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DECOMPOSITION THEOREM IN FUZZY
CONE NORMED LINEAR SPACE

Abstract: In this paper, idea of generating space of quasi cone norm
family is introduced. Decomposition theorem of a fuzzy cone norm into a
family of cone norms is established and study some properties related to this

theorem.
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1. INTRODUCTION

L. A. Zadeh [16] introduced the concept of fuzzy sets in 1965. After that, several
authors develop many results of analysis, topology, algebra etc. in fuzzy setting.
The concept of fuzzy norm was first introduced by A.K.Katsaras [9] in 1984. Based
on the concept of fuzzy metric space given by Kaleva and Seikkala[8], in 1992,
Felbin [7] introduced the notion of fuzzy normed linear space and discussed the
completeness of a finite dimensional fuzzy normed linear space. After that, several
authors try to develop these concept of fuzzy norm in different ways (please see [2],
[5], [15]). With these notions of fuzzy norm, fuzzy analogous of several classical
concepts of normed linear spaces have been established.

On the other hand, Huang and Zhang [11] introduced the notion of cone metric
space as a generalization of metric space. Following the concept of cone, many
authors have generalized the concept of fuzzy metric and fuzzy norm in cone setting
(please see [3], [4], [13], [14]). The aim of the present paper is to established the
decomposition theorem for fuzzy cone normed linear space and to study some
important results in connection with the decomposition of fuzzy cone norm into a
family of crisp cone norm.

The organisation of the paper is as follows:

In section 2, some preliminaries and essential concepts for the study are stated.
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In section 3, generating space of quasi cone norm family is introduced and
decomposition theorem for fuzzy cone normed linear space and some important
results are established.

2. PRELIMINARIES

Definition 2.1. [11] Let E be a real Banach space and P be a subset of E.P is called
a cone if and only if:

(i) Pisclosed, non-empty and P # {0, };

(i) a,beR;a,b>0,x,ye P= ax+by e P;

(iii) xe Pand—x e P=>x=0,.

Given a cone P c E, we define a partial ordering < with respect to P by x < y iff

y—x € P. We shall write x < y to indicate that x < y but x # y while x <<y will stand
for y — x € IntP, where IntP denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that for all x, y € E,
with 0, < x <y implies || x || < K| y ||.
The least positive number satisfying above is called the normal constant of P.

The cone P is called regular if every increasing sequence which is bounded from
above is convergent. That is if {x } is a sequence in E such that

X SE S Sy

for some y € E, then there is x € E such that ||x —x || = 0 as n — . Equivalently,
the cone P is regular if every decreasing sequence is bounded below is convergent.
It is clear that a regular cone is a normal cone.

Definition 2.2. [6] The cone P is called strongly minihedral if every subset of E
which is bounded above via the partial ordering obtained by P, must have a least
upper bound. Hence, every subset which is bounded below must have greatest lower
bound.

Lemma 2.3. [1] Every strongly minihedral normal cone is regular.

Definition 2.4. [10] A binary operation * : [0,1]x[0,1] — [0,1] is a t-norm if it
satisfies the following conditions:

(1) =*1is associative and commutative;
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2) a*1=aVace]l0,1];
(3) a*b<c*dwhenevera<candb<dforeacha,b,c, de]0,1].

If * is continuous then it is called continuous t-norm. The following are examples
of some t-norms that are frequently used and defined for all a, b € [0, 1].

(i) Standard intersection: a * b = min(a, b).
(i) Algebraic product: a * b = ab.
(iii)) Bounded difference: a * b = max(0, a + b-1).

(iv) Drastic intersection:

a forb=1
a*b=3b fora=1
0 otherwise.

Definition 2.5. [12] Let V be a vector space over the field R. The mapping
| ||.: V— Eis said to be a cone norm if it satisfies the following conditions:

i |x],26,vxeV;

(i) [|x[|,=0,iffx=0;

(i) [|x[|,=al[x|| Vxe V,a e R;
@) [lx+ylllxll+ 1yl ¥ xyeV.

Then || || is called a cone norm on Vand (V, || || ) is called a cone normed linear
space.

