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Abstract

Here we have extended the fixed point results for sub compatible and
subsequential continuous mappings in intuitionistic fuzzy metric spaces. In
this paper we have derived common fixed point for mappings under
contractive conditions.
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1. INTRODUCTION

The concept of intuitionistic fuzzy sets was introduced by Atanassov [4] as a
generalization of fuzzy sets which was introduced by L.A Zadeh [17] which laid
the foundation of fuzzy mathematics. Fuzzy set theory has applications in
mathematical modelling, engineering sciences, medical sciences communication
etc. Park [9] in 2004, introduced a notion of intuitionistic fuzzy metric spaces,
which is based on the idea of intuitionistic fuzzy sets and concept of fuzzy metric
space given by George et al [5]. Kramosil and Michalek [8] introduced the notion
of fuzzy metric space to the fuzzy situation. Using the idea of intuitionistic fuzzy
sets, Alaca et al [2] defined the notion of IFM-space as Park [10] with the help of
continuous t-norms and continuous t-conorms as a generalization of fuzzy metric
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space. Turkoglu et al. [16] in 2006 studied the notion of compatible mappings in
intuitionistic fuzzy metric space.

Some necessary and sufficient conditionswere obtained by Regan and Abbas
[1] for the existence of common fixed point in fuzzy metric spaces .The idea of
implicit function for proving a common fixed point theorem was introduced by
Popa ([11]-[12]).

Jungck [7] in 1986 introduced the notion of compatible maps for a pair of self
mappings. The concept of weakly compatible mappings is most general as each
pair of compatible mappings is weakly compatible but the converse is not true.

In this paper, we introduce new concepts of subcompatibility and
subsequential continuity using the coincidence point in intuitionistic fuzzy metric
space.

2. PRELIMINARIES

Definition 2.1[13]: A binary operation *: [0,1] x [0,1] — [0,1] is continuous t-
norm if * is satisfying the following conditions:

(i) =*is commutative and associative

(if) = is continuous;

(ili) a*1 = aforall ae [0,1];

(iv) axb <cxdwhenevera < candb < dforalla,b,c,de[0,1]

Definition 2.2[13]: A binary operation ¢: [0,1] x [0,1] — [0,1] is continuous t-
norm if ¢ is satisfying the following conditions:

(i) ¢ is commutative and associative;

(if) ¢ is continuous;

(i) a ¢ 0=a forall ae [0,1];

(iv) a¢b <coOdwhenevera < candb < dforalla,b,c,de[0,1]

Definition 2.3[2]: A 5 — tuple (X, M, N,*,0) is said to be an intuitionistic fuzzy
metric space if X is an arbitrary set, * is a continuous t- norm, ¢ is a continuous t-
conorm and M, N are fuzzy sets on X2 x (0,00) satisfying the following conditions
forall x,y,zeXandt,s > 0,

(i) M(Q,y,t)+N(x,yt)<1;forall x,yeXandt > 0
(i) M(x,y,0) =0;forall x,y € X;

(iii)y M(x,y,t) =1 forallt > 0if and only if x = y;
(iv) M(x,y,t) = M(y,x,t); forall x,yeX and t > 0;
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(V) M(x,y,t)* M(y,z,s) <M(x,z,t +s) forallx,y,ze X and s,t > 0;
(vi) M(x,y,.):[0,0) - [0,1] is continuous;

(vii) limeo M(x,y,t) =1 forallx,yinX and t > 0;

(Viil)N(x,y,0) = 1forall x,y € X;

(ix) N(x,y,t) =0 forallx,ye Xandt > 0if and only if x = y;

(X) N(x,y,t) =N(y,x,t) forallx,yeXandt > 0;

(xi) N(x,y,t) 0 N(y,z,5) = N(x,z,t +s)forall x,y,ze X and s,t > 0;
(xii) N(x,y,.):[0,0) = [0,1] is continuous for all x,y € X ;
(xiii)lim;_,N(x,y,t) =0 forallx,ye X and t > 0;

Then (M, N) is called an intuitionistic fuzzy metric space. The functions
M(x,y,t) and N(x,y,t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to t, respectively.

