
  85 

 
Common Fixed Point Theorems for Sub Compatible and Sub Sequentially… 

 

 

COMMON FIXED POINT THEOREMS FOR 

SUB COMPATIBLE AND SUB SEQUENTIALLY 

CONTINUOUS MAPS IN INTUITIONISTIC 

FUZZY METRIC SPACE 

Neena Vijaywargi, Vijay Gupta and 

Rajesh Shrivastava 

 
Abstract  

Here we have extended the fixed point results for sub compatible and 

subsequential continuous mappings in intuitionistic fuzzy metric spaces. In 
this paper we have derived common fixed point for mappings under 

contractive conditions. 
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1. INTRODUCTION 

The concept of intuitionistic fuzzy sets was introduced by Atanassov [4] as a 

generalization of fuzzy sets which was introduced by L.A Zadeh [17] which laid 

the foundation of fuzzy mathematics. Fuzzy set theory has applications in 

mathematical modelling, engineering sciences, medical sciences communication 

etc. Park [9] in 2004, introduced a notion of intuitionistic fuzzy metric spaces, 

which is based on the idea of intuitionistic fuzzy sets and concept of fuzzy metric 

space given by George et al [5]. Kramosil and Michalek [8] introduced the notion 

of fuzzy metric space to the fuzzy situation. Using the idea of intuitionistic fuzzy 

sets, Alaca et al [2] defined the notion of IFM-space as Park [10] with the help of 

continuous t-norms and continuous t-conorms as a generalization of fuzzy metric 
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space. Turkoglu et al. [16] in 2006 studied the notion of compatible mappings in 

intuitionistic fuzzy metric space. 

Some necessary and sufficient conditionswere obtained by Regan and Abbas 

[1] for the existence of common fixed point in fuzzy metric spaces .The idea of 

implicit function for proving a common fixed point theorem was introduced by 

Popa ([11]-[12]). 

Jungck [7] in 1986 introduced the notion of compatible maps for a pair of self 

mappings. The concept of weakly compatible mappings is most general as each 

pair of compatible mappings is weakly compatible but the converse is not true. 

In this paper, we introduce new concepts of subcompatibility and 

subsequential continuity using the coincidence point in intuitionistic fuzzy metric 

space. 

2. PRELIMINARIES 

Definition 2.1[13]: A binary operation ∗∶  [0,1] ⨯ [0,1] → [0,1] is continuous t-

norm if ∗ is satisfying the following conditions: 

(i) ∗ is commutative and associative 

(ii) ∗ is continuous; 

(iii) 𝑎 ∗ 1 = 𝑎 for all 𝑎𝜖 [0,1]; 

(iv) 𝑎 ∗ 𝑏 ≤ 𝑐 ∗ 𝑑 whenever 𝑎 ≤  𝑐 and 𝑏 ≤  𝑑 for all 𝑎, 𝑏, 𝑐, 𝑑 𝜖 [0,1] 

Definition 2.2[13]: A binary operation ◊ : [0,1] ⨯ [0,1] → [0,1] is continuous t-

norm if ◊ is satisfying the following conditions: 

(i) ◊ is commutative and associative; 

(ii) ◊ is continuous; 

(iii) 𝑎 ◊ 0 = 𝑎 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎𝜖 [0,1]; 

(iv) 𝑎 ◊ 𝑏 ≤ 𝑐 ◊ 𝑑 whenever 𝑎 ≤  𝑐 and 𝑏 ≤  𝑑 for all 𝑎, 𝑏, 𝑐, 𝑑 𝜖 [0,1] 

Definition 2.3[2]: A 5 – tuple (X, M, N,∗,◊) is said to be an intuitionistic fuzzy 

metric space if X is an arbitrary set, * is a continuous t- norm , ◊ is a continuous t-

conorm and M, N are fuzzy sets on X2 × (0,∞) satisfying the following conditions 

for all x, y, z ϵ X and t, s >  0, 

(i) 𝑀(𝑥, 𝑦, 𝑡) + 𝑁(𝑥, 𝑦, 𝑡) ≤ 1; for all 𝑥, 𝑦𝜖𝑋 and 𝑡 > 0 

(ii) 𝑀(𝑥, 𝑦, 0) = 0; for all 𝑥, 𝑦 𝜖 𝑋; 

(iii) 𝑀(𝑥, 𝑦, 𝑡) = 1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 > 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 = 𝑦; 

(iv) 𝑀(𝑥, 𝑦, 𝑡) = 𝑀(𝑦, 𝑥, 𝑡); for all 𝑥, 𝑦𝜖𝑋 and 𝑡 > 0; 
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(v) 𝑀(𝑥, 𝑦, 𝑡) ∗  𝑀(𝑦, 𝑧, 𝑠) ≤ 𝑀(𝑥, 𝑧, 𝑡 + 𝑠) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 𝜖 𝑋 𝑎𝑛𝑑 𝑠, 𝑡 > 0; 

(vi) 𝑀(𝑥, 𝑦, . ): [0, ∞) → [0,1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠; 

(vii) 𝑙𝑖𝑚𝑡→∞𝑀(𝑥, 𝑦, 𝑡) = 1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝑡 > 0; 

(viii) 𝑁(𝑥, 𝑦, 0) = 1 for all 𝑥, 𝑦 𝜖 𝑋; 

(ix) 𝑁(𝑥, 𝑦, 𝑡) = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖 𝑋 𝑎𝑛𝑑 𝑡 > 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 = 𝑦; 

(x) 𝑁(𝑥, 𝑦, 𝑡) = 𝑁(𝑦, 𝑥, 𝑡) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖 𝑋 𝑎𝑛𝑑 𝑡 > 0 ; 

(xi) 𝑁(𝑥, 𝑦, 𝑡) ◊  𝑁(𝑦, 𝑧, 𝑠) ≥  𝑁(𝑥, 𝑧, 𝑡 + 𝑠)𝑓𝑜𝑟𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 𝜖 𝑋 𝑎𝑛𝑑 𝑠, 𝑡 > 0; 

(xii) 𝑁(𝑥, 𝑦, . ): [0, ∞) → [0,1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖 𝑋 ; 

(xiii) 𝑙𝑖𝑚𝑡→∞𝑁(𝑥, 𝑦, 𝑡) = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖 𝑋 𝑎𝑛𝑑 𝑡 > 0; 

Then (𝑀, 𝑁) is called an intuitionistic fuzzy metric space. The functions 

𝑀(𝑥, 𝑦, 𝑡) and 𝑁(𝑥, 𝑦, 𝑡) denote the degree of nearness and the degree of non-

nearness between x and y with respect to t, respectively. 

