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ON MARTINGALE REPRESENTATION AND
LOGARITHMIC-SOBOLEV INEQUALITY FOR FRACTIONAL
BROWNIAN BRIDGE MEASURES

XIAOXIA SUN AND FENG GUO*

ABSTRACT. In this paper, we consider the stochastic analysis for fractional
Brownian bridge measures. We first give an integration by parts formula
for such measures by Bismut’s method and a pull back formula. Using
this integration by parts formula, we then obtain a generalized Clark-Ocone
martingale representation theorem for fractional Brownian bridge measures.
Consequently, a Logarithmic-Sobolev inequality is derived by the martingale
representation theorem for such measures.

1. Introduction

Fractional Brownian bridges are Gaussian bridges (see [7]). Measures deter-
mined by fractional Brownian bridges are called fractional Brownian bridge mea-
sures. In this paper, we consider the integration by parts formula, the martingale
representation and the Logarithmic-Sobolev inequality for such measures.

Much work has been done on the integration by parts formula for bridge mea-
sures. Driver [5] gave an integration by parts formula for Brownian bridge measures
on loop group with the vector field being C''. For Cameron-Martin vector field,
Enchev and Stroock [6] established an integration by parts formula for Brownian
bridge measures on the loop space over Riemannian manifold with Levi-Civita
connection. Similar results were also obtained in [10] by considering the path
space and the estimates of derivatives of the heat kernel.

Through integration by parts formulas for bridge measures, the martingale rep-
resentation and Logarithmic-Sobolev inequalities for bridge measures can be de-
rived. A Logarithmic-Sobolev inequality for Brownian bridge measures on the loop
group was obtained in [9]. For Brownian bridge measures on the loop space over
Riemannian manifold, Gong and Ma [8] obtained a Logarithmic-Sobolev inequality
by establishing a martingale representation theorem. For such measures, Aida [1]
also gave a Logarithmic -Sobolev inequality with unbounded diffusion coefficients.
A Logarithmic-Sobolev inequality for Gaussian measures was established in [3].
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The paper is organized as follows. In Section 2, we give some preliminaries
about fractional Brownian bridge. We present in Section 3 a pull back formula
and an integration by parts formula. In Section 4, we obtain a martingale repre-
sentation theorem and a Logarithmic-Sobolev inequality for fractional Brownian
bridge measures.

2. Preliminaries

It is known from [7] that the anticipative representation of fractional Brownian
bridge (Xt)o<t<1 satisfies the following integral equation

X, =BF - /Ot (XS +/OS\I/(s,u)qu) %ds, (2.1)

where BH is a fractional Brownian motion,

¢
k(t,s):cHs%_H/ uH_%(u—s)H_%du,
? (2.2)

3

i o+1 Loy VS (y — )H+3
wit.o) = BOIED) oy o [ DTR,

in which cy = ,/%. By [7, Proposition 18], (X;)o<¢<1 admits the

non-anticipative representation

=BH — t s)dBH :
Xo=Bf' = [ o(t.s)aB!, (2.3
where
[t Y1+ W (v, 8))k(1,v)? Y 14 U(u,s) " Wdu
olh8) = /s {/s (fvl k(1 w)dw)? ! ful (1, U)de} B w)h(d, u)du
(2.4)

We set Q = {w € C([0,1];R™) | wg = wy; = 0} with the topology of local uni-
form convergence. Let (2, F, F¢,v) be a filtered probability space, where v is the
fractional Brownian bridge measure such that coordinate process (X;(w))o<i<1 =
(wi)o<i<1 satisfies integral equation (2.1), F is the v- completion of the Borel
o-algebra of Q and F; is the v-completed natural filtration of w.