Remark 2.1[2]: Every fuzzy metric space (X, M,*) is an intuitionistic fuzzy metric
space of the form (X,M,1— M,*,0) such that t-norm x and t-conorm ¢ are
associated as

x0y= 1—((1—x)*(l—y))forallx,yeX
Example 2.1[9]: Let (X,d) be a metric space, define t-norm a * b = Min {a, b}
and t-conorm

a0 b= Max{a,b}andforallx,yeXandt > 0,
t d(x,y)
t+d(x,y)’ t+d(x,y)

Then (X, M, N, *, 0) is an intuitionistic fuzzy metric space. We call this
intuitionistic fuzzy metric (M,N) induced by the metric d the standard intuitionistic
fuzzy metric.

Md(x'y't) = Nd(x!y't) =

Remark 2.2[2]: In intuitionistic fuzzy metric space (X, M, N,x0) , M(x,y,.) is
non decreasing and N (x, y,.) is non- increasing for all x,y € X.

Definition 2.4[2]: Let (X, M, N ,,9) is an intuitionistic fuzzy metric space then
Sequence {x,} in X is said to be Cauchy sequence if, forall t > 0 andp > 0,
limn_)ooM(xmp,xn, t) =1, limn_mN(pr,xn, t) =0
A Sequence {x,} in X is said to be Convergent to a point xeX if ,forall t > 0,

limy,_ . M(x,, x,t) = 1,lim,_ N(x,,x,t) =0.
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Since * and ¢ are continuous, the limit is uniquely determined from (v) and
(xi) of definition (2.3), respectively.

Definition 2.5[2]: An intuitionistic fuzzy metric space (X,M,N, *, 0) is said to be
complete if and only if every Cauchy sequence in X is convergent.

Example 1[2]: let X = {%:neN} U {0} and let * be the continuous t-norm and ¢

be the continuous t-conorm defined by a * b = ab and a ¢ b = min{1,a + b}
respectively, for all a, be[0,1]. For each te(0, ») and x, yeX, define (M, N) by

_t x—yl

,t>0 )

M(x,y,t) = {t+lx—y| and N(x, y, t) = {t+|x—y| t>0
0,£=0 1,t = 0.

Clearly, (X, M, N,*,0) is intuitionistic fuzzy metric space.

Definition 2.6[14]: Let A and B be mappings from an intuitionistic fuzzy metric
space (X, M, N,*,0) into itself. The maps A and B are said to be compatible if , for
allt >0,

limy.,M(ABx, BAxy,t) = 1,lim,_,N(ABx, BAx,,t) = 0.
Whenever x,, is a sequence in X such that lim,_Ax, = lim,_.Bx, =
x for some xeX.

Definition 2.7[16]: Two self mappings A and B of an intuitionistic fuzzy metric
space (X,M,N,x,0) is said to be non-compatible if there exists at least one
sequence {x,} such that

lim,_.Ax, = lim,_,Bx, = z for some z in X but neither
lim,_.M(ABx,, BAx,,t) # 1,and lim,_,N(ABx,, BAx,,t) # 0
Or the limit does not exists

Definition 2.8[5]: Let (X, M, N,x,9) be an intuitionistic fuzzy metric space. Let
A and B be self maps on X. Then a point x in X is called a coincidence point of A
and B iff Ax = Bx. In this case, w = Ax = Bx is called a point of coincidence of
AandB.

In 1996, Jungck [6] introduced the notion of weakly compatible maps as
follows.

Definition 2.9[7]: A pair of self mappings (4, B) of a intuitionistic fuzzy metric
space (X, M, N,*,0) is said to be weakly compatible if they commute at their
coincidence points i.e Ax = Bx for some x in X, then ABx = BAx.