Remark 2.1[2]: Every fuzzy metric space (𝑋, 𝑀,∗) is an intuitionistic fuzzy metric 

space of the form (𝑋, 𝑀, 1 − 𝑀,∗,◊) such that t-norm ∗ and t-conorm ◊ are 

associated as 

𝑥 ◊ 𝑦 = 1 − ((1 − 𝑥) ∗ (1 − 𝑦)) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖 𝑋 

Example 2.1[9]: Let (X,d) be a metric space, define t-norm 𝑎 ∗ 𝑏 =  𝑀𝑖𝑛 {𝑎, 𝑏} 

and t-conorm 

𝑎 ◊ 𝑏 =  𝑀𝑎𝑥{𝑎, 𝑏} and for all 𝑥, 𝑦 𝜖 𝑋 and 𝑡 >  0, 

𝑀𝑑(𝑥, 𝑦, 𝑡)  =
𝑡

𝑡 + 𝑑(𝑥, 𝑦)
 , 𝑁𝑑(𝑥, 𝑦, 𝑡) =

𝑑(𝑥, 𝑦)

𝑡 + 𝑑(𝑥, 𝑦)
 

Then (X, M, N , *, ◊) is an intuitionistic fuzzy metric space. We call this 

intuitionistic fuzzy metric (M,N) induced by the metric d the standard intuitionistic 

fuzzy metric. 

Remark 2.2[2]: In intuitionistic fuzzy metric space (𝑋, 𝑀, 𝑁,∗,◊) , 𝑀(𝑥, 𝑦, . ) is 

non decreasing and 𝑁(𝑥, 𝑦, . ) is non- increasing for all 𝑥, 𝑦 𝜖 𝑋. 

Definition 2.4[2]: Let (𝑋, 𝑀, 𝑁 ,∗,◊) is an intuitionistic fuzzy metric space then 

Sequence {𝑥𝑛} in 𝑋 is said to be Cauchy sequence if, for all 𝑡 > 0 and 𝑝 > 0, 

𝑙𝑖𝑚𝑛→∞𝑀(𝑥𝑛+𝑝, 𝑥𝑛, 𝑡) = 1 , 𝑙𝑖𝑚𝑛→∞𝑁(𝑥𝑛+𝑝, 𝑥𝑛, 𝑡) = 0 

A Sequence {𝑥𝑛} in 𝑋 is said to be Convergent to a point 𝑥𝜖𝑋 if ,for all 𝑡 > 0, 

𝑙𝑖𝑚𝑛→∞𝑀(𝑥𝑛, 𝑥, 𝑡) = 1, 𝑙𝑖𝑚𝑛→∞𝑁(𝑥𝑛 , 𝑥, 𝑡) = 0 . 
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Since ∗ and ◊ are continuous, the limit is uniquely determined from (v) and 

(xi) of definition (2.3), respectively. 

Definition 2.5[2]: An intuitionistic fuzzy metric space (X,M,N, *, ◊) is said to be 

complete if and only if every Cauchy sequence in 𝑋 is convergent. 

Example 1[2]: let 𝑋 = {
1

𝑛
: 𝑛𝜖𝑁} ∪ {0} and let ∗ be the continuous t-norm and ◊ 

be the continuous t-conorm defined by 𝑎 ∗ 𝑏 = 𝑎𝑏 and 𝑎 ◊ 𝑏 = 𝑚𝑖𝑛{1, 𝑎 + 𝑏} 

respectively, for all 𝑎, 𝑏𝜖[0,1]. For each 𝑡𝜖(0,∞) and 𝑥, 𝑦𝜖𝑋, define (𝑀, 𝑁) by 

𝑀(𝑥, 𝑦, 𝑡) = {

𝑡

𝑡+|𝑥−𝑦|
, 𝑡 > 0

 0, 𝑡 = 0
 and 𝑁(𝑥, 𝑦, 𝑡) = {

|𝑥−𝑦|

𝑡+|𝑥−𝑦|
, 𝑡 > 0

 1, 𝑡 = 0.
 

Clearly, (𝑋, 𝑀, 𝑁,∗,◊) is intuitionistic fuzzy metric space. 

Definition 2.6[14]: Let A and B be mappings from an intuitionistic fuzzy metric 

space (𝑋, 𝑀, 𝑁,∗,◊) into itself. The maps 𝐴 and 𝐵 are said to be compatible if , for 

all 𝑡 > 0, 

𝑙𝑖𝑚𝑛→∞𝑀(𝐴𝐵𝑥𝑛,𝐵𝐴𝑥𝑛, 𝑡) = 1 , 𝑙𝑖𝑚𝑛→∞𝑁(𝐴𝐵𝑥𝑛,𝐵𝐴𝑥𝑛, 𝑡) = 0 . 

Whenever 𝑥𝑛 is a sequence in 𝑋 such that 𝑙𝑖𝑚𝑛→∞𝐴𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝐵𝑥𝑛 =
𝑥 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑥𝜖𝑋. 

Definition 2.7[16]: Two self mappings 𝐴 and 𝐵 of an intuitionistic fuzzy metric 

space (𝑋, 𝑀, 𝑁,∗,◊) is said to be non-compatible if there exists at least one 

sequence {𝑥𝑛} such that 

𝑙𝑖𝑚𝑛→∞𝐴𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝐵𝑥𝑛 = 𝑧 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑧 𝑖𝑛 𝑋 𝑏𝑢𝑡 𝑛𝑒𝑖𝑡ℎ𝑒𝑟 

𝑙𝑖𝑚𝑛→∞𝑀(𝐴𝐵𝑥𝑛, 𝐵𝐴𝑥𝑛, 𝑡) ≠ 1 , 𝑎𝑛𝑑 𝑙𝑖𝑚𝑛→∞𝑁(𝐴𝐵𝑥𝑛, 𝐵𝐴𝑥𝑛, 𝑡) ≠ 0 

Or the limit does not exists 

Definition 2.8[5]: Let (𝑋, 𝑀, 𝑁,∗,◊) be an intuitionistic fuzzy metric space. Let 

𝐴 and 𝐵 be self maps on 𝑋. Then a point 𝑥 in 𝑋 is called a coincidence point of 𝐴 

and 𝐵 iff 𝐴𝑥 = 𝐵𝑥. In this case, 𝑤 = 𝐴𝑥 = 𝐵𝑥 is called a point of coincidence of 

𝐴 and 𝐵. 

In 1996, Jungck [6] introduced the notion of weakly compatible maps as 

follows. 

Definition 2.9[7]: A pair of self mappings (𝐴, 𝐵) of a intuitionistic fuzzy metric 

space (𝑋, 𝑀, 𝑁,∗,◊) is said to be weakly compatible if they commute at their 

coincidence points i.e 𝐴𝑥 = 𝐵𝑥 for some 𝑥 in 𝑋, then 𝐴𝐵𝑥 = 𝐵𝐴𝑥. 

It is easy to see that two compatible maps are weakly compatible but converse 

of this is not true. 
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Lemma(2.1): Let (𝑋, 𝑀, 𝑁,∗,◊) be an intuitionistic fuzzy metric space. Let 𝐴 and 

𝐵 be self maps on 𝑋 and let 𝐴 and 𝐵 have a unique point of coincidence, 𝑤 = 𝐴𝑥 =
𝐵𝑥, then 𝑤 is the unique common fixed point of 𝐴 and 𝐵. 