For any p € [1,00), let LP(Qv) = {F | F: Q > R, ||F|, := (E,|F|P)7 < oo}
We denote (H + %)-Hélder left fractional Riemann-Liouville integral operator by

Igfé (L?(Q;v)). In [4], the isomorphism operator K : L?(Q;v) — Ié{ﬁé (L2(Q;v))
is defined as (Kh), = fot k(t, s)hsds, where h € L*(Q;v) and k satisfies (2.2). We
denote K~ as the inverse operator of K. The Cameron-Martin vector field on

is defined as

Ho = {Kh | h is adapted process, h € L?(;v) and (Kh); = 0},
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with scalar product (Kh, Kg)#, = (h, 9)L2(0w) = Eu [fol (he, gt>dt} . For Kh € Hy,
the directional derivative of F' along Kh is

DuF(w) = lim % (F (w+6(Kh)) — F(w)).

The set of all the smooth cylindrical functions on €2 is denoted by
FCO(Q) ={F | F(w) = f(wyy,oywy,), 0 <ty <--- <t, <1,f e C®R"}.
For F € FC> (), the directional derivative of F is

n

DuF () = S UVE, (Kh)e o,
i=1
where VIF = V' f(wy,, -+ ,w, ) is the gradient with respect to the i-th variable of
f. The gradient DF : Q — H; is determined by (DF, Kh)y, = DpF. We denote
the domain of D by Dom(D).

3. Integration by Parts Formula for v

To obtain an integration by parts formula for fractional Brownian bridge mea-
sures, as in [2], we first give a pull back formula for such measures. We need
construct the stochastic integral equation for the flow of (X;)o<¢<1 as follows. For

any r € (—¢,€),
X, (r) :Bf(r)—/o <Xs(r)+/os‘1’(5’“)dX“(T)) %

where B} (r) is defined as B (r) = BE +rj3;, in which 3 is a R"-valued adapted
process.We give the form of 8 in the following pull back formula.

ds, (3.1)

Proposition 3.1. If the solution of (3.1) satisfies
(1) (Xt(r))ogtsl S Q fo'r' anyr,
(2) %Xt('l””r:o exists and (Kh/)t = %Xt(r)‘T:O fOT (h’t)OStgl c LQ(Q;V)’
then
E(1,s)k(t
(LK) .

fsl k(1,u)2du (3.2)

By = (Kh) + /Ot ((Kh)S + /OS \I/(s,u)d(Kh)u)

Proof. Differentiating (3.1) with respect to r at r = 0, we obtain

)

d
dr :_BtH(T)

r=0 dr
t
d
_ Z X,
/ < 4 %0

By Condition 2, we have - X, (r)

r=0

s d k(1,s8)k(t, s)
o —i—/o \I/(s,u)d%Xu(r) r_o) —————2ds

fsl k(1,u)2du
= (Kh);. Then,

r=0
(Kh)y = B — /0 <(Kh)s + /OS \Il(s,u)d(Kh)u> %ds
which yields (3.2). O
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Now we can obtain an integration by parts formula for the fractional Brownian

bridge measure v.
), F € Dom(D) N Fr and Kh € Hy, an integration

Theorem 3.2. For T € (
by parts formula for fractional Brownian bridge measure v is
(3.3)

F/OT ((K7'8.),,dB¢)| = E,[DyF),

E,

where
t
k(1,¢
(K7'B8.)¢ = he + ((Kh)t +/ \If(t,u)d(Kh)u> 1)
0 ft (1,u) 2du
PmOf It is proved in [4] that there is a Brownian motion (B¢)o<i<1 such that

(t,s)dBs. Thus, by Proposition 3.1, we obtain

= K
BtH(r):/Otk(t,s)d (Bs—f—r/os (K7'8), )

>__

We set
t » 2t
pt_exp{_rfo (K15, .dB, 2/0(K 8)’ }

For H > %, by Proposition 3.1, we have
¢ k(1,t
( 15.)t =hs+ ((Kh)t—i—/ U(t,u)d(Kh) ) ( ) (3.4)
0 ft 2du
It follows that
1 ) L, 1 , 1
B. dt§2/ hdt+4/ Kh);d
/0 ( ) o 0 (KR ftl E(1,u)?du
(3.5)
(Jy wt wyd(Kn), ) k2(1,1)
af
0 (f k(l u)2du)?
By the definition of k in (2.2), we have
CH H-1 CH 1
(1—-t)""2 <k(1,t) < “H -z, (3.6)
-1 H— %
Since Kh is H-Holder continuous and (Kh); = 0, there is a constant Cx such
that