It is easy to see that two compatible maps are weakly compatible but converse
of this is not true.
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Lemma(2.1): Let (X, M, N,*,0) be an intuitionistic fuzzy metric space. Let A and
B be self maps on X and let A and B have a unique point of coincidence, w = Ax =
Bx, then w is the unigue common fixed point of A and B.

Proof: Since A and B are owc, there exists a point x in X such that Ax = Bx = w
and ABx = BAx. Thus, AAx = ABx = BAx, which say that AAx is also a point of
coincidence of 4 and B.

Since the point of coincidence w = Ax is unique by hypothesis, BAx =
AAx = Ax,and w = Ax is a common fixed point of A and B.

Moreover, if z is any common fixed point of Aand B, then z = Az = Bz =
w by the uniqueness of the point of coincidence.

Lemma(2.2)[16]: Let (X, M, N,*,0) be an intuitionistic fuzzy metric space and for
all x,y in X , t > Oand if there exists a number he(0,1)

M(x,y,ht) = M(x,y,t)and N(x,y,ht) < N(x,y,t),thenx =y

Definition2.10[15]: Two self mappings p and f of an intuitionistic fuzzy metric
space (X, M, N,*,0 ) are said to be occasionally weakly compatible(owc) iff there
is a point x in X which is coincidence point of p and f at which p and f commute.

In this paper we weaken the above notion by introducing a new concept called
subcompatibility for intuitionistic fuzzy metric space defined by H. Bouhadjera
et. al., [6] in metric space as follows:

Definition (2.11): Self mappings p and f of a fuzzy metric space (X, M,*)are said
to be subcompatible if there exists a sequence {x,} in X such that
lim px, = lim fx, = z,,z € X and satisfy llmM(pfxn,fpxn, t) =1.

n—-oo n—->oo

Two owc mappings are subcompatible, however the converse is not true in
general. Here we introduce subsequential continuity in intuitionistic fuzzy metric
space which weaken the concept of reciprocal continuity which was introduced by
H. Bouhadjera et. al., [6] in metric space as follows.

Definition (2.12)[6]: Self mappings p and f of a fuzzy metric space (X, M,* ) are

said to be subsequentially continuous if there exists a sequence {x,, } in X such that

lim px, = lim fx, = z, z € X and satisfy llmpfxn pz and limfpx, = fz
n—oo

n—oo n—->oo

It is clear if p and f are continuous or reciprocally continuous then they are
obviously subsequentially continuous. However, the converse is not true in
general.

Definition (2.13): A function ¢: [0,0) — [0, 0) is said to be a ¢ function if it
satisfies the following conditions:

(i) ¢ (@) = 0ifandonlyift =0;
(i) ¢ (t) isstrictly increasing and ¢ (t) = w0 ast — oo;
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(iii) ¢ is left continuous in (0, ©);
(iv) ¢ is continuous at 0.

3. IMPLICIT RELATIONS [3]

(a) Let (@) be the set of all real continuous functions ¢: (R*)® — R™ satisfying
the condition

¢(u,u,v,v,u,u) = 0imply u = v, for all u, v €[0,1].
And

Let (W) be the set of all real continuous functions ¥: (R*)® - R* satisfying
the condition

Y(u,u,v,v,u,u) < 1imply u < v, forall u, v €[0,1].

(b) Let (@) be the set of real continuous functions ¢: (R*)> — R* satisfying the
condition

¢(u,u,v,u,u) = 0imply u = v, for all u, v €[0,1].
And

Let (¥) be the set of real continuous functions ¥: (R*)5 — R satisfying the
condition

Y(u,u,v,u,u) < 1implyu < v, forall u, v €[0,1].