Definition 2.6. [14] Let X be a linear space over the field K and E be a real
Banach space with cone P, * is a t-norm. A fuzzy subset N : X X E — [0,1] is said to
be a fuzzy cone norm if

(FCN1) Vt € Ewitht <0, N_(x,7)=0;

(FCN2) (V O, <1, N_(x,1)=1)iff x=0,;

t

(FCN3)V 0, < t,and 0# c € K, N_(cx, 1) = N.(ex, )= N, [X,m];

(FCN4) Vx,y e Xand s, t € E,N_(x+y,s+1)2N_(x,s) *N_(y,1);
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(FCN5) |lim N.(x,t)=1.

Il

Then (X, N, *) is said to be a fuzzy cone normed linear space w.r.t E.

3. DECOMPOSITION THEOREM IN FUZZY CONE NORMED
LINEAR SPACE

In this section we introduce generating space of quasi cone norm family and establish
a decomposition theorem for fuzzy cone norm into crisp cone norm family by taking
t-norm * as A (min) and studied some results.

Definition 3.1. Let X be a real linear space and E be a real Banach space. Let
0={| |w: o € (0,1)} be a family of mappings from Vinto E. Then (X, Q) is called a
generating space of quasi cone norm family if following conditions are satisfied,

(ON. 1) |xl,) =6, Vo e (0,1)iff x=6,;
(ON, 2) |kx| = [k| |x|., Vx € X, Vo € (0, 1) and k € R;
(ON_ 3) for any a € (0, 1), 3 Be (0, o] such that
b+ 3l =< g+ Dl Ve y e X
(ON_4) for any x € X, |x|w is non-increasing w.r.t. o € (0,1).

Theorem 3.2. Let (X, N, *) be a fuzzy cone normed linear space with strongly
minihedral cone P and assume that * is lower semi continuous. For a € (0,1), define
Kl =nlt =6, N (x,n=21-0a}and Q ={ || :a e (0, D} Then (X, Q)isa
generating space of quasi cone norm family.

Proof: (i) ||, =A{r=0,:N (x,) 21 -a}

Ifx=6,.Then N (x,/)= 1V 1> 6, by (FCN2)

=N (x,n21-aVit> 0 andV a €(0,1).

= |, =0, Va € (0, 1).

Conversely, suppose |x|_, =6,V o €(0,1).

=>A{t=0,:N (x,)>21-a}=0,_Va e (0,1).

= foranye > 0,A{r=0_:N (x,)21-0a} <eVae (0,1).
= N, (x,¢) 21 -aVoae (0,1).
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=N (x,e)=1Ve>0,.

=>x=0,.

(i) Letx e Xand k € R, k#0;

Then |kx|c,a=/\{t>— 0,:N (kx,n>1-a}

_ /\{|k|-ﬁ -0, :Nc[x,ﬁjzl—a}
=k A{s=0,:N (x,9)21-a} =[x, Vo e(,l).
(ii1) Since * is lower semi continuous, for any a € (0,1), 3 B € (0, a] such that
A-p=A-p=1-o.
Now, |)c|c,B + |y|c,B =As=0,:N (x,5)21-B}+A{t =0, N (y,0)=>1-B}
PAs+1=0,:N (x,)=21-B,N_(y,0) 21~}
PAs+t =0, N (x+y,s+0)=21-p)*(1-P)}
PAs+t=0,:N (x+y,s+1)21-a}
=+,
Thus for each a € (0,1), 3 B € (0, o] such that
e+, < Kl + Dl vy € X
(iv) Leta,, o, € (0,1) and o, > a1, . So, 1 —a < 1-aL,.
Now for x € X we have,
{s=0,:N (x,9)=21-0a,}c{s>0,:N (x,5)>1-a,}
DA =0, N (x,9)=21-0,} =A{s =0, :N (x,5)21 -0}
= .o 7 .o
Thus Q ={][|_, : a € (0,1)} is non-increasing.
Hence (X, Q) is a generating space of quasi cone norm family.

Theorem 3.3. Let (X, N, *) be a FCNLS with strongly minihedral cone P
where * = min.

