‘P1
sp° % B(b,c-b) (K+G+L1]
P P

X
S

(4.6)

Pr oof.

The proof of the Theorem 6 is same as that of Theorem 5, therefore, it is omitted.

5. SPECIAL CASESOF THE MAIN FORMULAE

By assigning the different particular valuesto the parameters we havethefollowing
special cases of our main results established in Section 2.

1. Choose u =1, theresult in equations (2.5) and (2.10) reduce to the following
form:

Corollary 1. L&t A,0,9,p,8,(,x,1,8,b,c, pe C besuchthat R(L) >0,

min{R(3),R(C),R(x)}>0; K(c)>R(b)>0;R(p)=0,
R(p) >max[0,R(c-1)];

for x> 0, we have the following formulae:

(pngrtx‘lFF(,S'C”‘) (ab; c;t))(x)

X (3.57%) [%”%]
6K .

=———F" @b vy f |x
P (EHHLE]

(5.1)
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Corollary 2. L&t A,0,9,p,8,(,x,1,8,b,c, pe C besuchthat R(L) >0,
min{R(8), R(Q),R(x)}>0; R(c)>R(b)>0;R(p)=0,
R(p) >max[0,R(c - V)],

for x< 0, we have the following formulae:

(P18 RS (@ biet)) (0

X7L+Gp 50 (&4_1’1]
=(-D° S F> N @bie ) ¥y f "

| (5.2)
(o)

2. Choose k¥ = =1, theresults in equations (2.5) and (2.10) reducesto the
following form:

Corollary 3. L&t A,0,9,p,8,(,x,1,8,b,c,pe C besuchthat R(L) >0,
min{%R(8),R()}>0; R(c)>R(b) >0,%(p) >0, R(p)>max[0,R(c-)],
for x>0, we have the following formulae:

(Pl&t%—ng&O (ab; c;t))(x)

ALl
X [725)

=———FP9@bie* Wy 0 P (5.3)
P [5ro13)

Corollary 4. Let A,0,9,p,8,(,x,u,a,b,c,peC be such that R(\)>0,
min{%R(8), R} >0; R(c) > R(b) >0;K(p) >0, R(p) >max[0,R(c - V)],
for x< 0, we have the following formulae:

(P18 F P9 @ bit) ()
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X7L+Gp s (&4_1’1]
=(-D)° S F N @bie ) | "

—+o+L,—
p

(5.4)

3. If wesdect 8 ={=x=pu=1 then the established results in equations (2.5)
and (2.10) reduces to the following form:

Corollary 5. Let A,0,9,p,8,(,k,u,a,b,c,peC be such that R(L)>0;
R(C) > R(b) > O;R(p) =0 , R(p) > max[0,R(c - V)] .for x>0, we have the
following formulae:

xM+op (&+1.1]
(p|g+t%—1|:p(a,b;c;t))(x)= Fo(abicx)* ¥, (; P 1]|X (5.5)

—+o+l,—

c

Corollary 6. L&t A,0,9,p,8,(,x,1,8,b,c,peC be such that R(A)>0
R(C) > R(b) > 0;R(p) =0 , R(p) >max|0,R(c-V)].forx<0, we have the
following formulae:

(Plg_t”‘le (ab; C;t))(X)

o X7»+0'P . A * [i;ﬂ’;]
=(-D)°~———Fy(@bjc)* ;¥ ;5 P\ [x (5.6)
p [p+c+l,p]

4. Ifwesdect p=0;6={=x=p=1 theestablished resultsin equations (2.5)
and (2.10) reduces to the following form:
Corollary 7. Let A,0,9,p,8,C,k,u,a,b,c,peC be such that R(L)>0;

R(c) > R(b) >0;, R(p) >max|[0,R(c- )], for x>0, we have the following
formulae:

[57)
pt+op —+1,=
2Fi(abicx)* ¥y [p P

(P18 R biaD) (0 ==

9
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Corollary 8. Let A,0,9,p,8,(,k,u,a,b,c,peC be such that R(L)>0;
R(C) > R(b) >0; R(p)>max[0,R(c-1)], forx< 0, we have the following
formulae:

gt

. "]1 x| (5.8)

—+o+L,—
p p

A+op (
2Fi(a,b;cx)* Wy

(P18 R(a b)) (0 = (-)°

9

6. CONCLUSION

In the present paper we establish numerous fractional integral formulae involving
the family of extended Gauss hypergeometric function by using the generalized
form of Riemann-Liouville fractional integrals.

The special cases of the main results are also presented in Section 5. Also by

assigning the particular values to the parameters, we can obtained more result from
image formulae associated with Beta transform and L aplace transform.
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