4. MAIN RESULTS

Theorem 4.1: Let p,q, f and g be four self maps of intuitionistic fuzzy metric
space (X, M, N,*,0) with continuous t-norm * defined by t = t > 1 for all te[0,1].
If the pairs (p, f) and (q, g) are subcompatible and subsequentially continuous,
then

(@) pand f have a coincidence point.
(b) g and g have a coincidence point.
(c) Forsomegedand¥ ¢ P forall x,y eX and every t > 0,
" {M (px, qy, t), M(fx, gy, t), M (fx, px, t),} -
Mgy, qy, ), M(fx,qy,t),M(gy,px,t) ) ~
w {N (px,qy,t), N(fx, gy, t), N(fx, px, t),} <1
N(gy.qy,t),N(fx,qy,t), N(gy, px, t)
Then p, q, f and g have a unique common fixed point.

Proof: Since the pairs (p, f) and (g, g) are subcompatible and subsequentially
continuous, then there exists two sequences {x,,} and {y,,} in X such that
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satisfy

satisfy

satisfy

satisfy

limy,_opx, = lim, o fx, = z,zeX and
limy M (pfxn, frxXn, t) = M(pz, fz,t) =1
lim, 0qy, = lim, gy = z',z'€X and
limy oM (qgyn, 9qyn,t) = M(qz, gz, t) = 1
lim,_opx, = lim, Lo fx, = z,zeX and

limy N (@fxp, fOX0,t) = N(pz,fz,t) =0
lim,wqyVn = lim,_0gy, = 2z',2z'€X and

limy, o N(qgYn, 9qyn,t) = N(qz', gz',t) = 0

Therefore, pz = fz and qz' = gz’'; that is, z is a coincidence point of p and
f and z'is a coincidence point of g and g.

Now we prove z = z’
Put x = x,, and y = y,, in inequality (c), we get

" {M PXn, qQVn, ), M(f X, GYns ), M(f X, DX, t),}

>0

M(gyn, QYn, ), M(f X, QY. t), M(gYn, PXp, t)

Taking the limit as n — oo, we get

And

¢{M(z,z',t),M(z,z',t),M(z,2,t),M(z',z',t),M(z,z', t )M(z',z,t)} = 0

d){M(Z' Z’; t)' M(Z: Z’: t)! 1!11 M(Z) Z,l t)M(ZIJ z, t)} 2 0

<1

{N(pxn; qyn; t)l N(fxn! gyn; t)l N(fxnl px‘ru t)l}
N(gYn, QYn: ), N(f X, ¥, t), N(gYn, DX, t)

Taking the limit as n — oo, we get

Y{N(z,2',t),N(z,2",t),N(z,2,1),N(z',z',t),N(z,2",t), N(z',z, 1)} < 1

W{N(Z; Z,' t)! N(Z' Z,! t)! 0:01 N(Zl Z,) t)l N(le z, t)} S 1

In view of 3(a) we get z = z’

Again, we claim that pz = z

Substitute x = z and y = y,, in inequality (c), we get

¢{ M(pz, qyn, t), M(fz, gyn, t), M(fz,pz, t), }2 0

M(gYn, qYn, ), M(fz, qYn, t), M(gyn, Pz, t)

Taking the limit as n — oo, we get

é {M(pz, z',t),M(pz,z',t), M(pz,pz, t),} >0
M(z',z',t),M(pz,z', t),M(z',pz,t) ) ~

¢{M(pz,z',t),M(pz,z',t),1,1, M(pz,z',t),M(z',pz,t)} = 0
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And
{ Nz, qyn, t), N(fz,gyn, t), N(fz,p0z,t), } <
N(gyn, qQYn, ), N(fz, qypn, £), N(gYn, pZ,t) ) —
Taking the limit as n — oo, we get