Assume that (FCN6) N_(x,1) >0V s> 0,= x=0,.
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Define || x ||m:/\{t =0, N (x,)=a},a e (0,1).

Then {||||, . o € (0,1)} is an ascending family of cone norms on X. We call these
a-cone norms corresponding to the fuzzy cone norm N .

Proof: (i) Vx € X, N.(x,t) =0 fort < g

=> Mt >0g: N(x,t) > a} > 6
=1l x lleq = 6 Va € (0,1).

(i) Il x ll. o= g

> A{t>0;:N.(x,t) = a} =0

=>Vt>0g N.(x,t) Za>0

= x = Oy by (FCN6)

Conversely, x =0,

= N.(x,t) =1, Vt >0

>Va€ (01), A{t>0;:N.(x,t)=a}=0g
=l xllcq=0r Vace (0,1)

(iii) If k # 0.

Then || kx lloq= A{s > 6 : N.(kx,s) = a}

=A{s > 0 Nc(x,fﬂ)zfx}

=A{|k|t > 0 : N.(x,t) = a}

=|k| A{t > 0 : N.(x,t) = a}

=kl ll x ll., ¥V a€(0,1).

If k=0. Then || kx llq =l O llea =0 =0l X ll.q = k| 1 x ll.e V@€ (0,1).
V) Txllge +M1yllcq

=A{t>0g:N.(x,t) =a}+ AN{s>0;:N.(y,s) = a}
=A{t+5s>0:N.(x,t) =2a, N.(y,5)=a}
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=Nr>0g:N.(x+y1r)=min{N.(x,t),N:(y,s)} = a}
=l x+yl.q

Slx+yllcaslxllee +1Ylleq

(v) Now taking 0 < o, < @,

Il x llgq,= A{t>0g:N(x,t) = ay}

I llgq,= A{t>0g: N(x,t) = ay}

Since 0 <o, <a,

{t>0g:N.(x,t) Za}c{t>0g:N.(x,t) =}

Mt >0g:N.(x,t) = a} = AN{t>05:N.(x,t) = a,}
2 xllge, < x e,

Thus {II lee @€ (0,1)} is an ascending family of cone norms on X.

Theorem 3.4. Let {|| leo @€ (0,1)} be an ascending family of cone norms on

X, and P be strongly minihedral normal cone with normal constant K. Now define a

function,

N/: XXE —[0,1] as

N(x,t) =V{a € (0,1) : Il x I, < t}when (x,t) # (0x,6%)
=0 when (x,t) = (0%, 0¢)

Then N/ is a fuzzy cone norm on X and (X, N, *) is a fuzzy cone normed linear

space where * = min.
Proof:
(FCN1) V t € E with t < 6, we have
N, t) =Viee 0,1l xll,, <t} =0Vx€EX.
(since {a € (0,1): I x ll,o < t} = @ when t < )
Fort=0,and #0,. {a e (O,1):| x| <t} =0
= N/(x,t) = 0.
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Whent=0,_and=0,. N (x, ) = 0. (by definition)

(FCN2) Let N'(x,) =1V 1>~ 0,

Choose any € € (0,1).

Then for any 7 - 6, there exists o, € (¢, 1) such that || x ||, < 7and hence
I llge < t.

Since t > O is arbitrary, | x l,.= 0 = x = 0.

If x=64.ThenVt > 0

Ni(x,t) =V{a € (0,1) : 1 Ox ll.o S t} =V{e € (0,1): € (0,1)} = 1.
(FCN3) V t > 6

NZGex, ) = Vi € (0,1) ¢ I kx g < 8]

=V{a € (0,1 : k|l xllcq <t}
=V{a € (0,1) :ll x ll 0 < ﬁ}

=N/ (x,%) Vx € X.

(FCN4) We can consider four cases.

(i) s <0, t< 6g

(i) s <6, O <t

(iii) s < 0g,t = O

In the above cases the (FCN4) holds. Now we consider the case
(iv) B <s, 0 <t

Let p = N/(x,s),q = N/(y,t) and p < q.

