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ABSTRACT

In the present paper, a study on flow of cholesteric liquid crystals between
two parallel plates using couple stress boundary conditions for the director
has been considered.

It is observed that the increase in thermo-gradient parameter corresponds to
the increase in orientation and the horizontal velocity component while a
decrease in vertical velocity component, thereby affecting the direction of
molecules throughout the flow. The effects of temperature gradients in all the
three perpendicular directions on the flow of the cholesteric liquid crystals
between two parallel plates when the lower plate is at rest and the upper
plate is in the motion have been investigated. For couple stress boundary
conditions with the thermo-gradient parameter in all the three directions, a
solution has been obtained.

Keywords: Cholesteric liquid crystal; couple stress boundary conditions;
director; thermo-gradients parameters

INTRODUCTION

Liquid crystals are highly anisotropic fluids that exist between the boundaries of
solid and liquid phase. Attention has been given to liquid crystal phenomenon
because of their practical applications. Oseen [2] proposed a general theory of
liquid, Frank [3] has provided a simpler derivation of the static part of the Oseen’s
theory and Ericksen [5] reformulated this theory as the theory of anisotropic liquids.
Using the theory of Leslie [4] and Sharma [1], here we have discussed the effect of
temperature gradient on flow of cholesteric liquid crystals between two parallel
plates using couple stress boundary conditions for the director.
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BASIC EQUATIONS

The conservation laws for incompressible cholesteric liquid crystals with director
of unit magnitude takes the form

0, �iiv (2.1)

� � jjiii FDtDv ,��� �� (2.2)

� � jjiiii gGDtdD ,1
22

1 ��� ��� (2.3)

� � � � � � iiiijijijiji qDtDdgDtDdvDtDU ,,, ���� ��� (2.4)

where, DtDandqUgGFv jiiijii ,,,,,,,,, 1 ���� represents the velocity vector,,

the uniform density, the body force per unit mass, the stress tensor, an inertial
constant, the extrinsic director body force per unit mass, the intrinsic director body
force per unit volume, the director stress tensor, the internal energy per unit mass,
the heat flux vector and the material time derivative respectively.

The stress tensor �
ji
, the director stress tensor �

ji
 and the intrinsic director

body force g
i
 are given by the constitutive equations

� � � � jikipjkpikjkijji ddeddFP ����� ~,,, ������� (2.5)

� � kijkjiijji dedFd ���� ����� , (2.6)

� � ijkijkijijii gdedFddg ~
,, ������� ���� (2.7)

here, iji gandFP ~~,,,,, ����  denotes the pressure, Helmholtz free energy per

unit mass, a material coefficient, an arbitrary vector, the director tension, the non-
equilibrium parts of extra stress tensor and extra intrinsic director body force
respectively.

iqpjpqjqpipqikjk

jkikijjjjijikppkji

dTdedTdeddA

ddAAdNdNddAdd
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������
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(2.8)

iqpipqkikii dTdedANg ,~
321 ��� ��� (2.9)

kqkpipqqpipqikkii dAdeKNdeKdTdKTKq 4321 ,, ���� (2.10)

where iii Kand�� , are the material coefficients and
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and the Helmholtz free energy F for  cholesteric liquid crystal

s � � � � � �� �2
,,,42,,3

2
,2

2
,1 )(2 iiijjijkikjijkijkiii ddddddddeddF ������� �������     (2.12)

where i� and � are the material coefficients. In the present problem we have assumed

all the material coefficients to be constant.

STATEMENT OF PROBLEM

We consider the lower plate is at rest while the upper plate is moving with a uniform
velocity along a straight line in its own plane with velocity

22 VUW �� (3.1)

making an angle with the positive direction of x-axis as � �UV1tan ���  (3.2)

where U and V are the components of velocity of upper plate in x and y directions
respectively. We choose a system of right handed Cartesian system (x, y, z) such
that the lower and upper plate occupy the plane z=o and z=h respectively.

