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Abstract: This paper addresses development of sensor less control strategy for induction motor (IM) drives. The control
strategy is developed based on the derived discrete time synchronous frame IM model through the formulation of
discrete lagrangian. The control scheme mimics the conventional continuous time vector control. The control strategy
utilizes the robust compensation and loop shaping property of discrete time two degree of freedom (DOF) control
to ensure satisfactory gain and phase margins. The controllers are designed through root locus technique. Further, a
discrete time model reference adaptive system (MRAS) observer is derived for the speed sensor less control of the
IM drive for the discrete IM dynamics. The performance of the two DOF control strategy is compared with discrete
PI control. The effectiveness of the controller is also found out successfully with MRAS observer even in presence
of high load disturbance.

Keywords: Induction Motor Drives, Discrete Time Modelling, Discrete Two Degree of Freedom, Discrete MRAS,
Vector Control.

1. INTRODUCTION

As an effort of designing discrete-time controllers for IMs based on sampled models, one can find some control
approaches based on the classical explicit Euler approximation as in [2]-[4]. However, this sometime represents the
continuous time system dynamics badly in discrete domain. That may lead to wrong controller parameter design
[1]. Instead, [1] proposes discrete time modelling of the IM with the help of geometric integration technique,
variational integration in stationary two-phase oo — 3 frame. In this work, the proposed stationary frame model is
transformed into the synchronously rotating d-q frame model. Afterward conventional like rotor field orientation
control strategy is derived and implemented for discrete time d-q frame IM dynamics.

Degree of freedom of a control system is the number of closed loop TFs that can be adjusted to
achieve the predefined goals [10]. As controller design process is multi objective process, to fulfil each
objective with one degree of freedom may not be suitable [10] and hence the two DOF control. Different
two DOF PID control strategies are mentioned in [6]-[10]. However, it is noticed that, in the IM application
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of two DOF control the two DOF control strategy is applied to only the inner current control loop or outer
speed control loop at a time. In this work, the root locus design technique for two DOF strategy is utilized
and two DOF controller is designed for all the inner loops (d-axis component of stator current and q-axis
component of stator current) and outer loops (speed and flux) to achieve good set point tracking and load
disturbance rejection. The performances are also compared with a discrete PI controller designed with same
bandwidth.

Further, through the last few decades, there has been a significant rise of interest in sensor less
induction motor drives without mechanical speed sensors. Such drives are attractive because of their
low cost and high reliability, also it is free from maintenance cost of mechanical sensor. Different speed
estimation techniques are described in [11]-[17], where the fundamental machine model is utilized to design
model reference adaptive systems (MRAS), nonlinear observers, extended Kalman filters, or adaptive
observers. In this work a discrete time MRAS observer is adopted which is based on the derived discrete IM
dynamics.

This work achieves the following objectives for IM drives.

e  Using root locus and loop shaping technique, development of a control strategy for derived discrete
time induction motor dynamic modal that replicates the conventional vector control strategy of
continuous time induction motor drives.

e  Design and analysis of robustness and performance of two DOF controller. The performance of two
DOF control is compared against that of a discrete PI control.

e  Derivation of a discrete MRAS observer in context with the discrete IM dynamic model for sensor
less operation of adjustable IM speed drive.

2. DISCRETE TIME MODEL OF INDUCTION MOTOR

The stationary (o0 — B) frame IM dynamics for IM derived through the formulation of discrete lagrangian can
be written as (1) [1], [5].

£y h
Op 1 = O =7 oy + Wyl T — 7

_ Thpo T'hpo
¢0L[3rk+ 1= g€ g q)OLBrk + LmOLOthe * I(x[’)sk

Logsk+1= Yalops +Ba0tOugru — Byoige (Dopr + L0l )+ G_Uochk (1)
d

¢0L|35k+ 1= q)(xﬁsk - hRs Iochk + hU(x[.’)sk

where, p = pole pair; ®, = angular speed; J = moment of inertia; f, = friction coefficient; 4 = sampling time;
Iaﬁsk = stator o0 — 3 component of stator current components; %Brk = rotor o0 — 3 component of stator current
components; o.=R,/L; o, = 1/(1 + ho); p, = pot; w=3L,p/2JL,; 6=L, — Lfn/Lr; 6,=0+ ococdthn/L,; B,=