Proof: Since 𝐴 and 𝐵 are owc, there exists a point 𝑥 in 𝑋 such that 𝐴𝑥 = 𝐵𝑥 = 𝑤 

and 𝐴𝐵𝑥 = 𝐵𝐴𝑥. Thus, 𝐴𝐴𝑥 = 𝐴𝐵𝑥 = 𝐵𝐴𝑥, which say that 𝐴𝐴𝑥 is also a point of 

coincidence of 𝐴 and 𝐵. 

Since the point of coincidence 𝑤 = 𝐴𝑥 is unique by hypothesis, 𝐵𝐴𝑥 =
𝐴𝐴𝑥 = 𝐴𝑥, and 𝑤 = 𝐴𝑥 is a common fixed point of 𝐴 and 𝐵. 

Moreover, if 𝑧 is any common fixed point of 𝐴 and 𝐵, then 𝑧 = 𝐴𝑧 = 𝐵𝑧 =
𝑤 by the uniqueness of the point of coincidence. 

Lemma(2.2)[16]: Let (𝑋, 𝑀, 𝑁,∗,◊) be an intuitionistic fuzzy metric space and for 

all 𝑥, 𝑦 in 𝑋 , 𝑡 > 0and if there exists a number ℎ𝜖(0,1) 

 𝑀(𝑥, 𝑦, ℎ𝑡) ≥ 𝑀(𝑥, 𝑦, 𝑡)𝑎𝑛𝑑 𝑁(𝑥, 𝑦, ℎ𝑡) ≤ 𝑁(𝑥, 𝑦, 𝑡), 𝑡ℎ𝑒𝑛 𝑥 = 𝑦 

Definition2.10[15]: Two self mappings 𝑝 and 𝑓 of an intuitionistic fuzzy metric 

space (𝑋, 𝑀, 𝑁,∗,◊ ) are said to be occasionally weakly compatible(owc) iff there 

is a point 𝑥 in X which is coincidence point of 𝑝 and 𝑓 at which 𝑝 and 𝑓 commute. 

In this paper we weaken the above notion by introducing a new concept called 

subcompatibility for intuitionistic fuzzy metric space defined by H. Bouhadjera 

et. al., [6] in metric space as follows: 

Definition (2.11):  Self mappings p and f of a fuzzy metric space (𝑋, 𝑀,∗)are said 

to be subcompatible if there exists a sequence {𝑥𝑛} in X such that 

𝑙𝑖𝑚
𝑛→∞

𝑝𝑥𝑛 = 𝑙𝑖𝑚
𝑛→∞

𝑓𝑥𝑛 = 𝑧, , 𝑧 ∈ 𝑋 and satisfy 𝑙𝑖𝑚
𝑛→∞

𝑀(𝑝𝑓𝑥𝑛, 𝑓𝑝𝑥𝑛, 𝑡) = 1. 

Two owc mappings are subcompatible, however the converse is not true in 

general. Here we introduce subsequential continuity in intuitionistic fuzzy metric 

space which weaken the concept of reciprocal continuity which was introduced by 

H. Bouhadjera et. al., [6] in metric space as follows. 

Definition (2.12)[6]: Self mappings 𝑝 and 𝑓 of a fuzzy metric space (𝑋, 𝑀,∗ ) are 

said to be subsequentially continuous if there exists a sequence {𝑥𝑛} in X  such that 

𝑙𝑖𝑚
𝑛→∞

𝑝𝑥𝑛 = 𝑙𝑖𝑚
𝑛→∞

𝑓𝑥𝑛 = 𝑧,  𝑧 ∈ 𝑋 and satisfy 𝑙𝑖𝑚
𝑛→∞

𝑝𝑓𝑥𝑛 = 𝑝𝑧 and  𝑙𝑖𝑚
𝑛→∞

𝑓𝑝𝑥𝑛 = 𝑓𝑧 

It is clear if 𝑝 and 𝑓 are continuous or reciprocally continuous then they are 

obviously subsequentially continuous. However, the converse is not true in 

general. 

Definition (2.13): A function 𝜙: [0, ∞) → [0, ∞) is said to be a 𝜙 function if it 

satisfies the following conditions: 

(i) 𝜙 (𝑡) =  0 if and only if 𝑡 = 0; 

(ii) 𝜙 (𝑡) is strictly increasing and 𝜙 (𝑡) → ∞ as 𝑡 → ∞; 
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(iii) 𝜙 is left continuous in (0, ∞); 

(iv) 𝜙 is continuous at 0. 

3. IMPLICIT RELATIONS [3] 

(a) Let (𝜱) be the set of all real continuous functions 𝜙: (𝑅+)6 → 𝑅+ satisfying 

the condition 

 𝜙(𝑢, 𝑢, 𝑣, 𝑣, 𝑢, 𝑢) ≥ 0 imply 𝑢 ≥ 𝑣, for all 𝑢, 𝑣 𝜖[0,1]. 

And 

Let (𝜳) be the set of all real continuous functions 𝛹: (𝑅+)6 → 𝑅+ satisfying 

the condition 

 𝛹(𝑢, 𝑢, 𝑣, 𝑣, 𝑢, 𝑢) ≤ 1 imply 𝑢 ≤  𝑣, for all 𝑢, 𝑣 𝜖[0,1]. 

(b) Let (𝜱) be the set of real continuous functions 𝜙: (𝑅+)5 → 𝑅+ satisfying the 

condition 

 𝜙(𝑢, 𝑢, 𝑣, 𝑢, 𝑢) ≥ 0 imply 𝑢 ≥ 𝑣, for all 𝑢, 𝑣 𝜖[0,1]. 

And 

Let (𝜳) be the set of real continuous functions 𝛹: (𝑅+)5 → 𝑅+ satisfying the 

condition 

 𝛹(𝑢, 𝑢, 𝑣, 𝑢, 𝑢) ≤ 1 imply 𝑢 ≤  𝑣, for all 𝑢, 𝑣 𝜖[0,1]. 

4. MAIN RESULTS 

Theorem 4.1: Let 𝑝, 𝑞, 𝑓 and 𝑔 be four self maps of intuitionistic fuzzy metric 

space (𝑋, 𝑀, 𝑁,∗,◊) with continuous t-norm ∗ defined by 𝑡 ∗ 𝑡 ≥ 1 for all 𝑡𝜖[0,1]. 
If the pairs (𝑝, 𝑓) and (𝑞, 𝑔) are subcompatible and subsequentially continuous, 

then 

(a) 𝑝 and 𝑓 have a coincidence point. 

(b) 𝑞 and 𝑔 have a coincidence point. 

