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NUMERICAL SOLUTION OF NONLINEAR
SINGULAR BOUNDARY VALUE PROBLEMS
USING NON-POLYNOMIAL SPLINES

Shahna

Abstract

A new approach based on off step-points is discussed in this paper to solve
second order singular boundary value problems. The developed method is
second as well as fourth order accurate. Convergence analysis of the fourth
order method is discussed. Two nonlinear second order singular boundary
value problems have been solved by the presented method. Our results are
more accurate than the results of other existing methods of order four. Graphs
between exact and approximate solutions are also proved the accuracy and
efficiency of the developed method.
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1. INTRODUCTION

We consider the following second order non-linear singular boundary value
problem(BVP):

U"(x) = A(x)U'(x) + Bx)U (x) + C(x), 4

U@ =x,, Ub)=x, @

where are smooth and bounded real functions, and are given constants.
These problems arise in various fields of science and engineering such as nuclear
engineering, control theory, fluid dynamics, fluid mechanics, elasticity, quantum
mechanics, optimal control, hydrodynamics, convection diffusion processes etc. In
previous years, many authors have solved BVPs using splines. For example, cubic
spline method for solving second-order singularly perturbed BVPs is given by [8],
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quadratic non-polynomial spline approach for solving system of second-order
BVPs is given by [7]. In [4] iterative algorithm is given for the solution of non-
linear singular second order ordinary differential equations. Methods for solving
singular BVPs using splines are given in [2]. Existence and uniqueness of the
BVPs of higher order are given in [5].

In this paper, we have derived a uniformly convergent tridiagonal scheme
based on off-step points using non-polynomial mixed spline of lower degree for
the solution of (1)-(2). For solving singular boundary value problems, many
authors used L’Hospital rule to remove the singularity. But in this paper we use
off-step points in place of nodal points to avoid singularity. Our method is second
as well as fourth order accurate. The advantages of our second and fourth order
methods are higher accuracy with the same computational effort. Error analysis is
also discussed which prove the theoretical behavior of the scheme.

In Section 2, we give a brief derivation of the spline method. In Section 3 we
present the application of the method and derivative approximations are also
derived. Section 4 includes convergence analysis of the method and Section 5
contains the numerical examples and discussions that demonstrate the theoretical
behaviour of our method. Graphs between exact and approximate solutions are
also given in Section 5. Conclusion as given in Section 6.

NON-POLYNOMIAL SPLINE FUNCTION

To develop the new method based on off-step points, we divide the interval [a,b]
into n+1 subintervals, such that

a=Xy <X, <Xy, <. XX, <X, =b.

We introduce a finite set of grid points x; as

(b—a)

o
Let S(x) be a function of class C*[a,b] which interpolates U(x) at the mesh
point x; depends on a parameter p , reduces to an ordinary quadratic spline in [a,

x;,=a+(i—-1/2)h, i=0,1,.,nand h=

blas p — 0 is termed as a non-polynomial quadratic spline function. Since the

parameter p can occur in S(X) in many ways, such a spline is not unique.
Let S,(x)=a,e”" " +b[cos p(x—x,_,,,)+sin p(x—x,_,,,)]+c, 3)

To calculate the coefficienta,,b,, andc,, we define the following
interpolatory conditions as

" 1
Si(xXy2)=Up S (xi+1/ »)=U,,, and S; (xi—l/ 2) = E(MH/Z +M0) “

Using condition (4), we calculated the coefficients as
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a = Ui =Uiips n 1 (l_eg) YOM,,, +M.,.)
" (e’ +cos@+sinf@-2) 2p° (e’ +cosh+sinh-2) o .
— Uiin=Uiipn n 1 (l_eg) M, +M. )

" +cosO+sinf-2) 2p° (e’ +cos@+sind—2) ° e

.- U, ,+(" +cos@+sin@-2)U,,, N 1 (1-2¢% M, + M., )
' (e? +cos @ +sinh—2) 2p° (e’ +cos@+sinh—2) ' a

where 9= Ph.