1 3

|(Kh)| < Cx(1—t)H (/ hfdt) . (3.7)
0
2duh ds

By the expression of K,
(Kh): =cq / §3 /

—CH// 3 Hy H- u—s) _%hsdsdu
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which implies that
¢ 1 1 3
(Kh); ZCH/ s2 HH=2(t — s)H =2 p ds. (3.8)
0

Suppose that there is a constant C, such that |h| < Cy. By (3.6), (3.7) and (3.8),
we get
9 1

/0 (Kh)tdfl k(l u)2du

<

/
dt
/ ft (1, u2du ‘

tal ft 1 u Qdu

_2H(H — 12C%.c? 4H — 2ok C? / -3 o sa—H (- S)Hf%dsdt
B C%I CH 0 (1=t)"
_2H(H - 5)°Ci G}y AH(H - 3)°CkCRB(H — 5.3 — H)
= 5 + .
¢4y (1—-H)ey
(3.9)
By (2.2), there exists a constant C'y such that
W(t,s) < Cysz H(t—s)2 H(1 — )tz (3.10)

t 1 1w Hal Y1 g H_1 H_3 2
< ( CouZ " (t—uw)2 " (1-1) 5CH/ s2 U T2 (u—s) 5|hs|dsdu)
0 0

t t 1 H 1 H H 1 1 H H 1 H 3 2
:</ </ Couz Mt —u)z2 (1 —t)"T2cygsz a2 (u—s) 7§du> |hs|ds>
0 s
t t 2 t
gchC’E,(l—t)y{“/ st </ (t—u)%’H(u—s)H’%du> ds/ hZds
0 s 0

SC%C’\%B(% —H,H- %)(1 _ )2+ /lhgds.
2—2H N

It follows that

/ (fo d(Kh) ) k2(17t)dt< AH(H — §°C3B(3 —H,H — §)C}
0 (ft k(1,u)2du)2 - (2-2H)?

(3.11)
By (3.5), (3.9) and (3.11), we have that E,[p;] = 1. It is easy to check that

B I (L2(Q; v)). Hence, by [12, Theorem 2],

Hip) = (/ot K(t, s)d (BS " T/os (K78), du>>@§t§1

is a fractional Brownian motion under p;v. Then (X¢(r))o<t<1 and (X¢)o<i<1
have the same distribution under p;v and v respectively. Therefore, for F' =
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f( Xy, ., X)) € FC(Q),
Eplv[f(th (T)v s, Xy, (T))] = Ev[f(tha T 7th)]'

Differentiating above equation with respect to r we have

diTEV[plf(th ()= Xe, (r))]

r=0

f(Xt17 e 7th)
r=0

=_F, {F/()l ((K7'8.), ,dBt>] +E,[D,F] =0.

LX), X0 ()

:EU Eu
+ dr

4
dar P1

y

Thus for adapted bounded process h, we get

E, [F/Ol <(K‘1B.)t,dBt>] =E,[D,F)].

Hence, for F' € Frp,

E, = E,[DyF). (3.12)

T
F [ (K p), a8
0
By (3.5), (3.9) and (3.11), we can easily obtain that (K~13.) € L*(Q;v) for any
adapted process h € L?(Q;v). Therefore, (3.12) holds for any adapted process

h € L*(Q;v). Moreover, since D is a closable operator, the integration by parts
formula (3.12) holds for any F' € Dom(D) N Fr. O

4. Martingale Representation Theorem and
Logarithmic-Sobolev Inequality for v

Inspired by [8] and [11], we first established a martingale representation theo-
rem for v through its integration by parts formula, then we prove a Logarithmic-
Sobolev inequality for v by the martingale representation theorem.

