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ABSTRACT

In the present paper, a study on flow of cholesteric liquid crystals between
two parallel plates using couple stress boundary conditions for the director
has been considered.

It is observed that the increase in thermo-gradient parameter corresponds to
the increase in orientation and the horizontal velocity component while a
decrease in vertical velocity component, thereby affecting the direction of
mol ecules throughout the flow. The effects of temperature gradientsin all the
three perpendicular directions on the flow of the cholesteric liquid crystals
between two parallel plates when the lower plate is at rest and the upper
plate is in the motion have been investigated. For couple stress boundary
conditions with the thermo-gradient parameter in all the three directions, a
solution has been obtained.

Keywords: Cholesteric liquid crystal; couple stress boundary conditions;
director; thermo-gradients parameters

INTRODUCTION

Liquid crystals are highly anisotropic fluids that exist between the boundaries of
solid and liquid phase. Attention has been given to liquid crystal phenomenon
because of their practical applications. Oseen [2] proposed a general theory of
liquid, Frank [3] has provided a simpler derivation of the static part of the Oseen’s
theory and Ericksen [5] reformul ated thistheory asthetheory of anisotropic liquids.
Using the theory of Leslie [4] and Sharma [1], here we have discussed the effect of
temperature gradient on flow of cholesteric liquid crystals between two paralle
plates using couple stress boundary conditions for the director.
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BASIC EQUATIONS

The conservation laws for incompressible cholesteric liquid crystals with director
of unit magnitude takes the form

vi; =0 (2.1
,o(DVi /Dt)z pE+oy (2.2
pl(Dzdi /th): PG +0 +7y (2.3

p(DU/Dt)= o,V ; +7;(Dd,, /Dt)-g,(Dd,/Dt)-q,;  (2.4)

i,

where, \7, o F,0i,0,G,0,7;,U ,aand D/ Dt represents the velocity vector,

the uniform density, the body force per unit mass, the stress tensor, an inertial
constant, the extrinsic director body force per unit mass, theintrinsic director body
force per unit volume, the director stress tensor, the internal energy per unit mass,
the heat flux vector and the material time derivative respectively.

The stress tensor o, the director stress tensor o, and the intrinsic director
body force g, are given by the constitutive equations

o, =—Ps; - ploF/ad, ), +aey,(d,d, ) +5, (2.5)
7y = B4, + ploF/od, | )+ a gy d, (2.6)
g = _,Bjdi,j _P(aF/adi)_aeijkdk,j +0, (2.7)

here, P, F,a,,Z’,;/,Eji and g, denotes the pressure, Helmholtz free energy per

unit mass, a material coefficient, an arbitrary vector, the director tension, the non-
equilibrium parts of extra stress tensor and extra intrinsic director body force
respectively.

Eji =/uldkdpAkpdidj +ﬂzNidj +#3dej +ﬂ4A1j +/uSA1kdkdj +

HeA A i + 17€0,d T dj + 1g€y,d T, 0

(2.8)

g, = 4N, + A4,Ad, + A,e,d T, d (2.9

q, = KT, +K,d, T, d +K,e,d, N, +K,e,d, A, d, (210

where z,, 4, and K, are the material coefficients and
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2AJ. =V, +V;;

AWy =V =V (2.11)
N; = (Ddi/Dt)_Wijdj

and the Helmholtz free energy F for cholesteric liquid crystal
S20F =, (d,, F +a,(c+ d g0y F +pdd dy d + (e, +au)ld, d, —(d, P (212)
where ¢; and T arethematerial coefficients. Inthe present problem we have assumed
all the material coefficients to be constant.

STATEMENT OF PROBLEM

We consider the lower plateisat rest whilethe upper plateis moving with a uniform
velocity along a straight linein its own plane with velocity

W =U?+V?2 (3.1)

making an angle with the positive direction of x-axis as¢g = tanfl(v/u) (3.2
where U and V are the components of velocity of upper platein x and y directions

respectively. We choose a system of right handed Cartesian system (x, y, z) such
that the lower and upper plate occupy the plane z=0 and z=h respectivdly.

We examine solutions of the equations (2.1) to (2.4) in the form

d, = cosé(z) cosg(z),d, = cosd(z)sn¢(2),d, =sn (2)
v, =u(2),v, =Vv(2),v, =0, (3.3)
T=ax+by+ f(2)

where a and b are two distinct constant temperature gradients in x and y direction
respectively, and unknowns are function of z only.