{N(pz, z',t),N(pz,z',t), N(pz, pz, t),} <1
N(z',z',t),N(pz,z',t),N(z',pz,t) ) —

Y{N(pz,z',t),N(pz,z',t),0,0,N(pz,z',t),N(z',pz, t)} < 1
Inview of 3(a) we getpz =2z' =z
Again we claimthat gz = z
Substitute x = z and y = z in inequality (c) , we get
& {M (pz,qz,t),M(fz, 9z,t), M(fz,pz, t),} >0
M(gz,qz,t),M(fz,qz,t), M(gz pzt)
¢{M(z,qz,t),M(z,qz,t),M(z,2,t),M(qz qzt),M(z,qzt),M(qz zt) } = 0
¢{M(z,qz,t),M(z,qzt),1,1,M(z,qzt),M(qzzt) } = 0
And (Vo N o N )
Y{N(z,qzt),N(z,qzt),N(zz1t),N(qz qzt),N(z,qzt),N(qz,zt) } < 1
Y{N(z,qzt),N(z,qzt),0,0,N(z,qzt),N(qz,z,t) } < 1
In view of3(a) we get z = qz = gz

Therefore, z = pz = qz = fz = gz, thatis z is common fixed point of p, q, f
and g.

Uniqueness: Let w be another common fixed point of p,q, f and g.
Thenpw =qw =fw=gw =w
Put x = z and y = w in inequality (c), we get
¢{ M(pz,qw,t),M(fz,gw,t),M(fz,pz,t), } >0
M(gw, qw,t), M(fz,qw,t),M(gw,pz,t) ) ~
¢{M(z,w,t),M(z,w,t),M(z,z1t), M(w,w,t), M(z,w,t), M(w,zt)} =0
¢{M(z,w,t),M(z,w,t),1,1,M(z,w,t),M(w,z,t) } =0

And lp{ N(pz,qw,t),N(fz, gw,t), N(fz,pz,t), } <
N(gw,qw,t),N(fz,qw,t), N(gw,pz,t) ) ~—
Y{N(z,w,t),N(z,w,t),N(z,z,t), N(w,w,t),N(z,w,t),N(w,z,t) } < 1

Y{N(z,w,t),N(z,w,t),0,0,N(z,w,t),Nw,z,t) } < 1
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Inview of 3(a) we getz = w
Therefore, uniqueness follows.
If we take f = g in theorem 4.1, we get the following result:

Corollary 4.2: Let p, q, f be three self maps of intuitionistic fuzzy metric space
(X, M, N,*,0) with continuous t norm = defined by t =t = 1 for all te[0,1]. If the
pairs (p, f) and (q, f) are subcompatible and subsequentially continuous, then

(@) pand f have a coincidence point.
(b) q and f have a coincidence point.
(c) Forsomegedand¥ e ¥ forall x,y eX and every t > 0,

" {M (px, qy, ), M(fx, fy, t), M(fx, px, t),} -
M(fy,qy, t), M(fx,qy, t), M(fy,px,t) ) —

And

{N (px,qy,t), N(fx, fy, t), N(fx, px, t).} <
N(fy,qy,t),N(fx,qy,t), N(fy,px,t) ) ~

Then p, g and f have a unique common fixed point.

Theorem 4.3: Letp, q, f and g be four self maps of intuitionistic fuzzy metric spac
(X, M, N,*,0) with continuous t-norm = defined by t x t > 1 for all te[0,1]. If the
pairs (p, f) and (q, g) are subcompatible and subsequentially continuous, then

(@) pand f have a coincidence point.
(b) q and g have a coincidence point.

(c) Forsomegedand¥ e W forall x,y eX and every t > 0,

M(fx,px,t) + M(gy,qy,t)
¢ M(prqy't)'M(fogy't)' 2 ) ZO

M(fx' qy, t),M(gy, px, t)
N(fx,px,t)+N(gy.qy.t
N(px,qy,1),N(fx, gy, 1), 20t Mor.ay )’}

N(fx,qy,t),N(gy,px,t)
Then p, g and f and g have a unique common fixed point.