(c) For some 𝜙 𝜖 𝜱 and 𝛹 𝜖 𝜳 for all 𝑥, 𝑦 𝜖𝑋 and every 𝑡 > 0, 

𝜙 {
𝑀(𝑝𝑥, 𝑞𝑦, 𝑡), 𝑀(𝑓𝑥, 𝑔𝑦, 𝑡), 𝑀(𝑓𝑥, 𝑝𝑥, 𝑡),

𝑀(𝑔𝑦, 𝑞𝑦, 𝑡), 𝑀(𝑓𝑥, 𝑞𝑦, 𝑡), 𝑀(𝑔𝑦, 𝑝𝑥, 𝑡) 
} ≥ 0 

𝛹 {
𝑁(𝑝𝑥, 𝑞𝑦, 𝑡), 𝑁(𝑓𝑥, 𝑔𝑦, 𝑡), 𝑁(𝑓𝑥, 𝑝𝑥, 𝑡),

𝑁(𝑔𝑦, 𝑞𝑦, 𝑡), 𝑁(𝑓𝑥, 𝑞𝑦, 𝑡), 𝑁(𝑔𝑦, 𝑝𝑥, 𝑡) 
}  ≤ 1 

Then 𝑝, 𝑞, 𝑓 and 𝑔 have a unique common fixed point. 

Proof: Since the pairs (𝑝, 𝑓) and (𝑞, 𝑔) are subcompatible and subsequentially 

continuous, then there exists two sequences {𝑥𝑛} and {𝑦𝑛} in 𝑋 such that 
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 𝑙𝑖𝑚𝑛→∞𝑝𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝑓𝑥𝑛 = 𝑧, 𝑧𝜖𝑋 and 

satisfy 𝑙𝑖𝑚𝑛→∞𝑀(𝑝𝑓𝑥𝑛, 𝑓𝑝𝑥𝑛, 𝑡) = 𝑀(𝑝𝑧, 𝑓𝑧, 𝑡) = 1 

 𝑙𝑖𝑚𝑛→∞𝑞𝑦𝑛 = 𝑙𝑖𝑚𝑛→∞𝑔𝑦𝑛 = 𝑧′, 𝑧′𝜖𝑋 and 

satisfy 𝑙𝑖𝑚𝑛→∞𝑀(𝑞𝑔𝑦𝑛, 𝑔𝑞𝑦𝑛, 𝑡) = 𝑀(𝑞𝑧 ,, 𝑔𝑧 ,, 𝑡) = 1 

 𝑙𝑖𝑚𝑛→∞𝑝𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝑓𝑥𝑛 = 𝑧, 𝑧𝜖𝑋 and 

satisfy 𝑙𝑖𝑚𝑛→∞𝑁(𝑝𝑓𝑥𝑛, 𝑓𝑝𝑥𝑛, 𝑡) = 𝑁(𝑝𝑧, 𝑓𝑧, 𝑡) = 0 

 𝑙𝑖𝑚𝑛→∞𝑞𝑦𝑛 = 𝑙𝑖𝑚𝑛→∞𝑔𝑦𝑛 = 𝑧′, 𝑧′𝜖𝑋 and 

satisfy 𝑙𝑖𝑚𝑛→∞𝑁(𝑞𝑔𝑦𝑛, 𝑔𝑞𝑦𝑛, 𝑡) = 𝑁(𝑞𝑧′, 𝑔𝑧′, 𝑡) = 0 

Therefore, 𝑝𝑧 = 𝑓𝑧 and 𝑞𝑧′ = 𝑔𝑧′; that is, 𝑧 is a coincidence point of 𝑝 and 

𝑓 and 𝑧′is a coincidence point of 𝑞 and 𝑔. 

Now we prove 𝑧 = 𝑧′ 

Put 𝑥 = 𝑥𝑛 and 𝑦 = 𝑦𝑛 in inequality (c), we get 

𝜙 {
𝑀(𝑝𝑥𝑛, 𝑞𝑦𝑛, 𝑡), 𝑀(𝑓𝑥𝑛, 𝑔𝑦𝑛, 𝑡), 𝑀(𝑓𝑥𝑛, 𝑝𝑥𝑛, 𝑡),

𝑀(𝑔𝑦𝑛, 𝑞𝑦𝑛, 𝑡), 𝑀(𝑓𝑥𝑛, 𝑞𝑦𝑛, 𝑡), 𝑀(𝑔𝑦𝑛, 𝑝𝑥𝑛, 𝑡) 
} ≥ 0 

Taking the limit as 𝑛 → ∞, we get 

𝜙{𝑀(𝑧, 𝑧′, 𝑡), 𝑀(𝑧, 𝑧′, 𝑡), 𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑧′, 𝑧′, 𝑡), 𝑀(𝑧, 𝑧′, 𝑡)𝑀(𝑧′, 𝑧, 𝑡)} ≥ 0 

𝜙{𝑀(𝑧, 𝑧′, 𝑡), 𝑀(𝑧, 𝑧′, 𝑡), 1,1, 𝑀(𝑧, 𝑧′, 𝑡)𝑀(𝑧′, 𝑧, 𝑡)} ≥ 0 

And 

𝛹 {
𝑁(𝑝𝑥𝑛, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑓𝑥𝑛, 𝑔𝑦𝑛, 𝑡), 𝑁(𝑓𝑥𝑛 , 𝑝𝑥𝑛, 𝑡),

𝑁(𝑔𝑦𝑛, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑓𝑥𝑛, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑔𝑦𝑛 , 𝑝𝑥𝑛, 𝑡) 
} ≤ 1 

Taking the limit as 𝑛 → ∞, we get 

𝛹{𝑁(𝑧, 𝑧′, 𝑡), 𝑁(𝑧, 𝑧′, 𝑡), 𝑁(𝑧, 𝑧, 𝑡), 𝑁(𝑧′, 𝑧′, 𝑡), 𝑁(𝑧, 𝑧′, 𝑡), 𝑁(𝑧′, 𝑧, 𝑡)} ≤ 1 

𝛹{𝑁(𝑧, 𝑧′, 𝑡), 𝑁(𝑧, 𝑧′, 𝑡), 0,0, 𝑁(𝑧, 𝑧′, 𝑡), 𝑁(𝑧′, 𝑧, 𝑡)} ≤ 1 

In view of 𝟑(𝐚) we get 𝑧 = 𝑧′ 

Again, we claim that 𝑝𝑧 = 𝑧 

Substitute 𝑥 = 𝑧 and 𝑦 = 𝑦𝑛 in inequality (c), we get 

𝜙 {
𝑀(𝑝𝑧, 𝑞𝑦𝑛, 𝑡), 𝑀(𝑓𝑧, 𝑔𝑦𝑛, 𝑡), 𝑀(𝑓𝑧, 𝑝𝑧, 𝑡),

𝑀(𝑔𝑦𝑛, 𝑞𝑦𝑛, 𝑡), 𝑀(𝑓𝑧, 𝑞𝑦𝑛, 𝑡), 𝑀(𝑔𝑦𝑛, 𝑝𝑧, 𝑡) 
} ≥ 0 

Taking the limit as 𝑛 → ∞, we get 

 𝜙 {
𝑀(𝑝𝑧, 𝑧′, 𝑡), 𝑀(𝑝𝑧, 𝑧′, 𝑡), 𝑀(𝑝𝑧, 𝑝𝑧, 𝑡),

𝑀(𝑧′, 𝑧′, 𝑡), 𝑀(𝑝𝑧, 𝑧′, 𝑡), 𝑀(𝑧′, 𝑝𝑧, 𝑡)
} ≥ 0 

 𝜙{𝑀(𝑝𝑧, 𝑧′, 𝑡), 𝑀(𝑝𝑧, 𝑧′, 𝑡), 1,1, 𝑀(𝑝𝑧, 𝑧′, 𝑡), 𝑀(𝑧′, 𝑝𝑧, 𝑡)} ≥ 0 
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And 