If p =0, g = 0 then obviously (FCN4) holds.

LetO<r<p<g.

Then there exists o > r such that || x [|_, < s and there exists B > r such that
lylleg <t

Lety=aAB>r
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Therefore, | X llc, SN xllcqe <s and I ylle, SNy llep <t
Now, [ x+yllcy Sl xllcy +Myll,<s+t
=>N(@x+ys+t)y=zy>r.
Since 0< r < v is arbitrary, thus
Ni(x +y,s+t) = p =min {N/(x,s), N.(y, t)}
Similarly if p > g, then the relation holds.
(FCNS) Letx € X, a € (0,1).
N, t) =V{a e (0,1) : 1 x llgq <t}

<V{e € (0,1 : Ml x llgell <K Nt}
(P is a normal cone with normal constant K)
(| || is @ norm on E)
Then as || ¢ || > oo,

Ni(x,t) =V{a € (0,1) : a € (0,1)} =1 (since it holds for all « € (0,1))

Therefore, im Ni(x,t) = 1.

It —co
Note 3.5. N/(x,t) (x, t) is non-decreasing function of E.
1 Ift; <t, < O, N.(x,t;) =Ni(x,t;) =0 Vx € X.
(i) B < t; <t,,then
{aeO):lxllee Sti}c{a€0D):llxll.q =<t}
SVI{ae (0D lxlle <t 3<V{a€(01):llxlloq <t}
= No(x,t) < Ni(x, t).

Proposition 3.6. Between any two elements u, v of E satisfying u < v there
exists w € E such thatu < w < v.

Proof: Suppose u, v € E such that u < v.

u+v

Lethuzﬁ.Thenv—w = v—T—vz;uEP. (sincev —u € P and %> 0)
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Thereforev —w € P,

i.e, w<w.

In a similar way it can be proved u < w.
Thereforeu < w < v.

Definition 3.7. N.(x,.) is said to be upper semi-continuous at ¢ € E if for any
€>0,38 >0gsuchthatforalltinE,withc—6d<t<c+§
N.(x,t) < N.(x,c) + €.

Definition 3.8. Let X be a linear space and N, be a fuzzy cone norm on X.

We define
li{rtl N.(x,s) =1 if forevery € > 0, 3 ¢ > 6 such that |[N.(x,s) — l| < € whenever
S

t< s <t + c.

and li%‘rtl N.(x,s) =q ifforevery e > 0, 3d > 6 suchthat [N.(x,s) —q| <€

N
whenevert —d < s <t
We denote li}rtl Nc(x,8) by Ne(x,t +) or N, (x,t) and li%rtl N.(x,8) by N.(x,t =) or
N S
N. (x1).

Definition 3.9. Let X be a linear space and N, , N., be two fuzzy cone norms
on X. Then N. and N, are said to be equipotent if N (x,t+) = N, (x,t+)
and N, (x,t—) = N, (x,t—=)Vx €X, Vt €EE.

Theorem 3.10. Let X be a linear space and N, , N, be two fuzzy cone norm on X with a
strongly minihedral cone P satisfying (FCN6) and any two elements of P are
comparable..

ThenVx €X, Vt€E N (x,t+)= N, (x,t+)and N, (x,t—) = N, (x, t—) iff

hxlle o=l xlc,q ¥Ya€(0,1), wherellll, andll I, denote the corresponding
a-cone norms of N, and N, respectively.

Proof: First suppose Il x lle, o=/l X ll, o V a € (0,1).

If possible for some ty € E, N, (x,ty+) # N, (x,to+)

Without loss of generality, we assume N, (x,t, +) < N, (x, to+).
Thenfor to <t <ty +€ (e > 0g), N (x,t) <N(x1t).

Choose 8 such that N, (x,t) < < N, (x,t). (3.10.1)
Note that,
I x ey o= A{t>6;: N, (x,t) =a}, a€(01). (3.10.2)

I x lle, o= A{t>0g: N, (x,t) =a}, a€(01). (3.10.3)
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Using (3.10.1), (3.10.2) and (3.10.3) We have,

lxlle,pg<to, Il xllc, g Zty+ €>tywhichisa contradiction to the hypothesis.
Therefore, N (x,t+) = N, (x,t +) Vt € E.