L /oL | —RAo.T 0 —1| o |cos® —sinB
Oulys Ya=1—-KiGy 1 = ; = . .
w Odr la d 1o sin®  cos0
Now to obtain synchronous (d — ¢) frame model from the stationary (o. — B) frame model the d axis is

aligned with the rotor flux axis [17], [18] as shown Figure 1(a). Hence the d — ¢ discrete IM model frame is
given by
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Now considering ®, = (p;; —py )/ as sampled version of synchronous speed and I ;,; as d — g component
of stator current, the discrete IM dynamic model is obtained as (3)

I h
Wpyy =0 — th")k + Mdhlgqsqu)dqu - TTLk

o Thp(e,-0,) Thp(o,-0,)
Dgrics1 = g€ YO ggri + L0000 he L gk
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d
_ ~Thpo, —Thpw, —Thpo,
¢dqsk+1 =e ¢dqsk - hRse qusk +he qusk
Block diagram of the discrete synchronous frame IM is shown in Figure 1(b).
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Figure 1: (a) Vector representation of reference frame, (b) Block diagram of the discrete IM model.
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3. CONTROL STRATEGY AND TWO DOF CONTROLLER DESIGN

A. Control Strategy

In this section a control strategy is developed for the discrete IM model that, replicates the conventional continuous
time control of IM drives. The IM model (3) is associated with trigonometric terms ¢ and ¢ "7(®~ 9 These
terms are removed through small-angle approximation, since zp®, and ip (®, — ®,;) are very small (in this case
0.0001 sec). The small angle approximation is required to decouple the d and ¢ axis components.

Considering the field orientation is perfect i.e., ¢,,, = 0 together with the small angle approximation a
relation between ¢, and I, can be obtained from the d component of the rotor flux equation in (3) as (4)

Ot /L = L 00ty /(z =0t y) (4)
Thus from the measured d axis component of stator current, the d axis flux component can be estimated

from (4) and thus ¢,,, becomes ¢, . The slip speed can be estimated from (5) with measurable ¢ axis component
of stator current. Which will be utilized in indirect field orientation control just like the conventional continuous
time control.

The slip speed is written from the g-flux equation as (5).

(Dslip = Lmansk /p¢drk (5)

Again from the stator flux equation in (3), together with the relations ¢,y =L Iz + L, 1%

Ougk =L 1ag + Lylage and small angle approximation the discrete plant transfer function (TF) for the current
(inner) control loop can be writtenas /L z— (L, — AR ) . The decoupling terms are obtained as ¢, = hpw L 01

L .. .
and ¢, =—hpwy L1,y —hpo, %. Similarly, the discrete plant TF for the speed (outer) control loop can

N

h/]
2= (1= (A1)

From the mechanical equation electromagnetic torque can be written as T,; =L d.llgqskl"q) dgrie and is with perfect

be written between electromagnetic torque and speed from the mechanical equation in (3) as

field orientation T, =, JI &) ark - 1€ 1 T, / (U430, ) - The control strategy with two DOF controllers

qsk =
is shown in Figure 2(a). Two pairs of two DOF controllers are designed as shown in the Figure 2(a). One pair

is for the outer loop which will eventually generate d and ¢ axis component current references (I, and Izsk)
and another pair is for the inner loop which will ultimately generate d and ¢ components of voltage references

(UZsk and U:sk )

B. Controller Design

This section presents design procedure for two DOF controller speed loop as well as current loop so as to ensure
speed tracking and robust compensation. The block diagram of a two DOF control system is depicted in Figure 2(b).

C;, C, =forward path and feedback path controllers respectively.

C ,, C .= Speed and current loop controllers respectively.

