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Homotopy perturbation Method For
Solving A Model For EIAV Infection

S. Geethamalini* and S. Balamuralitharan**

Abstract : In this article, Equine Infectious Anemia Virus (EIAV) is a retrovirus that establishes a persistent
infection in horsesand ponies. Thevirusisinthe samelentivirus subgroup that includes human immunodeficiency
virus (HIV).Two strains, referred to as the sensitive strain and the resistant strain, have been isolated from an
experimentally infected pony. The sensitive strain is vulnerable to neutralization by antibodies whereas the
resistant strain is neutralization-insensitive. The sensitive strain mutates to the resistant strain. M ethods/
Statistical Analysis: Homotopy perturbation method (HPM) is implemented to give approximate and
analytical solutions of nonlinear ordinary differential equation systems suchas a model for EIAV infection.
Findings: This method yields solutions in convergent series forms with easily computable terms. The result
shows that this method is very convenient and can be applied to large class of problems. It isworth mentioning
that the techniques and ideas presented in this paper can be extended for finding the analytic solution of the
nonlinear differential equations. Applications/l| mprovements: This paper is aimed to provide a compact
platform for researchers, especially the beginners, in understanding the phenomenon and diagnosing new
research problems as well as finding solutions to the existing.

Keywords: EIAV; HPM; Within-host model; virus dynamics.
1.INTRODUCTION

EIAV isaretrovirus of the genuslentivirusthat infects equids such ashorsesand ponies. EIAV is spread
between horsesthrough biting flies. Horseflies, primarily of thefamily Tabanidae, feed onacutely infected horses
and spread the virus through a subsequent blood mea onan uninfected equid.

ElA isconsdered aworldwide disease but is, dueto itstransmission by insect vectors, predominant inwarm
climates[3]. To control the spread of infection, horses areroutinely tested at race tracks, shows, and rodeos,
before breeding, and crossing borders. EIAV disease in horsesis apparently related to an exclusive infection of
monocytes and macrophages, making

El A arelevant modd for studying lentivird pathogenicity from meacrophageinfectionswithout the complications
of lymphocyteinfections associated with theimmunodeficiency lentiviruses[1].

I nfectionwith EIAV typically followsthree stages: acute, chronic & asymptomeatic. Theacute episodeusualy
subsdeswithinafew days, and thenthe anima entersthe chronic stage of disease characterized by therecurrence
of clinical cycles. After 6to 12 months, therecurrent fevers cease and the animal enter the asymptomatic stage,
whichisassociated with very low vira load & theabsence of clinical symptoms. EIAV infection resultsinahigh—
titer, infectiousplasmaviremiawithin 3 weeks post infection. Severd lines of evidence suggest that both cellular
El AV-specific responses are needed to terminate theinitia viremia[1].
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All these studies suggest that during the course of EIAV infection, the host develops ahighly effective and
enduring immune responseable to maintain viral replication below the entry leve for disease induction (see[1 -
11]). The clearance of the primary infectious plasma viremia correlates with the emergence of EI AV-specific
CD8*cytotoxic T lymphocytes (CTL) and non—neutralizing EI AV-specific antibodies[ 5, 6]. Mgor hissocompatibility
complex (MHC) dass | restricted viral —specific CD8 + CTL areimportant for lentivirusimmune control of smian
immunodeficiency virus(SIV) ininfected rhesus monkeysis provided by in vivo depletion of CD8 + lymphocytes
with monoclonal antibody. We study theroles of antibodiesinlimiting virusreplication during HIV infection.

Antibodiesdirected againgt HIV structural proteinsare detected inthe body within afew weeksfollowing a
naturd infection[9]. EIAV isanaturaly occurring lentivirusthat remainsauseful model to investigate correlates of
immune control. Importantly, werecently reported the selection of aneutraization resstant EIAV variant in severe
combined immune deficient fodsfollowing passvetranger of immune plasmawith broad neutraizing activity [ 11].

Oncetheinitial infection isbrought under control, antigenic variants escape theeimmunologica control and
cause theincreasesin viral load and fevers associated with the chronic stage. After six to twelve months, the
recurrent fevers cease and the animal enter the asymptomatic stage, whichisassociated with very low viral load
and the absence of dinical symptoms. Weinvestigateamode of viral infection at the within-host level that includes
two modes of viral transmission, freevirusand direct cell-to-cell transmission.