We consider the boundary conditions for orientation, velocity and temperature
in the form

{9 =0p=1,(z-2,)atz= 0}
(3.4

0=0,¢=r,(z—2,)atz=h

u=0;v=20;at z=20
u=U: ;v=V ;a z=h (3'5)
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f =T,;, a z =0
f =T,; aa z = h (36)
FORMATION OF DIFFERENTIAL EQUATIONS

Equation (2.1) is clearly satisfied by the velocity components given by (3.3). In the
absence of external body forces F, and G, (2.2) to (2.4) takes the form

! ! !

o, =0,0, =0,0, =0 (4.2)

Tp 0,20 (42

z, +9,=0 (4.3)

%, +9,=0 (4.4)

2A5,£+6,m)-0, =0 (45)

where 2Z=U, 2n=V, =1’ (4.6)

and the prime represents the derivative with respect to z.

The general solution of (4.1) is

o, =kK,o, =l,0,=m 4.7)

where k,I,m are constants. Putting the values of o, ,0, , 0, from (2.5), (2.8)
calculated with the help of (2.11), (2.12) and (3.3) in (4.7), we get

{H.(0) + H,(6)cos? g J¢ + H, (@) Sin g cos ¢ + H,(0)¢ sin ¢ — H ;a(0) sin ¢ cos ¢ —
b{H,(0) - H,(0)cos? ¢} = k (4.8)
{H,(0)ésingcos g}+ {H,(0) + H,(0)sin? ¢ Jy + afH ,(6) — H4(0)sin? ¢}
—H,(8)S cos ¢ + bH ;a(@)sin g cos ¢ = | (4'9)
p=a,rcos’0(p')-m-F,(0)(0') - F,(0)(¢') +

H,(0)(£ cosg +nsin g {H,(0) + H,(0) {bcosg — asin ¢} (4.10)
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H.(0) = uy + (us — 1) 8N ‘0
H,(0) = (2/"15in29+,u3+/“6)0052‘9
H,(0) = u,sin 6 cos o
H,(0)=pu,sn?o
H5(9)=,u80052¢9
He(0)= (2u,SN%0 + 1, + py+ pg + pg)sin 0 cos @
H,(8) = g sin 6 cos (4.11)
H5(9)=,u80052¢9
He(0)= (2u,SN%0 + 1, + gy + pg + pg)sin 0 cos @
H.(0) = ugysSin @cos @
F (0) =a,c0s’0 +a,sin?0
2 P2 2 (4.12)

F,(0)=(a,c0s“8 +a,sin”g)cos” o

In the equation of energy (4.5) the first two terms represent viscous heating
and are quadratic in g, £, 1, & b whereasthe last term islinear in these quantities,
hence following Leslie [4], we neglect these to get qZ’ = 0. Solution of this is
g, = r wherer is the constant. Thus,

K, (0)¢ + K, (8)(Esng—ncosg) + K, (@) (acosg+Dbsing) =1 (4.13)
where,
K,(0) =k, +k,sin’*6

K,(0)=(k; —k,)singcos@

(4.14)
K;(0) =k,singcoso

Solving the equations (4.8), (4.9) and (4.13) we obtain

£ = asingcosg{G, (0) + G, (0)}]+ b{G, (6)sin? ¢ — G, (0) cos? ¢+
k{G, (0) — G4 (0) Sin® $}— 1 Sin ¢ COS ¢G4 () — 1 SiN #G¢ (6)

1 =alG,(0)sin? ¢ — G, (0) cos? ¢} bsin ¢ cos #{G, (6) + G, (6) } +
1{G, () - G, (8)Sin® ¢} — ksin ¢ cOs gG (6) + I COS ¢G, (0)

(4.15)

(4.16)

¢ =—{acosg +bsing|G,(0) - {ksing —100s¢|G,(0) +rG,(8)  (4.17)
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Here,

G,(0) ={H5(0)—H,(0)}/{H,(6) +H,(6)}

G,(6) = {H,(O)K,(0) + H3 (O)K,(9)}/{H,(O)K, (6) - H, (0)K,(6)}

G, (6) = {H,(O)K4(6) + H, (0)K, (9)}/{H,(O)K, (6) - H, (9)K, (6)}

G,(0) =Y(H,(6)+H,(9))

G5 (6) ={H,(O)K,(6)+H;(0)K, (0)}/{H, (6) +H, (O){H, (O)K, (6) - H; (9)K, ()}
G, (0) = H4(0)/ (H, (0K, (6) —H,(9)K, (0)}

G,(0) =K, (0)/{H,(O)K,(6) —H,(0)K,(6)}

Gy (0) = K;(0)/{H,(0)K,(6)—H,(0)K, (6))