Similarly, N (x,t—=) =N, (x,t =) Vt €EE.

Conversely suppose that N (x,t +) = N, (x,t +), N, (x,t—) = N, (x,t —)
holdVt €EE.

We have to show that | x llc, o=l x llc,» ¥V @ € (0,1).

If possible 3 @y € (0,1) such that ll x llc, o, # Il X llc,q, -

Without loss of generality, we assume || x ll¢, o, < | X ll¢, o, ( since every element
of P are comparable.)

Choose ty, ty, t3 suchthat || x llc, o < t3 < t; < &3 <l X ll¢, (3.10.4)
Using (3.10.2) and (3.10.3), we have
N (x,t1) < ag, N, (x,t3) = ag (3.10.5)

Now from (3.10.4) and (3.10.5),

N, (x,ty; +) < N (x,t) <ap, Ng,(x,t, =) = N, (x,t3) = a.
Combining the above two results, we have

Ncl(x, t, +) <ap < N, (x,t;—) < N, (x,t; +).

= N, (x,t; +) < N, (x,t, +) a contradiction to the assumption.
Thus Il x ll¢, o=Il x ll¢, e ¥V a € (0,1).

Theorem 3.11. Let (X, N.,*) be a fuzzy cone normed linear space where
* = min with a strongly minihedral normal cone P with normal constant K
satisfying (FCN6) and || Il , denotes the a-cone normof N, 0 < a < 1.
Let
N:(x, t) =V{a € (0,1) : Il x ll; o < t}when (x,t) # (by,0%)

=0 when (x,t) = (8, 65)
Then N/ is a fuzzy cone norm on X and N, and N/ are equipotent.

Proof: Similar to Theorem 3.4, N/ is a fuzzy cone norm on X.

We have, || x o= A{t >0 : N.(x,t) =2 a}, «€ (0,1). (3.11.1)
Now we have to show that,

N.(x,t =) = N.(x,t —) and N.(x,t+) =N.(x,t +)Vx€X, VtEE.

If possible for some t, € E, N/(x,ty+) # N.(x,ty +).

Without loss of generality, we assume N.(x,t, +) < N/(x,t, +).

Thenfor ty, <t <ty+e€ (6 >0g), N.(x,t) < Ni(x,t).

Choose f8 such that N.(x,t) < B < N/(x,t).
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Now for ty <t <ty+e (€ > 8g), Ne(x,t) <B =l xl.p > to (using (3.11.1))
andfor ty <t <ty+e (e >0g), Ni(x,t) >p =l xlcp < to (using definition
of N/).

Thus we arrive at a contradiction.

Therefore N/(x,t +) = N.(x,t +)Vx€X, VtEE.

Similarly, we can verify that N.(x,t =) = N.(x,t -)Vx € X, Vt€EE.

Hence N, and N, are equipotent.

Lemma 3.12. Let (X, N.,*) be a fuzzy cone normed linear space where * = min
with a strongly minihedral normal cone P with normal constant K satisfying (FCN6),
xo(# Ox) and |l Il o, denotes the a-cone normof N,0 < a < 1.

Then

(1) If N.(x,,.) is upper semicontinuous and if for 65 < ty, N.(xq,ts) = o € (0,1)
then N, (xo, | %o llcq,) = @o-

(2) If N.(x,,.) is continuous, then for any a € (0,1), Nc(xo, Il x IIC,a) =a.

(3) If N.(x,,.) is continuous and strictly increasing for 65 < t, then

Ne(xg,t) = a Sl xg llc o= t.

Proof:
(DI xg llgag= A{t > 0g : Ne(xo, 1) = agl, (3.12.1)
Since N.(xo,ty) = ao, we get from (i), Il xq ll¢q, < to (3.12.2)

Since N.(xo,.) is non-decreasing, we have from (3.12.2),

@y = Nc(xo,t0) = Ne(x0, Il X0 l¢,)

i.e, No(xo, I %0 lleyay) < @ (3.12.3)
If possible, Nc(xo, Il xq ”c,ao) < ay.