InEIAV, aneutrdization-resstant variant emerged over timein an experimentally- infected pony. The process
of cell-to-cell vira transfer iscoordinated to maximize vectoria transfer of virusinto uninfected cells[5]. Lentiviruses
suchasEIAV and HIV are characterized by co-infection by multiple strains. Thereforeit iscritical to consider
multiple strain competition, and emergence of resistance.

Thecurrent work providesthe study of EIAV vird dynamicsby considering the effect of cdll-to-cell tranamisson
[2]. Our aimisto provide amathematica analyss of within-host vira infection for EIAV using both modes of
transmissonto determine conditionsthat alow oneor both strainsto persst and to provide ananaysisfor infection
clearance[4]. We used ordinary differential equationsfor the mutation from the sensitive strainto theresstant
strain and for the proportion of cell-to-cell versus free virus transmission. EIAV targets monocyte-derived
macrophagesin severd tissues of infected equids, including spleen, liver, lungs, and bone marrow [8-13].

Thesetissuesserveasreservoirsfor infection for theremainder of theanimd’slife. Virusenters aprolonged
period of clinical quiescence associated with the presence of cytotoxic T cellsand broadly neutralizing antibody.
| nfected animalsaretypically ableto control the vira infectionthroughout their lifetimes, with control mediated by
antibody and cellular immune responses. I n cell-to-cdll transmission, virusesare transferred frominfected cellsto
uninfected cells. The new within-host modd with two vira strainsand with free-virusand cell-to-cell transmission
isformulated. Weused ordinary differential equationsfor the mutation fromthe senstivestrainto theresstant strain
and for the proportion of cell-to-cdll versusfreevirustransmission.

2. MATHEMATICAL MODELING

Our modd isapplicableto EIAV, asit displays both modes of transmission. Thewithin-host nonlinear ordinary
differential equationsincludetwo viral variantstransmitted viafreeviral entry into acell or direct cell-to-cell
transmisson [10]. Moddsused to study EIAV infection haveinvolved the concentration of thefivevariablesinthis
model aredenoted ¢, = target cell ¢, = target cellsinfected with sensitivestrain, ¢,= target cellsinfected with
resstant strain, ¢, =freevirionsof thesengtivestrain, and ¢.= freevirionsof theresstant strain. Theterms VT
and B4IT represent transmission ratesof free-virusand cell-to-cell, respectively, from either the sensitivei =1 or
theresistant vird straini = 2.

The parameter p, representsthe proportion of transmisson fromthefreevirusand 1 - p, the proportion that
iscell-to-cell, for either the sensitive (i = 1) or theresigtant (i = 2) strain. The proportion of cellsinfected withthe
sengtivevirusthat mutatesto theresistant strainis . Healthy target cellsare produced at aconstant rate

A. Parametersd., d, and d, arethedeathratesof hedthy or infected target cells, either sengtive or resistant.
The parametersc, and ¢, arethe clearancerates of the sengtive and resstant vira strains. The parameter N, and
N, isreferred to asthe burst number, the number of free viruses produced by either a sensitive or aresistant
infected cell. With these assumptions, the ODE modelstakethefollowing form:
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% = A 0 0
dt - - Gd)l - p1B1¢4¢1 - p2B2¢5¢1 - 1Bs¢2¢1 - 2B4¢3¢1
% = po 0,0
dt - pl 3B1¢4¢1 + 1 3B3¢2¢1 - a¢2
dé
d_t3 = pZBZ(I)S(I)l + 62B4¢3¢1 + leB1¢4 + elMBSd)Z(I)l - b(|)3 (1)
do, _
dt - ap1N1¢2 - C1¢4 - p1B1¢4T
dt - P, 2¢2 - Czd)s - p1B2¢5¢1
Where 1-p,= 0,1-p =0,1-pn=0,,
d; = o,d, =a,d,=h,
st = BB =By =B3.Be =By
A = 2019, 6 =0.048 a=0.048, b=0.048
c, = ¢,=6.73,N, =N, =53025
Initial and boundary conditionsare
$,(0) = 42,390,¢,(0) =0,
¢;(0) = 0,9,(0) =233,¢5(0) =1,
¢0) = 0,i=1,22,..5,j=1t0 .
Table 1. Parameter ValuesFor EIAV Corresponding To Model Egn. (1)
Parameter Units Definition Value Reference
A Cdlg/(ml D) Reproductionrate T 2019 Cdlculated
c D1 Deathrate T 1/21 [13]
B, ml/(virionsD) F/T1 6.50x10-7 [2]
B, ml/(virionsD) F/T2 1.44x10-7 [14]
B, ml/(cellsD) CCT1 5.13x10-4 [14]
B, ml/(cellsD) CCT2 5.13x10-4 [14]
1 (basecycle)™ Mutationrate 3x10-5 [9]
a D1 Deathratell 1/21 [13]
b D1 Deathratel2 1/21 [13]
. Burst number
N Viriongcdl
! for sengitivevirus 5302.5 [13]
. Burst number
N Viriongcdl
2 for resstant virus 5302.5 [13]
c, D-1 Clearancerate
sengtivevirus 6.73 [13]
c, D-1 Clearancerate
resgant virus 6.73 [13]
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Table2. Initial Value For EIAV Corresponding ToM odel Eqn. (1)