Now by using the continuity of first derivative, S/"(x,,,)=35"(x_,),
m=0,1 the following consistency relation is derived

AIUi73/2 + A2Ui71/2 + A3Ui+l/2 = hz(BlMi73/2 + BZMi—l/Z + B3Mi+1/2) ’

A1=e9+cosé?+sin€ Azzsiné’—cos&—e(’”2
where 2 , 2
_e’(2sin@—1)+cos O —sind
- 2

_ e’ —sinf—cos @
- 40° ’

7

4, =1, B,

_¢’sinf—sin6

B, 20°

, B,

Remark: Our method reduces to [3] based on quadratic spline when
(4,,4,,4;,B,,B,,B;)=(1,-2,1,1/8,6/8,1/8)

Truncation Error: Truncation error is obtained by expanding equation (5) using
Taylor’s series which is as follows:
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—34,-4,+4 , 94, + 4, + 4,
T = (4, + 4, + 4,)U, _,_(#)h(/i +h2[%
2 2°2!
5 (274, -4, +4;) 1

LAy . @ M
= S (38, =B, + )W,V W

1 0B 4B, + By + pC2434 — A+ A) (278, ~ B, + By)
22l 2°5 2°31

po 7294 + A+ A4) 1B+ B+ B o g s
256! 2441 I

(B, + B, + B,)U,"”

W[

]Uz

(6)

For different values of parameters, we get the method of different orders. Here,

we get the second as well as fourth order method. For B +B,+B;=1 and

B, =B, ,we get the second order method . For the choice of parameters
1 10

(4,,4,,4,,B,,B,,B;)=(1,-2.1 ’E E —) we get the fourth order method.

Equation (5) forms a system of (n—2) linear equation in 7n unknowns.
U,,,,i=123...n. Thus, we need two more equations, one at each end of range

of integration. These boundary conditions are obtained by using method of
undetermined coefficients.

The boundary equation for second order method are given in [7] as
hZ
2U, =30, +U;), = [15M1/2 +3M,, ]+ O(h*),i=1 (7N

h? .
2Un =3U,4, + Un73/2 = Q[ISMm/z + 3Mn73/2] + O(h4),l =n (8)
The truncation error of the second order method for
(4,,4,,4,,B,,B,,B;) = (1,-2,], El§ g é) is given as follows:

—6—14h4U0<‘” +O(h%),i=1

T — _2_14h(4)Ul(4) + O(hs)’l = 2,3,,...” _1
_6_14h(4)Ui(4> + O(hs),i =n

For fourth order method the boundary equations are obtained as follows
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2
2Uo _3U1/2 +Us), :h_[233M1/2 +63M3/2 _9M5/2 +M7/2]+O(h6),i =1
384 9)
2
2Un _3Un4/2 +U, 5, = %[233]‘%’4/2 +63Mn73/2 _9Mn75/2 +Mn77/2] +O(h6),i =n
(10)
The truncation error of the fourth order method for
1 10 1 ;. .: .
(A13A27A37B17B23B3) = (19_2"1965656) 18 glVen as fOHOWS'
11 (6)77(6) 7y 5
ﬁh UO + O(h ),l =1
1 6 © 7y i
Ti: —Eh Ui +O(h ),l:1,2,3 ..... n—1
11 (6)77(6) 7y 5
ﬁh Un + O(h ),l =n.

APPLICATION OF THE ALGORITHM
We consider a second order boundary value problem of the form

U"(x) = Ax)U'(x) + B(x)U(x)+ C(x) (11)
Subject to boundary conditions
U(a)=x,,and U(D) =k,
where &k, and k, are finite real constants. Therefore by implementing the
scheme (5)

on the boundary value problem (11), we get the following system of equations

AlUi73/2 + A2Ui71/2 + A3l]i+l/2 =h2(B1Mi73/2 +B2Mi71/2 +B3Ml+1/2)’ i

=2,3,..,n-1 (12)
The fourth order method is obtained by using the parameter
(B,,B,,B;) = (é’g’é) in the scheme (12)
A1U>3/2 + AZU'71/2 + A3U 1/2 = hz(iM’—3/2 + E]\4'71/2 + LM 1/2) ’i

' l " 12 12 127
=2,3,..,n-1. (13)

Where,
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_ M
M_,,=FxU,_,,U"i32).
= 1)
M, ,=FxU,_,,,U" ).
= 1)
M. ,=FXxU,,,U" mn).