The closed loop TFs (CLTFs) from Figure 2(b) are given by (6)
G,.(2)=C, (IPE)/(1+C, ()P())

(6)
G 4(2)=P()/(1+C,()P(2))

International Journal of Control Theory and Applications




Discrete Lagrangian Mathematical Model Based Sensorless Two DOF Control of Induction Motor

Discrete Iy

1
Modeled IM

@, I|

B(z) [V (2)
A(z)
P(z)

o,

N Slip and
C:l Synchronous
Speed Estimate

Controller

(a)

Figure 2: (a) Block diagram of the sensor less two DOF control scheme, (b) Two DOF controller structure

Thus by looking at the CLTFs it can be stated that, reference tracking is dependent on both C/(z) and C,(2)
whereas disturbance response can be reformulated by adjusting the C,(z) only. These two are the responses which
gives a measure of a control system performance. Thus, with two DOF control two sets of controller parameters
are available to be adjusted unlike one DOF control, to achieve desired response.

The loop TF of the control structure in Figure 2(b), considering an n'™ order plant P(2) = B(z)/A(z) is given
by H(z)B(z)/F(z)A(z). The CLTF is given by Q(z)B(z)/A(z) with A(z) = A(z)F(z) + B(z)H(z) of order n + m. Now
the choice of m™ order controller polynomials F(z) and H(z) will characterize the pole polynomial of the closed
loop system.

The design of the two DOF controller is carried out in w-plane. The CLTF of the control structure depicted
in Figure 2(b) can be written in w plane as Q(w)B(w)/A(w) with A(w) = A(w)F(w) + B(w)H(w), where,
Fw)= w" + f, W™ 4t fiw+ fy (7)
Hw) = k(h, w" +h, W™ + ...+ hyw+ hy) (8)
Where, £ is the gain to be obtained from the root locus.

From the controller design prospect it is to be taken into account that, the order of controller to be placed.
ie.m+(m+1)=m+n = m=n—1.Moreover, the desired CLTF can be defined in w-plane as EB(w)/A(w).
The constant ¥ is introduced to make DC gain unity. A(w) is the desired characteristic polynomial. After choosing
F(w) and H(w), CLTF is obtained as Q(w)B(w)/A(w). However, it is prescribed to have CLTF as EB(w)/A(w)
which can be obtained by solving (9)

Q(w)B(w)/A(w) = &G (w)B(w)/ A(w)g (w) = EB(w)/ A(w) 9
Where, Q(w) =&g(w) . Thus feedback path controller gain & can be obtained by solving A(w) = A(w)F(w)

+ B(w)H(w) = Z(w)(j (w). It should be pointed out that besides choice of desired closed loop pole polynomial,
the choice of different g(w) provides unique solution of .

The controllers are designed using root locus technique such that resulting loop TF C,(z)P(z) full fills the
gain margin > 2 and phase margin >30" to enhance disturbance rejection and robust stability.
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4. DESIGN AND ROBUSTNESS ANALYSIS OF TWO DOF CONTROL SCHEME

For the verification of the proposed scheme a 1 hp IM with 4 poles 50 Hz is considered. The voltage rating of the
IM is 415 Volt, stator/rotor resistances 15.12/4.24 Q, stator, Rotor inductance/mutual inductance 0.7357H/06947
H, moment of Inertia 0.0148 Kgm?, mechanical damping coefficient 0.0008145 Nms, torque rating 4.91 Nm
and speed rating 151.77 rad/sec.

The control scheme in Figure 2(a) is implemented in context with the controller structure shown in
Figure 2(b). The design of the controller parameters are carried out with respect to the theory provided in section
II1.B. To ensure overall stability of the control scheme two constraints are predetermined. (i) The individual
loops should be faster; and (ii) the inner loop should be faster than the outer loop. The sampling time (%) for the
discrete time modelling is considered 100 psec.

B,(z) 0.006757 .

The system TF for outer loop following section III.A is obtained as = in z domain. The
Asz)  (z-1)

. . B, (w 67.57
corresponding w-plane TF can be obtained as — ( ) =

Ay (w) (w+0.05503)

. . L B, (z) 0.0001 .
Similarly, the z domain inner loop system TF is given by = and corresponding

A (z) (0.7357z-0.7342)

w-plane TF is B. () o 1359 )
A, (w)  (w+20.55)

Both outer and inner loop plants are of order one i.e. n = 1 and hence to fulfil the condition for controller
order as mentioned in section II.B the order of the controller polynomials F(w) and H(w) are chosen to be
m=1.