Initial Value Units Value Reference
$,(0) Celgml 42,390 [4]
$,(0) Cellgml 0 -
$5(0) Celgml 0 -
,(0) Viriong'ml 233 [8]
$5(0) Viriongml Varies -

3.HOMOTOPY PERTURBATIONMETHOD

Before Toillustrate the homotopy perturbation method (HPM) for solving non-linear differentid equations,
He (1998, 2000) [15] consdered thefollowing non-linear differentia equation:

Au) = f(r),
reQ 2)
Subject to the boundary condition
ou
Blu—| =
w2 -0
rerl A3)

WhereA isageneral differentia operator, B isaboundary operator, f(r) isknown anaytic function, I"isthe

boundary of thedomain Q2 and % denotes differentiation along the normal vector drawn outwardsfromQ. The
operator A can generally bedivided into two partsM and N. Therefore, (2) canberewritten as
He (1999, 2000) (16) constructed ahomotopy which satisfiesWhich isequivalent to
M(u) + N(u) = f(r),

reQ 4)
He (1999, 2000) constructed ahomotopy v(r, p) : Q x[0,1] — R which satisfies
H(v,p) = (1-p)[M(v) =M(uy)] +p[A(v)-f(r)] =0, ©)
Whichisequivaent to H(v, p) = M(V) —M(u,) + pM(v,) + p[N(v) —f(r)] =0 (6)
Where p [0,1] isanembedding parameter, and u, isaninitial approximation of (6) obviously, we have
H(v,0) = M(v) —M(u) =0, H(v, 1) =A(v) —f(r) = 0. (7

The changing process of p fromzero to unity isjust that of H(v, p) from M(v) —M(v,) to A(v)—f(r). In
topology, thisis called deformationand M (v) —M(v,) and A(v) — f (r) arecalled homotopic. According to the

homotopy perturbation method, the parameter p is used as asmall parameter, and the solution of (5) can be
expressed asaseriesinpintheform

V =V, + Py + PV, + PV + 8)

When p—1, Eq. (5) correspondsto the origina one, Egs. (4) and (8) become the approximate solution of
Ea.(11),

ie, u= I’)iLan=v0+vl+v2+v3+... )
The convergence of the seriesin Eq.(9) isdiscussed by He(1999 and 2000).