Theorem 4.1. Suppose that F € Dom(D) N Fr, there exists a Fi-predictable
process (M )o<i<1 such that

T
F=E(F+ [ (mdB),
0
where

n =B, [(KlDF)t

T T
—/ <cHtéHsHé(s—t)Hg / 3 (u, s)(KlDF)udu> ds
t s

in which

]—"t], (4.1)

_ ([t s)k0)? L+ U (u,s) .
6(u,s)—</s k{1, w)dw)? d fulku,v)zdv) (1, u).
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Proof. By the definition of Dy F', we have
T
E,[DnF] = E,[(DF, Kh)yx| =E, U <(K1DF)t,ht>dt] . (4.2)
0
By (3.3), we obtain

E,[D,F] =E,

/OT<nt,dBt>/0T<(K15.)t,dBt>

[ on <Kla>t>dt] |

For any j € L2(;v), let j, = (K 1ﬁ.)t. Then

:EU

k(1,s)k(t, s) ds —

(Kh), + /O ((Kh)s—i- 0 \If(s,u)d(Kh)u) T

by (2.3) and (2.4), we have

(Kh), = (Kj); — / o(t, $)d(K j)s,

and Kh € Hy. Thus

== (57 ([t s>d<Kj>s>)t. (4.4

By 4.3) and ( , we get

l K1DF),, ji - <K—1</Op<.,s>d(z<j)s))t>dt]
=E, l/ <77t7Jt>dt]

It is obvious that

| et iyas

_ (O a))k()® L+ W (u,s) et v (e de
7/0 {/ </ k(L wpdw) fulk(l,v)2dv> k(1 u)k(t, u)d }(Kj)sd
YL Ok 1 U (us) ey de L
_/0 o ){/0 </ (f, *(1,w)2dw)? ! fulk(lw)zdv) k(L W) (K7)sd }d

= ([ atomivas) |

t

(4.5)

where

B Y (14 Y(v,8))k(1,v)? Y 1+ P(u,s) "
ou,s) = </s (fvl k(1,w)2dw)? ! ful k(l,v)2d0> Rl u). (46)
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Hence, the left side of (4.5) can be written as

E, VOT ((K™'DF)y, j.) dt /OT <(K‘1DF)t,/Ot5(t, s)(Kj);ds> dt]

T T » N
-E, /0 </S 0(t,s)(K~"DF)dt, (K])S>d51 .
(4.7)

By (3.8), the second term for above equation is

E, /OT </T 5(t,s)(K ' DF)dt, (Kj);> ds]
=E, /OT </ST5(u,s)(K_1DF) du cH/St2 “HGH=3 (s — p)H 2jtdt> ds]
/OT </tT (cHt2 “HgH=2 (s —t)H / 0(u, s) 1DF)udu> ds,jt>dt] )

Then by (4.5) and (4.7), we have

T
-1

_/T <Cth “HgH=3(5 1) *%/ §(u,s)(K~'*DF), du) ds jt>dt]
T
=E, l/o <77t,jt>dt] )

which yields
ne =E, [(K~'DF),

T
—/ <CHt2 -H H 2 5/ 5’(}, S 1DF)udu> ds ]:t‘|
t

Now we can prove a Logarithmic-Sobolev inequality for v by Theorem 4.1.

Theorem 4.2. For F' € Dom(D) N Fr, we have

—E,

T
=E, UO ((K™'DF)y, j,) dt

:]EV

o

T
1E,,[F21nF2]§4<1+ 10 >El, / |(K~'DF)4|?ds| + E,[F?]InE, [F?],
0

2—-2H
where
o 2,C? (chlcq,B(H 13- H)>2 2,02
(2 —2H)*(H - 3)* (2—2H)v2-2H (H - 3)

2

+(CHCQO\I;B( — 53— H)>
V2 —2H ’
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_1 2 -1 .
in which C1 = %, Cy = % and Cy satisfies (3.10).
Proof. Let G = F?. We let G be a right continuous version of E, [G|F;], then by
Theorem 4.1, we have dG; = (0, dBy). By It6 formula, we obtain