Then by the upper semi continuity of N.(xo,.) , 3 t" >l X Il ¢, Such that
N.(xp, t") < .

Then |l xo llgou= At > g : Ne(xo, t) = o} = t' > |l X llcq,- a contradiction.
Thus N, (xo, Il X0 llc.gy) = o

(2) Since N,(x,,.) is continuous and non-decreasingi.e, Oy < t; <t, =
N.(x,t;) < N.(x,t,), foreach a € (0,1), 3t > 6 such that N.(x,,t) = a.
Then by (1), the proof follows.

(3) Let N.(x0, t) = a, then by (1) Nc(xo, Il xq IIC,a) = a.

Since N (x0,t) = a, ll xo lloq < t.

If Il %o lee< ¢, then Ny (xo, Il X0 llcq) = @ < Ne(xo,t) = .

(since N.(xg,.) is strictly increasing )

which is a contradiction.

Thus |l xg ll¢c,e=t.

Conversely, Let || x4 ll. o= t.
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Since N,(x,.) is continuous, by (2) for any a € (0,1), Nc(xo, Il xo IIC,a) = a.
= N.(x0,t) = a.

(FCN7). for x # 8y, N.(x,.) is a continuous function of E and strictly
increasing on subset {t € E : 0 < N.(x,t) < 1}.
Theorem 3.13. Let (X, N,,*) be a fuzzy cone normed linear space where
* = min with a strongly minihedral normal cone P with normal constant K
satisfying (FCN6) and (FCN7) and any two elements of P are comparable.
Define ll x ll.q= A{t > 6z : N.(x,t) > a}, a € (0,1)and N, : X XE — [0,1] as
Ni(x,t) =V{a € (01) : ll x ll. o <t}when (x,t) # (0x,0g)

=0 when (x,t) = (Oy, 0g).
Then
(1) {l ;e a € (0,1)}isan ascending family of a -cone norms on X.
(2) N/ is a fuzzy cone norm on X.
(3) N; = N,.

Proof: Results (1) and (2) are followed from Theorem 3.3 and Theorem 3.4.
(3) Let (xg,tg) € X X E and N.(xg, tg) = ay.

Casel. xg = 0Oy, ty, < 0.

N (xg,tg) = Ne(xp, tg) =0

Case Il. Xog = ex, to > HE'
N (xg,tg) = Ne(xg, tp) = 1.

Case lll. xy # Oy, t; < 5.
Nc(xo, to) - Ncl(xo, to) == 0.

Case IV. x, # 8y, ty > 0 such that N.(x,,t,) = 0.
We have |l xg llco= A{t > 0 : N.(xo,t) = a},
By Lemma 3.12(2) , We have Nc(xo, Il xo IIC,a) =a Va € (0,1).
Since N.(xy,ty) = 0 < a, it follows that ty <Il x ll¢ 4, Va € (0,1)
So, Ni(xp,t) = V{a € (0,1) : Il xp o< to}

=0
Thus, N.(xg, ty) = N/ (x, to).

Case V. xo # Oy, t, > O such that 0 < N.(x,,ty) < 1.

Let N.(xg,ty) = ag-Then 0 < ay < 1.

Now N;(x,t) = V{a € (0,1) : Il x ll. o< t} when (x,t) # (By,0r) (3.13.1)
I xlleq= A{t >0 :N.(x,t) > a}, a€ (0,1) (3.13.2)
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Since N.(xg, ty) = ay.

We have from (3.13.2)

Il o llc,a < to- (3.13.3)
Using (3.13.3) we have

Ni(xo, to) = ag

= N (xg,to) = N.(xg, to). (3.13.4)
From Lemma 3.12(3), we have |l xq ll¢q,= to.

Forag <a <1, Lletllxglloq=1t"

Thent, < t'.

By Lemma 3.12(3) N.(x,, t") = a.

So, N.(xg,t") = a > ay = N.(xg, ty).