<1l

And ll’{

Proof: Since the pairs (p, f) and (g, g) are subcompatible and subsequentially
continuous, then there exists two sequences {x,} and {y, } in X such that

limy,eopXyn = limy o f X, = z,zeX and
satisfy limy,,eM(Pfx,, foX,t) = M(pz, fz,t) = 1.

lim,wqyVy = lim, gy, = z',2z'€X and
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satisfy lim, .eM(QgYn, 9qyn, t) = M(qz’, gz, t) = 1.
limy,_opx, = lim, o fx, = z,zeX and

satisfy lim,_ooN(pfxpn, foXn t) = N(pz, fz,t) = 0.
limy,wqyn = lim,_0gyn = z',2z'€X and

satisfy lim, .wN(Q9Yn, 99y, t) = N(qz', gz',t) = 0.

Therefore, pz = fz and qz' = gz’'; that is, z is a coincidence point of p and
f and z'is a coincidence point of g and g.

Now we prove z = z’

Put x = x,, and y = y,, in inequality (c), we get

M(fxp ,pXp £)+M(gYn.qyn.t

¢{M(pxn,qyn,t),M(fxn,gyn,t), Lo DO ).}>0
M(f Xy, qYn, t), M(GYn, DXn , t)

Taking the limit as n — oo, we get

M(z,z,t) + M(z',z',t)
2

¢{M(z,2z',t),M(z,2',t),1,M(z,2z',t),M(z',z,t) } = 0

¢ {M(Z,Z’, t),M(z,2',t), yM(z,z',t),M(z',z,1t) } >0

And

N(fxn, pxn, t) + N(gyn, q¥n, t)
g I N@xn, @y, 0, N (fxn, gy, ), ——— | 4

N(f X, qYn, ), N(g¥n, pXn, t)
Taking the limit as n — oo, we get
N(z,z,t) + N(z',z',t)
2
W{N(z,z',t),N(z,z',t),0,N(z,z',t),N(z',z,t) } < 1

In view of 3(b) we get z = z’

l;U{N(z,z’, t),N(z,z',t), ,N(z,2z',t),N(z',z1t) } <1

Again we claim that pz = z.

Substitute x = z and y = y,, in inequality (c), we get

M(fz,pz,t) + M(gyn, qYn, t)
& {M®2,ayn, O, M(f2,gyn, ), > {5

M(fz,qyn, t), M(gyn, pZ, t)
Taking the limit as n — oo, we get
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' , . M(pz,pz,t) + M(z',z',t)
M(pz,z',t),M(pz,z',¢t), . Aso

M(pz,z',t),M(z',pz,t)
¢{M(pz,z',t),M(pz,z',t),1,M(pz,z',t), M(pz,z',t) } = 0

¢

And

N(fz pz,t) + N(GYn q¥n )
w I N®2,qyn, ), N(f2, gyn, ), <1

N(fz,qyn, t), N(gyn, 02, t)
Taking the limit as n —» oo, we get

N(pz,pz,t) + N(z',z',t)
! 1A
w )Nz, z',t),N(pz, 2, 1), 5 e

N(pz,z',t),N(z',pz,1t)
Y{N(pz,z',t),N(pz,2',t),0,N(pz,z',t),N(pz,z',t) } < 1
In view of 3(b) we getpz =z’ = z.

Again we claim that gz = z.
Substitute x = z and y = z inequality (c), we get

M(fz,pz,t) + M(gz,qz,t)
¢ M(pZ, CIZ, t),M(fZ,gZ, t)' 2 1] 2 0

M(fz,qzt),M(9z,pz,t)

M(z,z,t) + M(qz,qz,t)
M(ZI qu t),M(Z, qZ! t)' 2 ’ 2 0

M(z,qz,t),M(qz, z,t)
¢{M(Z’ qZ’ t)’ M(ZF qz' t)! 1' M(Z’ qu t)’ M(qz’ Z’ t) } 2 0

¢

2

N(fzqzt),N(gz pz,t)

N(z,z,t) + N(qz, qz,t)
2

lP{N(ZJ qu t)’ N(Z’ qZJ t)l 0! N(Z’ qZ’ t)’ N(qZ’ Z’ t) } S 1

In view of 3(b) we getz = qz = gz

N(fz,pz,t)+N(gzqzt)
And ,{,{N(pzv qZ, t),N(fZ,gZ, t)' ’} < 1

'4 {N (z,qz,t),N(z,qz,t), ,N(z,qz,t),N(qz, z,t) } <1

Therefore, z = pz = qz = fz = gz; that is z is common fixed point of p, q, f
and g.