1. Controller design for speed loop: Since the plant is of first order the corresponding root locus would be the

entire negative real axis beyond the open loop pole —0.05503 in the w-plane. Hence the desired closed loop pole

location is chosen at —10 so as to ensure first order overdamped response with settling time less than 1 sec. The
67.57

(w+

corresponding desired CLTF is 0.148 with & = 0.148 to make DC gain unity.

In F(w) polynomial, coefficients f; and f, are set to one and zero respectively. Thus the denominator
polynomial F(w) becomes F(w) = w i.e. F(w) will provide integral action and will ensure steady state error
Zero.

Besides, a zero is placed to the left of the system pole to have desired loop characteristics with suitable
bandwidth and phase margin. The zero is placed at —7. Thus H(w) becomes k(w + 7). The zero polynomial of the
feed forward path compensator g(w) is considered to be (w + 100). The gain of H(w) polynomial £ is obtained
as below

(w+ 10)(w + 100) = (w+ 0.05503)w + 67.57k(w + 7)
By solving the above equation for £, & is obtained as 1.62.
The corresponding controller TFs obtained are tabulated in Table 1.

The bode plot is shown in Figure 3(a) from which, phase margin is identified to be 86.4° at gain crossover
frequency 110 rad/sec and gain margin is infinite. Hence, one can draw the conclusion that the designed controller
provides robust compensation satisfactorily.
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Table 1
Two DOF Controller Parameters for speed loop
w-plane z-plane
Cr()= 2(()) 0.148(w+100) / w (0.1482-0.1465)/(z —1)
(.
Cp()= I;S ((')) (1.62(w+7))/ w 1.62z-1.619)/(z-1)
(-

With respect to Table 1, the loop TFs for speed control loop is given by

H, (w)B,(w) 1.62x (w+7)x67.57
E,(w)A,(w)  w(w+0.05503)

N

TFloop =

g
3

Imaginary Axls (seconds™)

b & b A o wm B2 o @
T T T T T T T T

L | L ! L L L L
20 18 -16 14 12 -10 4 © 4 2 0
RReal Axis (seconds™)

0° vty 10/ 10 10 (b)
(a)
Figure 3: Speed loop (a) Bode plot and (b) Root locus plot

The root locus plot for speed loop TF is shown in Figure 3(b). From the observation of the root locus it
can be stated that designed control system is unconditionally stable. Thus the system stability is preserved even
if there is a variation in the open loop gain.

2. Controller design for current loop: Similar to the speed loop, the root locus plot of the inner loop plant will
be the entire negative real axis of the w-plane beyond the open loop pole —20.55. The desired closed loop pole
location is chosen to be —200 so as to ensure 20 times lesser settling time. Thus the desired inner close loop
147.167 x1.359
(w+200)
F(w) polynomial, coefficients f; and f, are set to one and zero respectively. For current loop, g(w) is chosen
to beg(w)=w+100. Now, the coefficients of H(w) polynomial %, and A, are chosen to be 1 and 72, so
that loop zero is placed at —72. Gain k is obtained to be 220.8 by solving the following pole-placement
equation.

TF becomes with constant & = 147.167. Again, similar to the speed loop controller design,

(w+200)(w + 100) = (W + 20.55)w + 1.359(w + 72)
The controller TFs are obtained as in Table 2.
With respect to Table 11, the loop TFs for current control loop is given by
H, (w)B. (w) _ 220.8 x (w+72) x1.359
E (w)A,(w) w(w+20.55)

c

TFloop =
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Table 2
Two DOF Controller Parameters for current loop
w-plane z-plane
Cr()= %((')) 147.167(w+100) / w (147.167z-145.7)/(z -1)
(.
C ()—HC(') (220.8(w+72)/ (220.82-219.2)/(z-1)
bel) = F () O(w w .0z . z
" (.

From the bode plot depicted in Figure 4(a), phase margin is identified to be 80.7° at 308 rad/sec. The root
locus plot of the current loop is shown in Figure 4(b). Just like the speed loop, current loop control system is
also unconditionally stable i.e. change in open loop gain will not affect the stability of the inner loop. Alternately

the gain margin is infinite.