𝛹 {
𝑁(𝑝𝑧, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑓𝑧, 𝑔𝑦𝑛, 𝑡), 𝑁(𝑓𝑧, 𝑝𝑧, 𝑡),

𝑁(𝑔𝑦𝑛, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑓𝑧, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑔𝑦𝑛 , 𝑝𝑧, 𝑡) 
} ≤ 1 

Taking the limit as 𝑛 → ∞, we get 

 𝛹 {
𝑁(𝑝𝑧, 𝑧′, 𝑡), 𝑁(𝑝𝑧, 𝑧′, 𝑡), 𝑁(𝑝𝑧, 𝑝𝑧, 𝑡),

𝑁(𝑧′, 𝑧′, 𝑡), 𝑁(𝑝𝑧, 𝑧′, 𝑡), 𝑁(𝑧′, 𝑝𝑧, 𝑡) 
} ≤ 1 

 𝛹{𝑁(𝑝𝑧, 𝑧′, 𝑡), 𝑁(𝑝𝑧, 𝑧′, 𝑡), 0,0, 𝑁(𝑝𝑧, 𝑧′, 𝑡), 𝑁(𝑧′, 𝑝𝑧, 𝑡)} ≤ 1 

In view of 𝟑(𝐚) we get 𝑝𝑧 = 𝑧′ = 𝑧 

Again we claim that 𝑞𝑧 = 𝑧 

Substitute 𝑥 = 𝑧 and 𝑦 = 𝑧 in inequality (c) , we get 

𝜙 {
𝑀(𝑝𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑓𝑧, 𝑔𝑧, 𝑡), 𝑀(𝑓𝑧, 𝑝𝑧, 𝑡),

𝑀(𝑔𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑓𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑔𝑧, 𝑝𝑧, 𝑡) 
} ≥ 0 

𝜙{𝑀(𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑞𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑞𝑧, 𝑧, 𝑡) } ≥ 0 

𝜙{𝑀(𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑧, 𝑞𝑧, 𝑡), 1,1, 𝑀(𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑞𝑧, 𝑧, 𝑡) } ≥ 0 

And 𝛹 {
𝑁(𝑝𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑓𝑧, 𝑔𝑧, 𝑡), 𝑁(𝑓𝑧, 𝑝𝑧, 𝑡),

𝑁(𝑔𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑓𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑔𝑧, 𝑝𝑧, 𝑡)
} ≤ 0 

𝛹{𝑁(𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑧, 𝑧, 𝑡), 𝑁(𝑞𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑞𝑧, 𝑧, 𝑡) } ≤ 1 

𝛹{𝑁(𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑧, 𝑞𝑧, 𝑡), 0,0, 𝑁(𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑞𝑧, 𝑧, 𝑡) } ≤ 1 

In view of𝟑(𝐚) we get 𝑧 = 𝑞𝑧 = 𝑔𝑧 

Therefore, 𝑧 = 𝑝𝑧 = 𝑞𝑧 = 𝑓𝑧 = 𝑔𝑧, that is 𝑧 is common fixed point of 𝑝, 𝑞, 𝑓 

and 𝑔. 

Uniqueness: Let 𝑤 be another common fixed point of 𝑝, 𝑞, 𝑓 and 𝑔. 

Then 𝑝𝑤 = 𝑞𝑤 = 𝑓𝑤 = 𝑔𝑤 = 𝑤 

Put 𝑥 = 𝑧 and 𝑦 = 𝑤 in inequality (c), we get 

𝜙 {
𝑀(𝑝𝑧, 𝑞𝑤, 𝑡), 𝑀(𝑓𝑧, 𝑔𝑤, 𝑡), 𝑀(𝑓𝑧, 𝑝𝑧, 𝑡),

𝑀(𝑔𝑤, 𝑞𝑤, 𝑡), 𝑀(𝑓𝑧, 𝑞𝑤, 𝑡), 𝑀(𝑔𝑤, 𝑝𝑧, 𝑡) 
} ≥ 0 

𝜙{𝑀(𝑧, 𝑤, 𝑡), 𝑀(𝑧, 𝑤, 𝑡), 𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑤, 𝑤, 𝑡), 𝑀(𝑧, 𝑤, 𝑡), 𝑀(𝑤, 𝑧, 𝑡) } ≥ 0 

𝜙{𝑀(𝑧, 𝑤, 𝑡), 𝑀(𝑧, 𝑤, 𝑡), 1,1, 𝑀(𝑧, 𝑤, 𝑡), 𝑀(𝑤, 𝑧, 𝑡) } ≥ 0 

And 𝛹 {
𝑁(𝑝𝑧, 𝑞𝑤, 𝑡), 𝑁(𝑓𝑧, 𝑔𝑤, 𝑡), 𝑁(𝑓𝑧, 𝑝𝑧, 𝑡),

𝑁(𝑔𝑤, 𝑞𝑤, 𝑡), 𝑁(𝑓𝑧, 𝑞𝑤, 𝑡), 𝑁(𝑔𝑤, 𝑝𝑧, 𝑡) 
} ≤ 1 

𝛹{𝑁(𝑧, 𝑤, 𝑡), 𝑁(𝑧, 𝑤, 𝑡), 𝑁(𝑧, 𝑧, 𝑡), 𝑁(𝑤, 𝑤, 𝑡), 𝑁(𝑧, 𝑤, 𝑡), 𝑁(𝑤, 𝑧, 𝑡) } ≤ 1 

𝛹{𝑁(𝑧, 𝑤, 𝑡), 𝑁(𝑧, 𝑤, 𝑡), 0,0, 𝑁(𝑧, 𝑤, 𝑡), 𝑁(𝑤, 𝑧, 𝑡) } ≤ 1 
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In view of 𝟑(𝐚) we get 𝑧 = 𝑤 

Therefore, uniqueness follows. 

If we take 𝑓 = 𝑔 in theorem 4.1, we get the following result: 

Corollary 4.2: Let 𝑝, 𝑞, 𝑓 be three self maps of intuitionistic fuzzy metric space 

(𝑋, 𝑀, 𝑁,∗,◊) with continuous t norm ∗ defined by 𝑡 ∗ 𝑡 ≥ 1 for all 𝑡𝜖[0,1]. If the 

pairs (𝑝, 𝑓) and (𝑞, 𝑓) are subcompatible and subsequentially continuous, then 

(a) 𝑝 and 𝑓 have a coincidence point. 

(b) 𝑞 and 𝑓 have a coincidence point. 