The finite difference approximations to derivatives are given as

U.n-U,

v, =22 i-3/2 ,

i-1/2 2h
Uu® = —3Ui5, +4U, 5 =V

i-3/2 Y )
uY = Uisn =40, +3Us,),

i+1/2 2h H
—n  U,,-U, h
Ul'l—l/? = W_Z_O(MHM —M,_),).

The fourth order approximations of derivatives involved in the end equation (9)-
(10) are as follows:

hU") = —%UO +éU1,2 +U,, —%US/Z +%Um,
hUY, = —%UO ~-U,, +%U3/2 +%U5,2 —iUW,
hUl), = —%Uo +§U1/2 —%Um Jr%Us/2 +%U7/2,
hU() = —%UO —%UW +%U3/2 —%Um +%U7/2.

Here we derive only the second order method .By using the second derivative
approximation we obtain the following final scheme as

JiUi73/2 +KiUi71/2 +LiUi+1/2 :Hi (14)
where, J; = _Al_%Blai—NZ +h231bi—3/2 _EBZai—l/z +ﬁB3ai+3/2’
2 2 2
K, =—A,+2hB,a, +h282bz‘—3/2 —2hBsa,,,

h 1 3
L = _A3_§Blai—3/2 +Eh32ai71/2 +EhB3ai+1/2 +th3bi+1/2’

H, = _hz(Blfi—yz + B, fian ¥ Bsfr2)i =23,.,n—1.
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Now for i=1, we have

K1U1/2 +LlU3/2 =H, (15)
15 15 3
where, K, =3- ) —ha,,, + 24h b, —Eham,
15 3 3

Ll = —1+£ha1/2 +£h2bl/2 +£ha3/2,

h2
Hl = 2U0 _g(lsfl/z +3f3/2)-

Now for i=n, we have

KnUn—3/2 +LnUn—l/2 = Hn (16)
15 15 3
where, K,=3- 24 —ha,,+ 24 —h’b, _ﬁhan—?v/Z ’
15 3 3
L, =-1+ Zhan—l/Z + Zkzan—wz + thbn—?s/Z ,

hZ
H, =2U, ——(lsfl 1/2 +3fn 3/2)

CONVERGENCE OF THE METHOD
In this section, we study the convergence analysis of the second order method

developed in Section 2 where (4,,4,,4,,B,,B,,B;)=(1,-2,1,— 16 1) The
878’8

method has the following form:

MW=V (17)

.}‘
Raliy
N o

S}

=
<
ia
&~

o
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where, M is a tridiagonal matrix of order n, W =[U, ,,U,,, U, ,,...U_ 1"

and the right hand side vector V' =[V, ,, Vs, Vs seeeeVoi ] -

We also have,

MW =V+T (18)

where W = [51/2,(_]3/2,...,5/1—1/2]T be the exact solution and
T =[t,t, ,t3,...,tn]T be the local truncation error. From equation (17) and (18)
we have,
MW -W)=T,
AE =T
E:W_W:[;l,éz,;li, ...... en]T.

Let 0<ReZ" is the minimum of |Ai , Bi| and |Ci|.
Then
|IZ,] < max (1+ 4 + LB B, +3B)RE IBR+ S hR+ 2 17R)
M 1<in1 3 2 ! 2 3 3 24 24 ’
|K|| < max 3+ 4 +Lh(3B, +B,+B )R+thR+§hR+1—5h2R)
il = 2o 1 7 1 2 3 1 24 24 :
11 1.,
Further, ||, < max (2+—hR+—h’R),
* 1<i<n—1 8 4
11 1.,
|K|| < max (4+—hR+—h"R).

1<i<n-1 8 2

This shows that ||Ll.||00 <2 and ”Kz”w <4 for very small 4. Hence M is
irreducible.

Now we have to show that A is monotone. To show matrix M is monotone
first we calculate the sum of each row of the matrix M.
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Sum, =K, +LI,
Sum, =J, +K, +L,,i=23,..,n-1
Sum, =J, +K,

Then we have

Sum, = 2+%h2b1/2,

Sum, =—(A, + A, + A,) +h*(B,b, ,,, + B,b, ,,, + Bib,,,,),i=23,..,n—1

Sum, = 2+%h2bn1/2.