_ Llnd* 1|n|?
d(GiIn(Gy)) =(1 + 1In(Gy))dGy + = dt = (1 + In(Gy))ne,dBy) + = dt,

2 Gy 2 Gy
which implies
T, (2
/ |72t dt
o Gt

E,[GInG] - E,[G]InE, [G] = AE,

> . (4.8)

Since DF? = 2FDF,
n: =E, [2F (K~ 'DF),

_/T/u (CHt%*HSH*%(S—t)Hfgcs(U,S)(K’lDF)u) dsdu)

It follows that
me|* <8E, [F?|F] B, [|(K~'DF),|?

T ru
/ / (cHtéstHfé(s—t)hP%(S(u, s)(KﬁlDF)u) dsdu
¢ Je

ft] |

2

+ Fi

<8E, [F*|F]E, {|(K1DF)t|2

+/tT (/tu (et =574 (s — )"~ £5(u, ) ds)Qdu

T
></ (K~'DF),|” du
t

7.

By (3.6), (3.10) and (4.6), for the constants

(H — 3)(2H)? 2H(H — 3)

Cl = W and 02 = W7

we have

u 2
[0(u, )| = / (1 +1\I](U’S))k(1’v) dv — 11+\I]7(u’8) k(1,u)
s () k(1 w)2dw)? JE k(1 v)2dv (4.10)
:Al + A2 + A3 + A4,
where
A = M A - O O uséiH(’U — S)%iH’[}liszvuéfH
1 2_9H ' 2 10w .

=

1 1_ 1_ _
A3=Cg’u,2 H, A4:CQC\1;S2 H(’U,—S)2 Hu H.
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Therefore, by (4.9),
Ime|? <8E, [F?| 7] E, [|(K~'DF),?

T “ 1 1 3 2
+4/ </ (cHﬁ*Hstﬁ(s—t)Hf‘?Al) ds)
t t
“ 1 1 3 2
+ </ (cHﬁ_HsH_f(s - t)H_fAQ) ds)
¢
u 2
+ (/ (cHt%_HsH_%(s - t)H_%Ag) ds)
¢

“ 2 T
([ (et =72 a) as) au [ D)
t t

ft] |
(4.11)
It is obvious that
2,C21-2H

u 2
1 _ g g1 . H-3 <
(/t (cth s7T2(s—t) 2A1) ds) S @ empm = (4.12)
It holds that

chlC\I,B(H 202 H) $1-2H, 1-2H
- 2-2H
(4.13)
We can easily obtain that
u 2 2 2
1_ g H_1 H-3 caCs  1-om
- < = . 4.14
</t (cHt2 s 72(s —t) 2A3) ds) S T- %)2t (4.14)
It is easy to check that
u 2
(/ (CHt%_HSH_%(S - t)H_%A4) ds)
t
“ 3 1 2
= (e CyCy)® 120y 1 =21 </ (s =)= 3(u— s)aHds> (4.15)
t

13 2
= (CHCQC\I}B(H 55~ H)) f1—2H, 1-2H
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By (4.11), (4.12), (4.13), (4.14) and (4.15), we have

T
Im|? <8E, [F?|F] E, ||(K~'DF)| +4Ct1*2H/ y(K*DF)qudu Fi
t

(4.16)
where
oo 3,02 (chlc@B(H_ %,%—H))Q
(2 —2H)2(H — 1)2 (2—-2H)V2 -2H

_|_

0%022 (CHC2C\IJB(H_%7%_H)>
1
Then it holds that

T|77t|2 T T
E, / Zldt| <8 1+4C/ t1=2Hat | B, / |(K~'DF),|*ds
0 G 0 0

t

4C

T
< —1 2
_8(1+72_2H)E,, /O (K-'DF),[2ds

Hence, by (4.8), we obtain a Logarithmic-Sobolev inequality for v as follows

4C

2 2<
E,[F lnF]_4(1+72_2H

T
)Eu / |(K~'DF),|?ds| + E,[F?| InE,[F?].
0
O
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