(c) For some 𝜙 𝜖 𝜱 and 𝛹 𝜖 𝜳 for all 𝑥, 𝑦 𝜖𝑋 and every 𝑡 > 0, 

𝜙 {
𝑀(𝑝𝑥, 𝑞𝑦, 𝑡), 𝑀(𝑓𝑥, 𝑓𝑦, 𝑡), 𝑀(𝑓𝑥, 𝑝𝑥, 𝑡),

𝑀(𝑓𝑦, 𝑞𝑦, 𝑡), 𝑀(𝑓𝑥, 𝑞𝑦, 𝑡), 𝑀(𝑓𝑦, 𝑝𝑥, 𝑡) 
} ≥ 0 

And 

𝛹 {
𝑁(𝑝𝑥, 𝑞𝑦, 𝑡), 𝑁(𝑓𝑥, 𝑓𝑦, 𝑡), 𝑁(𝑓𝑥, 𝑝𝑥, 𝑡),

𝑁(𝑓𝑦, 𝑞𝑦, 𝑡), 𝑁(𝑓𝑥, 𝑞𝑦, 𝑡), 𝑁(𝑓𝑦, 𝑝𝑥, 𝑡) 
} ≤ 1 

Then 𝑝, 𝑞 and 𝑓 have a unique common fixed point. 

Theorem 4.3: Let 𝑝, 𝑞, 𝑓 and 𝑔 be four self maps of intuitionistic fuzzy metric spac 

(𝑋, 𝑀, 𝑁,∗,◊) with continuous t-norm ∗ defined by 𝑡 ∗ 𝑡 ≥ 1 for all 𝑡𝜖[0,1]. If the 

pairs (𝑝, 𝑓) and (𝑞, 𝑔) are subcompatible and subsequentially continuous, then 

(a) 𝑝 and 𝑓 have a coincidence point. 

(b) 𝑞 and 𝑔 have a coincidence point. 

(c) For some 𝜙 𝜖 𝜱 and 𝛹 𝜖 𝜳 for all 𝑥, 𝑦 𝜖𝑋 and every 𝑡 > 0, 

𝜙 {
𝑀(𝑝𝑥, 𝑞𝑦, 𝑡), 𝑀(𝑓𝑥, 𝑔𝑦, 𝑡),

𝑀(𝑓𝑥, 𝑝𝑥, 𝑡) + 𝑀(𝑔𝑦, 𝑞𝑦, 𝑡)

2
,

𝑀(𝑓𝑥, 𝑞𝑦, 𝑡), 𝑀(𝑔𝑦, 𝑝𝑥, 𝑡) 
} ≥ 0 

And 𝛹 {
𝑁(𝑝𝑥, 𝑞𝑦, 𝑡), 𝑁(𝑓𝑥, 𝑔𝑦, 𝑡),

𝑁(𝑓𝑥,𝑝𝑥,𝑡)+𝑁(𝑔𝑦,𝑞𝑦,𝑡)

2
,

𝑁(𝑓𝑥, 𝑞𝑦, 𝑡), 𝑁(𝑔𝑦, 𝑝𝑥, 𝑡) 
} ≤ 1. 

Then 𝑝, 𝑞 and 𝑓 and 𝑔 have a unique common fixed point. 

Proof: Since the pairs (𝑝, 𝑓) and (𝑞, 𝑔) are subcompatible and subsequentially 

continuous, then there exists two sequences {𝑥𝑛} and {𝑦𝑛} in 𝑋 such that 

 𝑙𝑖𝑚𝑛→∞𝑝𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝑓𝑥𝑛 = 𝑧, 𝑧𝜖𝑋 and 

satisfy 𝑙𝑖𝑚𝑛→∞𝑀(𝑝𝑓𝑥𝑛, 𝑓𝑝𝑥𝑛, 𝑡) = 𝑀(𝑝𝑧, 𝑓𝑧, 𝑡) = 1. 

 𝑙𝑖𝑚𝑛→∞𝑞𝑦𝑛 = 𝑙𝑖𝑚𝑛→∞𝑔𝑦𝑛 = 𝑧′, 𝑧′𝜖𝑋 and 



94  

 
Neena Vijaywargi, Vijay Gupta and Rajesh Shrivastava 

satisfy 𝑙𝑖𝑚𝑛→∞𝑀(𝑞𝑔𝑦𝑛, 𝑔𝑞𝑦𝑛, 𝑡) = 𝑀(𝑞𝑧 ,, 𝑔𝑧 ,, 𝑡) = 1. 

 𝑙𝑖𝑚𝑛→∞𝑝𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝑓𝑥𝑛 = 𝑧, 𝑧𝜖𝑋 and 

satisfy 𝑙𝑖𝑚𝑛→∞𝑁(𝑝𝑓𝑥𝑛, 𝑓𝑝𝑥𝑛, 𝑡) = 𝑁(𝑝𝑧, 𝑓𝑧, 𝑡) = 0. 

 𝑙𝑖𝑚𝑛→∞𝑞𝑦𝑛 = 𝑙𝑖𝑚𝑛→∞𝑔𝑦𝑛 = 𝑧′, 𝑧′𝜖𝑋 and 

satisfy 𝑙𝑖𝑚𝑛→∞𝑁(𝑞𝑔𝑦𝑛, 𝑔𝑞𝑦𝑛, 𝑡) = 𝑁(𝑞𝑧′, 𝑔𝑧′, 𝑡) = 0. 

Therefore, 𝑝𝑧 = 𝑓𝑧 and 𝑞𝑧′ = 𝑔𝑧′; that is, 𝑧 is a coincidence point of 𝑝 and 

𝑓 and 𝑧′is a coincidence point of 𝑞 and 𝑔. 

Now we prove 𝑧 = 𝑧′ 

Put 𝑥 = 𝑥𝑛 and 𝑦 = 𝑦𝑛 in inequality (c), we get 

 𝜙 {
𝑀(𝑝𝑥𝑛 , 𝑞𝑦𝑛, 𝑡), 𝑀(𝑓𝑥𝑛 , 𝑔𝑦𝑛, 𝑡),

𝑀(𝑓𝑥𝑛 ,𝑝𝑥𝑛 ,𝑡)+𝑀(𝑔𝑦𝑛,𝑞𝑦𝑛,𝑡)

2
,

𝑀(𝑓𝑥𝑛 , 𝑞𝑦𝑛, 𝑡), 𝑀(𝑔𝑦𝑛 , 𝑝𝑥𝑛 , 𝑡) 
} ≥ 0 

Taking the limit as 𝑛 → ∞, we get 

𝜙 {𝑀(𝑧, 𝑧′, 𝑡), 𝑀(𝑧, 𝑧′, 𝑡),
𝑀(𝑧, 𝑧, 𝑡) + 𝑀(𝑧′, 𝑧′, 𝑡)

2
, 𝑀(𝑧, 𝑧′, 𝑡), 𝑀(𝑧′, 𝑧, 𝑡) } ≥ 0 

𝜙{𝑀(𝑧, 𝑧′, 𝑡), 𝑀(𝑧, 𝑧′, 𝑡), 1, 𝑀(𝑧, 𝑧′, 𝑡), 𝑀(𝑧′, 𝑧, 𝑡) } ≥ 0 

And 

𝛹 {
𝑁(𝑝𝑥𝑛, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑓𝑥𝑛, 𝑔𝑦𝑛, 𝑡),

𝑁(𝑓𝑥𝑛, 𝑝𝑥𝑛 , 𝑡) + 𝑁(𝑔𝑦𝑛, 𝑞𝑦𝑛 , 𝑡)