For sufficiently small 4, we easily show that the matrix M is irreducible and
monotone .Therefore, M ' exist and M ' > 0.

Hence,
)=« i)
Now for sufficiently small /, we have
Sum, = Eh2R,
4
Sum, > h°R,i=23,.,n—1
Sum, = gth
4

Therefore, we get
4 .
3RK*’
S ! < #,i =23.n-1
um,
4

—
3Rh?

=n

Let M ' = (ml* j), then by theory of matrices [6], we get
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D> om; Sum, =1,j=123.....n.
i=1

Therefore ,
s < Sulm
= s S | <3 = @Hj, A2
I = maxir)
The error is given by
o1 == 5 )

Therefore, using (6) we get ||T || = O(h*) for second order method.

(1
< 2R(?J0(h )= O(h>).

Hence, our method is second order convergent. By repeating the same
procedure we can find the bound of error for fourth order method which is as

follows:
1 (11
(S

Therefore, using (6) we get ||T || = O(h®) for fourth order method.

[l = o] <

LEeS (1_31)0(116) _ o).

Hence, our method is fourth order convergent.

Theorem. The method given by equation (5) for solving the boundary value
problem (1)-(2) for sufficiently small 4 has a second as well as fourth order
convergence depending upon the parameters.



Numerical Solution of Nonlinear Singular Boundary Value... 413

NUMERICAL ILLUSTRATIONS

We have implemented our method on two problems which supports the
theoretical analysis for second and fourth order convergence. The maximum

absolute errors at the off-step points, max ‘U (x,4,)=U, ), | are tabulated in
Tables 1 and 2 for different values of N.
Example 1: Consider the following second order non-linear singular BVP
(xU'(x)) = xe"™,
U(0) = 2In(d +1),U(1) = 0.
Co d+1
The exact solution is given by U(x) =2In(——),
dx” +1

where  d=-5+2+6.

Maximum absolute errors of second as well as fourth order method for example 1
are given in Table 1.

Table 1: Maximum absolute errors of example 1

Our Second Order | Our Fourth  Order
Method Method
N @, B, By =|(B, By By = (1]
(1/8,6/8,1/8) (1/12,10/12,1/12)
16 1.3000E-03 2.5251E-07 2.52E -03
32 3.2243E-04 2.0754E-08 1.83E -04
64 8.1470E-05 1.6614E-09 1.28E -05
128 2.0473E-05 1.2811E-10 8.33E -07
256 5.1312E-06 9.6749E-12 -

0 01 02 03 04 05 06 07 08 09 1

Figure 1: Graph of the exact solution versus the approximate solution for N=256 for
example 1
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Example 2: Consider the following second order non-linear singular BVP

(X’ U'(x)) ==x"U° (%),

U0)=1U(1) = E.

The exact solution is given by U(x) =

3

3+x2

Maximum absolute errors of second as well as fourth order method for
example 2 are given in Table 2.

Table 2: Maximum absolute errors of exmaple 2

Our Second Order | Our Fourth  Order
Method Method
N |\, B, By) =|(B, B, By =| [l
(1/8,6/8,1/8) (1/12,10/12,1/12)
16 3.2000E-03 4.7046E-07 3.64E -04
32 7.9163E-04 3.0691E-08 2.49E -05
64 1.9626E-04 1.9372E-09 1.60E -06
128 4.8875E-05 1.2130E-10 1.01E -07
256 1.2196E-05 7.5364E-12 -
1.02
14
0.98 |
0.96 [
0.94
0.92
09}
0.88 |
0.86

0 01 0.2 0.3 04 0.5 06 0.7 08 09 1

Figure 2: Graph of the exact solution versus the approximate solution for N=256 for
example 2
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CONCLUSION

In this paper, a non-polynomial mixed spline of lower degree based on off-step
points is used for solving second order non-linear singular boundary value
problems. The presented method is second as well as fourth order accurate.
Fourth order derivative approximations are derived. Convergence analysis is also
discussed. Numerical examples are solved to show the applicability of the
method. Comparison of our method with the existing methods of order four are
shown in Tables 1 and 2. Graphs between exact and approximate solutions of the
examples 1 and 2 are shown in figures 1 and 2 respectively also prove the
accuracy of the method. Our approximated results are more accurate than the
other existing methods.
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