Since N (xy,.) is non-decreasing and any two elements of P are comparable, so

to < t'.
Soforay <a <1, Il xg ll.o=t" <ty does not hold.
Hence N/(x,, ty) < ay = N.(x,, tg) (3.13.5)

From (3.13.4) and (3.13.5), N.(xg,to) = N.(xq, to)-

Theorem 3.14. Let (X, N_,*) be a fuzzy cone normed linear space where * = min
with a strongly minihedral normal cone P with normal constant K satisfying (FCN6)
and (FCN7) and {ll ll.o , a € (0,1)} be the family of corresponding a-cone norms of
N, on X defined by

Il x llgq= A{t>0g:NA(x,t) > a}, a €(0,1).

Then for any increasing (or decreasing) sequence {a,}in (0,1),

ap, = a=>0xlcq,—lxlleq VX €X.

Proof: Forx = 0y, ap — a =l xllcq,—l x e

Suppose x # 0.

From lemma 3.12(3), for x # 0y, a € (0,1) and t’ > 65 we have

Il xllcq=t" & No(x,t') = a.

Let {a,,} be an increasing sequence in (0,1) such that a,, — a € (0,1).

Letll % g, = tyand Il X ll,q= t. (3.14.1)
Then N.(x,t,) = a, and N.(x,t) = a.

Since {ll ;. » @ € (0,1)} is an increasing family of a-cone norms. {t,,} is an
increasing sequence in E w.r.t. cone ordering which is bounded above by t.
(sincell x llgq, < I X licq)

Since P is a strongly minihedral normal cone, so it is a regular cone. Thus {t,,}
is convergent.

Thus, an)nOONC(x, ty) = nlinooan

= N (x, nlgrgotn) = a. (3.14.2)
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From (3.14.1) and (3.14.2), lim t,, = t. by (FCN7)
n—oo
Therefore, lim | x lea,= Il x lleq-
n—oco

Similarly, if {a,} is a decreasing sequence in (0,1), such that @,, — a € (0,1)
then it can be shown || x ll. o —Il x I, VX € X.

Theorem 3.15. Let (X, N, *) be a fuzzy cone normed linear space where * = min
with a strongly minihedral normal cone P with normal constant K satisfying (FCN6)
and (FCN7) and any two elements of P are comparable and {|l I, @ € (0,1)} be the
ascending family of a-cone norms of N, on X. Let N/ be the fuzzy cone norm defined

by

Ni(x,t) =V{a € (0,1) : ll x I, < t}when (x,t) # (Ox,0F)

=0 when (x,t) = (0, 0g). (3.15.1)
Let | x II'; 5 X — E be a function defined by
lxWeg= A{t>0g:Ni(x,t) > a}, a €(0,1) (3.15.2)

Then |l x II' o=l x lloo Va € (0,1).

Proof: Forx = By, llxII'.,= Il x ll., Ya € (0,1).

Suppose x # Oy.

Let ap € (0,1) and || x ll¢q,= to. Then t, > 6.

From (3.15.1), we get N/(x, ty) = a,.

Now from (3.15.2)

o g, < to=Nxllcg,- (3.15.3)
Nextlet || x II'cq,< s

Then 3 t; < ssuchthat NJ(x,t;) = a.

>V{ae0,1):llxll.q < t1}= a.

If V{a € (0,1) : Il x ll,q < ti}= ay, then 3 anincreasing sequence {a,} in (0,1)
suchthat @, Tagand Il x llgq, < t;.

Since P is a strongly minihedral normal cone, so it is a regular cone. Thus from
Theorem 3.14, || x ll; o, =1l X ll¢ g, -

Thus, Il x ll¢q,< t; < 5.

IfVi{ia € (0,1) : I x I < t1}> @, thenitfollows, Il x ll;q,< t1 < s.
Thus in any cases, || x ll¢q,< s.

Hence Il X lleq, <1 x I g, -

From (3.15.3) and (3.15.4), weget  x Il' ;=1 x Il Vx € X.

Since a, € (0,1) isarbitrary, | x I'.,=l x ., Vx € X, a € (0,1).

<l =l

(3.15.4)
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