2
,

𝑁(𝑓𝑥𝑛, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑔𝑦𝑛, 𝑝𝑥𝑛, 𝑡) 
} ≤ 1 

Taking the limit as 𝑛 → ∞, we get 

𝛹 {𝑁(𝑧, 𝑧′, 𝑡), 𝑁(𝑧, 𝑧′, 𝑡),
𝑁(𝑧, 𝑧, 𝑡) + 𝑁(𝑧′, 𝑧′, 𝑡)

2
, 𝑁(𝑧, 𝑧′, 𝑡), 𝑁(𝑧′, 𝑧, 𝑡) } ≤ 1 

𝛹{𝑁(𝑧, 𝑧′, 𝑡), 𝑁(𝑧, 𝑧′, 𝑡), 0, 𝑁(𝑧, 𝑧′, 𝑡), 𝑁(𝑧′, 𝑧, 𝑡) } ≤ 1 

In view of 𝟑(𝐛) we get 𝑧 = 𝑧′ 

Again we claim that 𝑝𝑧 = 𝑧. 

Substitute 𝑥 = 𝑧 and 𝑦 = 𝑦𝑛 in inequality (c), we get 

𝜙 {
𝑀(𝑝𝑧, 𝑞𝑦𝑛, 𝑡), 𝑀(𝑓𝑧, 𝑔𝑦𝑛, 𝑡),

𝑀(𝑓𝑧, 𝑝𝑧, 𝑡) + 𝑀(𝑔𝑦𝑛, 𝑞𝑦𝑛 , 𝑡)

2
,

𝑀(𝑓𝑧, 𝑞𝑦𝑛, 𝑡), 𝑀(𝑔𝑦𝑛, 𝑝𝑧, 𝑡) 
} ≥ 0 

Taking the limit as 𝑛 → ∞, we get 
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𝜙 {
𝑀(𝑝𝑧, 𝑧′, 𝑡), 𝑀(𝑝𝑧, 𝑧′, 𝑡),

𝑀(𝑝𝑧, 𝑝𝑧, 𝑡) + 𝑀(𝑧′, 𝑧′, 𝑡)

2
,

𝑀(𝑝𝑧, 𝑧′, 𝑡), 𝑀(𝑧′, 𝑝𝑧, 𝑡) 
} ≥ 0 

𝜙{𝑀(𝑝𝑧, 𝑧′, 𝑡), 𝑀(𝑝𝑧, 𝑧′, 𝑡), 1, 𝑀(𝑝𝑧, 𝑧′, 𝑡), 𝑀(𝑝𝑧, 𝑧′, 𝑡) } ≥ 0 

And 

𝛹 {
𝑁(𝑝𝑧, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑓𝑧, 𝑔𝑦𝑛, 𝑡),

𝑁(𝑓𝑧, 𝑝𝑧, 𝑡) + 𝑁(𝑔𝑦𝑛, 𝑞𝑦𝑛 , 𝑡)

2
,

𝑁(𝑓𝑧, 𝑞𝑦𝑛, 𝑡), 𝑁(𝑔𝑦𝑛, 𝑝𝑧, 𝑡) 
} ≤ 1 

Taking the limit as 𝑛 → ∞, we get 

𝛹 {
𝑁(𝑝𝑧, 𝑧′, 𝑡), 𝑁(𝑝𝑧, 𝑧′, 𝑡),

𝑁(𝑝𝑧, 𝑝𝑧, 𝑡) + 𝑁(𝑧′, 𝑧′, 𝑡)

2
,

𝑁(𝑝𝑧, 𝑧′, 𝑡), 𝑁(𝑧′, 𝑝𝑧, 𝑡) 
} ≤ 1 

𝛹{𝑁(𝑝𝑧, 𝑧′, 𝑡), 𝑁(𝑝𝑧, 𝑧′, 𝑡), 0, 𝑁(𝑝𝑧, 𝑧′, 𝑡), 𝑁(𝑝𝑧, 𝑧′, 𝑡) } ≤ 1 

In view of 𝟑(𝐛) we get 𝑝𝑧 = 𝑧′ = 𝑧. 

Again we claim that 𝑞𝑧 = 𝑧. 

Substitute 𝑥 = 𝑧 and 𝑦 = 𝑧 inequality (c), we get 

𝜙 {
𝑀(𝑝𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑓𝑧, 𝑔𝑧, 𝑡),

𝑀(𝑓𝑧, 𝑝𝑧, 𝑡) + 𝑀(𝑔𝑧, 𝑞𝑧, 𝑡)

2
,

𝑀(𝑓𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑔𝑧, 𝑝𝑧, 𝑡) 
} ≥ 0 

𝜙 {
𝑀(𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑧, 𝑞𝑧, 𝑡),

𝑀(𝑧, 𝑧, 𝑡) + 𝑀(𝑞𝑧, 𝑞𝑧, 𝑡)

2
,

𝑀(𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑞𝑧, 𝑧, 𝑡) 
} ≥ 0 

𝜙{𝑀(𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑧, 𝑞𝑧, 𝑡), 1, 𝑀(𝑧, 𝑞𝑧, 𝑡), 𝑀(𝑞𝑧, 𝑧, 𝑡) } ≥ 0 

And 𝛹 {
𝑁(𝑝𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑓𝑧, 𝑔𝑧, 𝑡),

𝑁(𝑓𝑧,𝑝𝑧,𝑡)+𝑁(𝑔𝑧,𝑞𝑧,𝑡)

2
,

𝑁(𝑓𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑔𝑧, 𝑝𝑧, 𝑡) 
} ≤ 1 

𝛹 {𝑁(𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑧, 𝑞𝑧, 𝑡),
𝑁(𝑧, 𝑧, 𝑡) + 𝑁(𝑞𝑧, 𝑞𝑧, 𝑡)

2
, 𝑁(𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑞𝑧, 𝑧, 𝑡) } ≤ 1 

𝛹{𝑁(𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑧, 𝑞𝑧, 𝑡), 0, 𝑁(𝑧, 𝑞𝑧, 𝑡), 𝑁(𝑞𝑧, 𝑧, 𝑡) } ≤ 1 

In view of 𝟑(𝐛) we get 𝑧 = 𝑞𝑧 = 𝑔𝑧 

Therefore, 𝑧 = 𝑝𝑧 = 𝑞𝑧 = 𝑓𝑧 = 𝑔𝑧; that is 𝑧 is common fixed point of 𝑝, 𝑞, 𝑓 

and 𝑔. 