Gy(0) = H,(0)/{H, (0)K,(6)—H4 ()K, (6)}

(4.18)

Now, putting the values of 7, 7,,7,,9,,9,,9, in (4.2), (4.3), (4.4) ad
then eiminating y between them, we get

d’% d do)’ d dg\ . do
2F(0)—+—F,0) — | —F,(0) —~ | —4a,7Sin@cosf—
10 2 g Pl )( dz) do 2 )(dz) 2” "

dz (4,19
2(A, + A, 00820)(& cosO +nSing) —24,(asing —bcosg) =0
d’s d deo dg . de

(A4 —A,)(&Esing —n cosg)singcosd + A, Sing cosd(acosg +bsing) =0

SOLUTION OF DIFFERENTIAL EQUATIONS FOR THE COUPLE
STRESSBOUNDARY CONDITIONSAT THE PLATE

Following Sharma[1], the non-dimensional solutions of (4.15), (4.16), (4.17), (4.19),
(4.20) in case of zero couple stress boundary conditions are obtained as

u/U = Ald - Bsind{cos(d — 27,z,) + Csin(d — 27,2,)}] +
E[d +sind{cos(d — 2z,2,) - F sin(d — 2r,2,)} (5.1)

vV = AUV )[Cd + Bsind{cos(d — 27,2,) —sin(d — 2z,2,)} ]+
E(U/V |Fd —sind{cos(d — 2r,2,) + sin(d — 27,2,)}] (5-2)

¢ =d 17,2, +Qhd{(d/(z,h))-1(,/7,)-1} ,Q=2,/(22,h)  (5.3)
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}Si n{(roh)/Z}{Si n(To (h- 220)/2) -C COS(TO (h- 220)/2)} _:| _

fsin{(d - 27,2,)/2}~ Ccos{(d - 27,2,)/2}}

G{{ol/(roh fsin{(rh)/2}{sin(z, (h—22,)/2) + F cos(r, (h~22,)/2)} —} (5.4)
sin(d/2){sin{(d - 2z,2,)/2} + F cos{(d - 27,2,)/2}}

whee A, B, C, D, E, F, G are non-dimensional terms which remains constant
throughout the investigation and are given by

A= (ku, )/(zU ) = [zoh + Bsin(z5h){ cos 7, (h - 22;) + (V /U )sin 7, (h - 22,)}
{(bu, )/ (zV )sin(zoh)(zoh)(L+ B){ cos z,(h - 22,) — F sin 7, (h - 22,)}

o Ve BSC+ 3 e gy,

B=u./u,

C=1/k=[(V/U )z,h) + Bsin(z,h){sinz, (h—2z,) - (V/U)cosz, (h—22,)} -
(a/b}bu, /7oU K (7,1)? + Bsin? (zoh)} ~(a/b}oss, / 7oV {(7oh){ A+ B)sin(zoh) cos 7, (h—22,)}
+{bu, /U (z,h){ L+ B) sin(z,h) sinz, (h—22,)}] /ﬁroh) +Bsin(z,h)
{cos7,(h—22)) +(V/U)sinz, (h—22,)} ~(a/b){bu, /7 }(zh)
{(@+B)sin(z,h) sinz, (h—2z,)} +{bz, /7,U { (z,h) 2 + Bsin? (7,h)} +
{bu, | 7oV Yz ,h){ L+ B) sin(z,h) cosz, (h—22,)}]

D=K = (ZIUAU )/(alro)[{(,uz + ,u4)/,u3 TH, T ,LIE}— B]; E= (b/la)/(rou)
F= a/b; G= (Zbﬂa)/(alz-oz )[(13/,“5\)_ (ﬂl +4, )]

DISCUSSION

For couple stress boundary conditions in all three directions, equation (5.1), (5.2)
determine the velocity distribution, (5.3) and (5.4) the orientation of molecules
between two plates. The effects of thermo-gradient parameter on the orientation of
molecule varies parabolically between two plates, being zero on baoth the plates
and maximum in the middle of stream while velocity components maximize or
minimize according as the constant coefficient takes negative or positive value.

Note: This paper is a part of Master’s thesis research work.
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["==am1 '|

—=gy=1 -l-u-u—J

L=t ]
a = E Z | ] E X 3 i

B 3 4 b 4 8 kB 3 a
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