0

g

40

&

)

]

Magnitude (48)
s

8

Imaginary Axis (seconds™'}

 Phaso (dog)
]

]
]

4% -200 150 100 50 0
10° J 107 1 Real Axis (seconds™')
Frequency (radie}

(a) (b)
Figure 4: Current loop (a) Bode plot and (b) Root locus plot

5. PERFORMANCE COMPARISON OF DISCRETE TWO DOF WITH ONE DOF PI
CONTROL

Two tests are carried out to proof the effectiveness of the proposed control scheme firstly reference speed tracking

and secondly disturbance rejection. Also the results obtained are compared with that of discrete PI control. The

parameters for the PI controllers are obtained to have similar bandwidth as in the case of two DOF control. This
is done for to the comparison purpose only. The PI controller parameters are obtained as in Table 3.

Table 3
PI Controller Parameters

w-plane z-plane
Speed Loops (1.675w+6.7)/ w (1.675z-1.674)/(z-1)
Current Loops (215w+860) / w (2152-214.95)/(z 1)

1. Speed tracking: For this test the IM is operated in 100 rad/sec, 50 rad/sec, 100 rad/sec and 150 rad/
sec respectively with step changes at times 10 sec, 20 sec and 30 sec. A load torque of 20.37% is
maintained throughout the entire period. The corresponding speed responses are shown in Figure
5(a), which depicts an overdamped response with a settling time of 0.7 sec for two DOF control
and with PI control shows an underdamped response with overshoot around 10% and settling time
0.7 sec. The discrete PI control scheme speed response exhibits overshoot which is undesirable for many
process industries, which can be overcome by the two DOF control scheme as it gives overdamped
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response for same controller bandwidth or settling time. The reference flux is set at 0.75 Wb and the
controller is maintaining it during the entire period. The flux response for change in speed reference
is portrayed in Figure 5(b), which exhibits a settling time of around 0.7 sec.

2. Disturbance rejection: To examine this property, the IM is operated at constant speed 100 rad/sec.
Initially the motor was loaded at 20.37%. The external load torque is then changed to respective levels
at, 40.73%, 20.37% and 61% at time 10 sec, 20 sec and 30 sec. The corresponding speed response is
shown in Figure 5(c). With both the control schemes speed settles down to its reference value within
0.7 sec. The flux responses are shown in Figure 5(d). Figure 5(e) shows the d — ¢ components of

current changes during the load change. It is observed that the proposed control strategy is capable
of disturbance rejection.

6. DISCRETE MRAS OBSERVER

The MRAS type observer is a well-established observer technique. The basic idea of MRAS is to compare the
output rotor fluxes from the two reference and adaptive systems and correspondingly adapt the speed variable to
be observed. In this work, a discrete time MRAS observer is modelled with respect to the discrete mathematical
model in (1). The sampled version of the continuous time rotor and stator flux equation can be written as:

180 . ! . . 0.8
160
0.78 -
5140-
£ Zo.76)
L z N .
= #
g0 £ v
&
80!
60 - -Reference 072 e = -Reference
—Two DOF control w2085 N —Two DOF control
" ) . P P1 contral 07 . N =PI control
10 15 20 25 30 as 10 15 20 15 30 kH]
Time (sec) Time (sec)
(a) (b)
; . . . . — 0.765 T T T
102 - -Reference 0.76
—Two DOF control
= 101 - [~-PI control | 0.76 - 0.75 Vh_
2 100 20 755
= 755 - L
E r 101 ‘ g ! 0'742020.52121.5
T 99 100.5 1. | = 075 o
o R — 8 LV b
& RETRYS B v
98 - 3 0.745 - - -Reference
—Two DOF control
[ A— . 1 I . 074 . - Pl control
10 15 20 e 30 35 10 15 20 25 30 35
Time (sec) Time (sec)
(c) (d)
1.6 T T T
—d-Component current (2DOF)
1.4 = -d-Component current (PI)
- —q-Component current (ZDOF)
E-l 2 — -q-Component current(PI)
< N
=
g1
2
508~
&}
0.6
0.4 1 L L 1 L
10 15 20 25 30 35
Time (sec)

(e)
Figure 5: (a) Speed response to step change in reference speed (b) Flux response to step change in reference speed (c)

Speed response to step change in Load torque (d) Flux response to step change in Load torque (e) d-q component stator
current profile during load changes.
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q)(xBrk = LrI(xﬁrk + LmIochk