Uniqueness: Let 𝑤 be another common fixed point of 𝑝, 𝑞, 𝑓 and 𝑔. 
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Then 𝑝𝑤 = 𝑞𝑤 = 𝑓𝑤 = 𝑔𝑤 = 𝑤 

Put 𝑥 = 𝑧 and 𝑦 = 𝑤 in inequality (c), we get 

𝜙 {
𝑀(𝑝𝑧, 𝑞𝑤, 𝑡), 𝑀(𝑓𝑧, 𝑔𝑤, 𝑡),

𝑀(𝑓𝑧, 𝑝𝑧, 𝑡) + 𝑀(𝑔𝑤, 𝑞𝑤, 𝑡)

2
,

𝑀(𝑓𝑧, 𝑞𝑤, 𝑡), 𝑀(𝑔𝑤, 𝑝𝑧, 𝑡) 
} ≥ 0 

𝜙 {
𝑀(𝑧, 𝑤, 𝑡), 𝑀(𝑧, 𝑤, 𝑡),

𝑀(𝑧, 𝑧, 𝑡) + 𝑀(𝑤, 𝑤, 𝑡)

2
,

𝑀(𝑧, 𝑤, 𝑡), 𝑀(𝑤, 𝑧, 𝑡) 
} ≥ 0 

𝜙{𝑀(𝑧, 𝑤, 𝑡), 𝑀(𝑧, 𝑤, 𝑡), 1, 𝑀(𝑧, 𝑤, 𝑡), 𝑀(𝑧, 𝑤, 𝑡) } ≥ 0 

And 

𝛹 {
𝑁(𝑝𝑧, 𝑞𝑤, 𝑡), 𝑁(𝑓𝑧, 𝑔𝑤, 𝑡),

𝑁(𝑓𝑧, 𝑝𝑧, 𝑡) + 𝑁(𝑔𝑤, 𝑞𝑤, 𝑡)

2
,

𝑁(𝑓𝑧, 𝑞𝑤, 𝑡), 𝑁(𝑔𝑤, 𝑝𝑧, 𝑡) 
} ≤ 1 

𝛹 {𝑁(𝑧, 𝑤, 𝑡), 𝑁(𝑧, 𝑤, 𝑡),
𝑁(𝑧, 𝑧, 𝑡) + 𝑁(𝑤, 𝑤, 𝑡)

2
, 𝑁(𝑧, 𝑤, 𝑡), 𝑁(𝑤, 𝑧, 𝑡) } ≤ 1 

𝛹{𝑁(𝑧, 𝑤, 𝑡), 𝑁(𝑧, 𝑤, 𝑡), 0, 𝑁(𝑧, 𝑤, 𝑡), 𝑁(𝑧, 𝑤, 𝑡) } ≤ 1 

In view of 𝟑(𝐛) we get 𝑧 = 𝑤. Therefore, uniqueness follows. 

Theorem 4.4: Let 𝑝 and 𝑓 be two self maps of intuitionistic fuzzy metric space 

(𝑋, 𝑀, 𝑁,∗,◊) with continuous t-norm ∗ defined by 𝑡 ∗ 𝑡 ≥ 1 for all 𝑡𝜖[0,1]. If the 

pair (𝑝, 𝑓) is subcompatible and subsequentially continuous, then 

(a) 𝑝 and 𝑓 have a coincidence point. 

(b) For some 𝜙 𝜖 𝜱 and 𝛹 𝜖 𝜳 for all 𝑥, 𝑦 𝜖𝑋 and every 𝑡 > 0, 

𝜙 {
𝑀(𝑝𝑥, 𝑦, 𝑡), 𝑀(𝑓𝑥, 𝑦, 𝑡), 𝑀(𝑓𝑥, 𝑝𝑥, 𝑡),

𝑀(𝑦, 𝑦, 𝑡), 𝑀(𝑓𝑦, 𝑥, 𝑡), 𝑀(𝑥, 𝑝𝑦, 𝑡) 
} ≥ 0 

𝛹 {
𝑁(𝑝𝑥, 𝑦, 𝑡), 𝑁(𝑓𝑥, 𝑦, 𝑡), 𝑁(𝑓𝑥, 𝑝𝑥, 𝑡),

𝑁(𝑦, 𝑦, 𝑡), 𝑁(𝑓𝑦, 𝑥, 𝑡), 𝑁(𝑥, 𝑝𝑦, 𝑡) 
}  ≤ 1. 

Then 𝑝 and 𝑓 have a unique common fixed point. 

Proof: Since the pair (𝑝, 𝑓) is subcompatible and subsequentially continuous, then 

there exists a sequence {𝑥𝑛} in 𝑋 such that 

 𝑙𝑖𝑚𝑛→∞𝑝𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝑓𝑥𝑛 = 𝑧, 𝑧𝜖𝑋 and 

satisfy 𝑙𝑖𝑚𝑛→∞𝑀(𝑝𝑓𝑥𝑛, 𝑓𝑝𝑥𝑛, 𝑡) = 𝑀(𝑝𝑧, 𝑓𝑧, 𝑡) = 1 

 𝑙𝑖𝑚𝑛→∞𝑝𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝑓𝑥𝑛 = 𝑧, 𝑧𝜖𝑋 and 
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satisfy 𝑙𝑖𝑚𝑛→∞𝑁(𝑝𝑓𝑥𝑛, 𝑓𝑝𝑥𝑛, 𝑡) = 𝑁(𝑝𝑧, 𝑓𝑧, 𝑡) = 0 

Therefore, 𝑝𝑧 = 𝑓𝑧 that is, 𝑧 is a coincidence point of 𝑝 and 𝑓. 

Again, we claim that 𝑝𝑧 = 𝑧 

Substitute 𝑥 = 𝑥𝑛 and 𝑦 = 𝑧 in inequality (c), we get 

𝜙 {
𝑀(𝑝𝑥𝑛, 𝑧, 𝑡), 𝑀(𝑓𝑥𝑛, 𝑧, 𝑡), 𝑀(𝑓𝑥𝑛, 𝑝𝑥𝑛, 𝑡),

𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑓𝑧, 𝑥𝑛, 𝑡), 𝑀(𝑥𝑛, 𝑝𝑧, 𝑡)
} ≥ 0 

Taking the limit as 𝑛 → ∞, we get 

𝜙 {
𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑧, 𝑧, 𝑡),

𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑝𝑧, 𝑧, 𝑡), 𝑀(𝑧, 𝑝𝑧, 𝑡)
} ≥ 0 

And 

𝛹 {
𝑁(𝑝𝑥𝑛, 𝑧, 𝑡), 𝑁(𝑓𝑥𝑛, 𝑧, 𝑡), 𝑁(𝑓𝑥𝑛, 𝑝𝑥𝑛, 𝑡),

𝑁(𝑧, 𝑧, 𝑡), 𝑁(𝑓𝑧, 𝑥𝑛, 𝑡), 𝑁(𝑥𝑛, 𝑝𝑧, 𝑡)
} ≤ 1 

Taking the limit as 𝑛 → ∞, we get 

𝛹 {
𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑧, 𝑧, 𝑡),

𝑀(𝑧, 𝑧, 𝑡), 𝑀(𝑝𝑧, 𝑧, 𝑡), 𝑀(𝑧, 𝑝𝑧, 𝑡)
} ≤ 1 

In view of 𝟑(𝐚) we get p 𝑧 = 𝑧 

 𝑝𝑧 = 𝑓𝑧 = 𝑧 

𝑧 is unique common fixed point of 𝑝 and 𝑓. 
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