4. HOMOTOPY PERTURBATION METHOD TOAMODEL FOREIAV INFECTION

Inthissection, wewill apply the homotopy perturbation method to nonlinear ordinary differentia systems(1).
According to homotopy perturbation method [ 15-18], we derive acorrect functiona asfollows:
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ddd;l —0¢; + PPidsd; + PPt + 0.Ba0,0;, +6,B,0:0, =0
% — P, —03B:9,9; —0,0.B,0,0, +ad, =0
ddqis PB0s0 — O0:B,050; — PO.B1d, —O.uBad0, +Dd; = 0
d(j? —apN,p, +¢¢, + ppio,T =0
%_ bp2N2¢2 +Cs + PPOsd =0
Weobtain the solution of (10) wefirst construct a Homotopy asfollows:
do,
(1— p)[dd)l A+cd, |+ p| dt A+od, + pPio,o, -0
+ PoPo0shs + 0.8:0,0, +0,8,0:0,
(1 p)l ¢2 + ad)z + pl C;I)Z + a¢2 - p16381¢4¢1_ 9163B3¢2¢1 =0
dg Ds | bg,— By — 0B
1 p)l t3+b¢3]+pdt 3 2P 20591 — YaPa P50y - 0
— PB4 0; — 0111,
a- p)[ b, +q¢4]+ p[ b g, -anNg,| = 0
(1 p)l ¢5 +C ¢5 + pl d¢5 ‘I'Cz ¢5_bp2 N2¢2 + szz¢5¢1 =0
Let Gy = O+ POy + p2¢12 +
0, = Oyt Pdy + p2¢22 + .
03 = gyt Py + p2¢32 +
by = ot POyt p2¢42 o
05 = g+ Psy + p2¢52 +
. Aoy _
p0: ot A+ocd, = 0
Ao _
. ady = 0
d¢30 +b(|)30 =0
d¢4o _
g G0 =0
dos,

dt +C2¢50 =0

(10)

(11)

(12)

(13)
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% + 60y, + PP1dsPio T PBodsodio + 0:1B3020010 + 0B, 0501 =

1.
p-: ot 0
Yot 1 2,y — OB bsbio — 0.0 B baro =
dt 21~ P93h10 40010 193P3050010 = 0
d
j; : +b¢31_ pZBZ(I)SOq)lO _62[344)304)10 - leBl¢40¢lO _61UB3¢20¢10 =0
d
((jbtﬂ +Co,, —apNyb, =0
dés,
dt +Cz¢51_bp2N2¢20+ p1B2¢50¢10 =0
A A
(13) Implies ¢10 = —+ 42390——](9cst
(e (e
¢pg = 0
¢gp = 0
Gy = 233
d5g = €
- Dl —Ct —ot Dz —Ct D3 —C,t — ot
= el-—e)+2e 4+ ——=—(e%-e")+
(14) Implies 0qq q—c( ) o cz—o( )
A A
Where, D1 = p1B1233g,D2 = p1]31233(42390—g),
A A
D, = PB,—.D, = p,P,(42390——)
(e) (e)
(1)21 = i e_at_e_clt]+ BZ [e—al_e—ct]
c—a c—a
A A
Where, B1 = p193[31233;,52 = p193[31233(42390—g)
AZ —C,t — bt A3 —t(c+¢c) —bt
= ——(e *—¢e +——(e —e
ba1 = b—cz( ) b—c—cz( )
A
+—4 (e ¥—e™)+
b—q( —
A A
Where, A2 = pzﬁzg,A?, = p232(42390_g)’
A A
A, = pl“Blz'?’sg’As = p1M31233(42390_g)
b, = E(1—e*°l‘)+i(e*“‘—e*°l‘)
41 q_G
A A
Where, B, = aplng,BS =ap, N1(42390—g)

-A, _ ~ A, 6
b, = —2€2—tA g%+ 2g "
51 o o

D, _
4 gt

C,

(14)

A5 (eft(6+(‘q)_e7bt)

(16)
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Where, A

A A
1= szz_Az = szz(42390__)
(e} (e}

Thereforethe gpproximate analytical solutions of nonlinear differential equations sysemsare
Thereforethe approximate analytical solutions of nonlinear differential equations sysemsare

01 =019 F Oy
0y = 0pg F Oy
P3 =0z F Ogy- (17)
Oy =0ggt Oy
O5 = 05+ Oy

Thereforethe solutionsare

¢; = 16772669.622¢ *™ - 8588417.1841e >
0, = 412750.36665(e > —e ™)

¢3 = 25748935.179e **® — 25549883e "™ —1990528e ¢
b, = 233%™ +1431675(1— € °™) +11227.143070(e ***'—e *™)

¢5 = e °™—54513te *™+ 371937656.25¢ °**

5.CONCLUSIONS

Inthispaper, homotopy perturbation method was used for finding the solution of nonlinear ordinary differential
equation systemssuchasamode for EIAV infection. We demonstrate the accuracy and efficiency of these methods
by solving someordinary differentia equation systems. We apply He'shomotopy perturbation method to calculate
certainintegrals. It iseasy and very beneficial tool for calculating certain difficult integrals or in deriving new
integrationformula
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