(10)
¢(x[3sk = LSIOLBSk + LmIOLBrk
From these equations the reference model for the discreet IM model can obtained as
L, L,
Oopric = [ Oapsk — [ Ol (11)

Again the rotor flux equation in (1), by removing trigonometric terms, neglecting the terms associated with
higher order 4, the following adaptive model is obtained

A~ —_— _(Dk A~
¢ h 0 I
Aark+l = o hp 74 Aark +L, 00k Iask (12)
¢Brk+1 (/J\)k I ¢[3rk Psk
p
Now for estimation of the speed (/l\)k the following equation can be written [17]
~ A A h
Ok = (g Oprtc = Do q)ﬁrk)(Kp +K; o 1) (13)

Therefore, considering (9) as reference model and (12) as adaptive model, speed can be observed to nullify
error term in (13) with the help of the discrete PI type regulator.

7. PERFORMANCE OF DISCRETE MRAS OBSERVER

The effectiveness of the derived discrete time MRAS observer is examined for reference tracking and disturbance
rejection with discrete time two DOF control strategy. The controller parameters are maintained at their same
respective values as in case of without observer.

160 — 30
ISO‘I--
- 52 e, — 05 .
g | i g | -0.
T S0l -0t6ss! | ss) N
£ 100 o 0.1656 06— 12—
= g L 12 06 18 2224 26 28 32333435
g e 0: } 3
g 80 @ |
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60/ —Actual 10y 1
- Estimated
0 : - . ) . . . . |
10 15 20 3 L 3 10 15 20 25 30 38
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(a) (b)
102 Refereacd 1 . ;
Aol 0.5~ -1265
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0.55 ————
r -1.1385@ 06 e 2 ]];; ]
1139 = —
i | 12 14 16 18 ' 32333439

=

100 =mvmim = e e

Speed (rad/sec)
i8¢
% Speed Error

o
T
i

9
* 15 20 25 30 B 10 15 20 25 0 3
Time (sec) . :
Time (sec)
(c) (d)

Figure 6: Speed response with observer feedback (a) During reference speed variation (b) % speed error during
reference speed variation (c) During load torque variation (d) % speed error during load torque variation.
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The same control topology is utilized as shown in Figure 2(a). Also the command reference speed for
tracking test and the command load disturbance profiles are same as in case of without observer. The results
obtained from discrete time MRAS observer are shown in Figure 6. The proportional and integral gains for the
adaptive mechanism of MRAS observer in section VI are set at 200 and 800, respectively.

Figure 6(a) exhibits the comparative responses of MRAS observer and actual speed in case of reference
tracking and corresponding % error is depicted in Figure 6(b), while the speed response and corresponding %
error during the load disturbance rejection test are shown in Figure 6(c) and Figure 6(d) respectively. From the
observation of the results following conclusions can be drawn.

e  The derived discrete time MRAS observer is capable of estimating the speed with some acceptable
error in the estimation.

e  The maximum % error in speed tracking test is found to be —1.15% which is exhibited during 150
rad/sec speed reference.

e  The maximum % error in load disturbance rejection test is found to be —1.27% which is exhibited
during 61% load.

8. CONCLUSION

In this work, a synchronous frame discrete time model for induction motor is considered. A conventional
continuous time field orientation like control strategy is developed in context with the two DOF controller for
the derived IM dynamics. Two pairs of two DOF controllers are used to control speed, flux, d-axis component
of stator current and g-axis component of stator current. The two DOF controllers are designed through root
locus technique so as to achieve robust loop shaping and performance. The performance of the two DOF control
strategy is compared with that of the PI controller designed with same bandwidth. The two DOF controllers
are found to be fulfilling the pre-set robustness standards. Disturbance rejection capability of the proposed two
DOF controllers is examined through load torque perturbation. From the performance point of view the two
DOF control scheme exhibits better response without any overshoot in speed response compared to one DOF
PI control. Further, the effectiveness of the derived discrete MRAS observer is tested by feeding the estimated
speed to the two DOF control strategy. The discrete MRAS observer is found to be worked successfully even
under load perturbation with allowable estimation error.
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