Uniqueness: Let w be another common fixed point of p,q, f and g.
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Thenpw =qw =fw=gw=w
Put x = z and y = w in inequality (c), we get

M(fz,pz,t) + M(gw, qw, t)
¢ M(pz,qw,t),M(fz, gw,t), 5 Ao

M(fz,qw,t), M(gw,pz,t)

M(z,z,t) + M(w,w,t
M(z,w,t),M(z,w,t), ( )2 ( ), >0

M(z,w,t),M(w, z,t)
¢{M(z,w,t),M(z,w,t),1,M(z,w,t),M(z,w,t) } = 0

¢

And

N(fz,pz,t) + N(gw, qw,t)
IIU N(pz’ qW’ t)’N(fZ' gW’ t)’ 2 1) S 1

N(fz,qw,t),N(gw,pz,t)
N(z,z,t) + N(w,w,t)
2
Y{N(z,w,t),N(z,w,t),0,N(z,w,t),N(z,w,t) } < 1

In view of 3(b) we get z = w. Therefore, uniqueness follows.

W{N(z, w,t),N(z,w,t), ,N(z,w,t),N(w, z,t) } <1

Theorem 4.4: Let p and f be two self maps of intuitionistic fuzzy metric space
(X, M, N,*,0) with continuous t-norm = defined by t = t > 1 for all te[0,1]. If the
pair (p, f) is subcompatible and subsequentially continuous, then

(@) pand f have a coincidence point.
(b) Forsome ¢ e®and ¥ ¢ W forall x,y eX and every t > 0,

M(px,y, ), M(fx,y,t), M(fx,px,t),
¢{ My, y,t), M(fy,x,t), M(x,py, t) }2 0

{N (px,y,0), N(fx,y,t), N(fx, px, t),} <1
N(y,y,t), N(fy,x,t), N(x,py,t) ) ~

Then p and f have a unique common fixed point.

Proof: Since the pair (p, f) is subcompatible and subsequentially continuous, then
there exists a sequence {x,,} in X such that

limy,eopXy = limy o fXx, = z,zeX and
satisfy limy, o M(Pfx,, fox,,t) = M(pz, fz,t) =1

limy,_eopXxy = lim, o fx, = z,zeX and
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satisfy lim, .o N(pfxp, fPxX0,t) = N(pz, f2z,t) =0

[1]

[2]

[3]

[4]

[5]

[6]

Therefore, pz = fz that is, z is a coincidence point of p and f.
Again, we claim that pz = z
Substitute x = x,, and y = z in inequality (c), we get

M(pxn; z,t), M(fxn’ z,t), M(fxn’ PXn, t),
¢ { M(z,z,t),M(fz,xp,t), M(x,,pz,t) } z0

Taking the limit as n — oo, we get

M(z,z,t),M(z,zt),M(z,z,1t),
¢ {M(Z, z,t),M(pz,z1t),M(z,pz, t)} =

And

lp {N(pxn’ Z’ t)’ N(fxn’ Z’ t)’ N(fxn’ pxn’ t)’} < 1
N(z,2,t),N(fz, x,,t), N(x,, pz,t) -

Taking the limit as n — oo, we get

{ M(z,z,t),M(z,21t),M(z zt), }
<
M(z,z,t),M(pz,z,t),M(z,pz,t)) —

Inviewof 3(a) wegetpz =z
= pz=fz=z

= z is unique common fixed point of p and f.
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