We examine solutions of the equations (2.1) to (2.4) in the form

)(

,0),(),(
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zfbyaxT

vzvvzuv

zdzzdzzd

zyx

zyx

���

���

��� �����

(3.3)

where a and b are two distinct constant temperature gradients in x and y direction
respectively, and unknowns are function of z only.

We consider the boundary conditions for orientation, velocity and temperature
in the form

� �
� � �
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FORMATION OF DIFFERENTIAL EQUATIONS

Equation (2.1) is clearly satisfied by the velocity components given by (3.3). In the
absence of external body forces F

i
 and G

i
, (2.2) to (2.4) takes the form

0,0,0 ������
zzzyzx ��� (4.1)

0���
xzx g� (4.2)

0���
yzy g� (4.3)

0���
zzz g� (4.4)

� � 0~~2 ���� zzyzx q���� (4.5)

where fvu ������ ��� ,2,2 (4.6)

and the prime represents the derivative with respect to z.

The general solution of (4.1) is

mlk zzzyzx ��� ��� ,, (4.7)

where k,l,m are constants. Putting the values of zzzyzx ��� ,, from (2.5), (2.8)

calculated with the help of (2.11), (2.12) and (3.3) in (4.7), we get
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In the equation of energy (4.5) the first two terms represent viscous heating
and are quadratic in �, �, �, a, b whereas the last term is linear in these quantities,

hence following Leslie [4], we neglect these to get 0��
zq . Solution of this is

q
z
 = r where r is the constant. Thus,

rbaKKK ����� )sincos)(()cossin)(()( 321 ���������� (4.13)

where,
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Solving the equations (4.8), (4.9) and (4.13) we obtain
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Here,
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Now, putting the values of zyxzzzyzx ggg ,,,,, ���  in (4.2), (4.3), (4.4) and

then eliminating � between them, we get
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SOLUTION OF DIFFERENTIAL EQUATIONS FOR THE COUPLE
STRESS BOUNDARY CONDITIONS AT THE PLATE

Following Sharma [1], the non-dimensional solutions of (4.15), (4.16), (4.17), (4.19),
(4.20) in case of zero couple stress boundary conditions are obtained as

)}2sin()2{cos(sin[
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where A, B, C, D, E, F, G are non-dimensional terms which remains constant
throughout the investigation and are given by

� � � � � � �
� � � �� �
� � � �� � �

},{( )(sin)
})()(sin{

)}2(sin)2(){cos1)()(sin(

)}2(sin)2({cos)sin(

0
222

0

2
00

2
0

0000000

0000000

hBh
hhBUb

zhFzhBhhUb

zhUVzhhBhUkA

a

a

a

��
����

������
������

�
��

����
������

bcB ���

� � � ��
� �� � � �� �
� � � �

� � � �� �
� �

� � )}]2(cos)sin()1){((

)}(sin){()}2(sin)sin()1{(

)()}2(sin)2({cos

)sin()()}2(sin)sin()1){((

)}2(cos)sin()1){(()}(sin){(

)}2(cos)2(){sinsin()(

00000

0
22

00000

000000

00
00000

000000
22

00

000000

zhhBhVb

hBhUbzhhB

hUbbazhUVzh

hBhzhhBhUb

zhhBhVbbahBhUbba

zhUVzhhBhUVklC

a

a

a

a

aa

��
�����

����
����

����

�������

�����
������

�����
�������

���������

����

� � � � � �� �� �BAUklD ������ 64342012 �������� ; � � � �UbE a 0���

baF � ; � � � � � � � �� �213
2

012 ������� ��� aabG

DISCUSSION

For couple stress boundary conditions in all three directions, equation (5.1), (5.2)
determine the velocity distribution, (5.3) and (5.4) the orientation of molecules
between two plates. The effects of thermo-gradient parameter on the orientation of
molecule varies parabolically between two plates, being zero on both the plates
and maximum in the middle of stream while velocity components maximize or
minimize according as the constant coefficient takes negative or positive value.

Note: This paper is a part of Master’s thesis research work.
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