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ABSTRACT

This paper presents a computational methodology to solve the problem of H� control design for second-order
linear systems using Haar wavelets. The main focus is on development of an H� controller for the system under
consideration computationally that guarantees both the closed-loop stability and satisfies a desired H� performance.
The Haar wavelet properties are utilized to find the approximate solutions of trajectories and robust optimal control
by solving only algebraic equations instead of solving the Riccati differential equation.

Index Terms: Second-order linear system, Haar wavelet; H� control; computational method.

1. INTRODUCTION

In recent years, wavelet theory has obtained more attention from both mathematical and practical perspectives
[1]. It has been applied in a wide range of engineering disciplines such as signal processing, pattern recognition
and computational graphics. Recently, some of the attempts are made in solving surface integral equations,
improving the finite difference time domain method, solving linear differential equations and nonlinear
partial differential equations and modelling nonlinear semiconductor devices [2, 3, 4, 6, 8, 9, 10, 11, 12]

On the other hand, as a special class of wavelets, orthogonal functions like Haar wavelets (HWs) [6, 8],
Walsh functions [4], block pulse functions [12], Laguerre polynomials [7], Legendre polynomials [2],
Chebyshev functions [5] and Fourier series [13], often used to represent an arbitrary time functions, have
received considerable attention in dealing with various problems of dynamic systems. The main feature of
this method is to convert the problem described by differential equations to the problem of solving a system
of algebraic equations for the solution of problems, such as analysis of linear time-invariant, time-varying
systems, model reduction, optimal control and system identification. Thus, the solution, identification and
optimisation procedure are either greatly reduced or much simplified accordingly. The available sets of
orthogonal functions can be divided into three classes such as piecewise constant basis functions (PCBFs)
like HWs, Walsh functions and block pulse functions; orthogonal polynomials like Laguerre, Legendre and
Chebyshev as well as sine-cosine functions in Fourier series [11].

In the present paper, a computational method is presented to the finite-time robust optimal control
problem of the second-order linear systems based on HWs. To this aim, the properties of HWs, Haar
wavelet integral operational matrix and Haar wavelet product operational matrix are given and are utilized
to provide a systematic computational framework to find the approximated robust optimal trajectory and
finite-time H� control of the system with respect to an H� performance by solving only the linear algebraic
equations instead of solving the differential equations.
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The notations used throughout the paper are fairly standard. The matrices I
r
, 0

r
 and 0

r×s
 are the identity

matrix with dimension r×r and the zero matrices with dimensions r×r and r×s, respectively. The symbol �
and tr(A) denote Kronecker product and trace of the matrix A, respectively. Also, operator vec(X) denotes
the vector obtained by putting matrix X into one column. Finally, given a signal x(t), ||x(t)||

2 
denotes the L

2

norm of )(tx ; i.e., 
2

2
0

( ) ( ) ( )Tx t x t x t dt .

2. PROPERTIES OF HAAR WAVELETS

The oldest and most basic of the wavelet systems is named Haar wavelet that is a group of square waves
with magnitude of ±1 in the interval [0, 1) [3]. In other words, the HWs are defined on the interval [0, 1) as
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for t
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and 1( ) (2 )j
i t t k  for i � 1 and we write i = 2j + k for j � 0 and 0 � k < 2j. We can easily see that the

�
0
(t) and �

1
(t) are compactly supported, they give a local description, at different scales j, of the considered

function.

The finite series representation of any square integrable function y(t) in terms of an orthogonal basis in

the interval �� 1,0 , namely ˆ( )y t , is given by 
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0

ˆ( ) ( ) : ( )
m

T
i i m
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y t a t a t where 
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T

ma a a a  and

� � T
mm tttt )()()(:)( 110 ��� ��� �  for m = 2j and the Haar coefficients ia  are determined to minimize the

mean integral square error � ���
1

0

2))()(( dttaty m
T�  and are given by ��

1

0

)()(2 dtttya i
j

i � .

The matrix H
m
 can be defined as

� �)(,),(),( 110 ����� mmmmm tttH � (2)

where m
i

im
i t 1��� , we get � � m

T
m Hatytyty �� )(ˆ)(ˆ)(ˆ 110 � .

The integration of the vector )(tm�  can be approximated by
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t

mmm tPdtt
0
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where the matrix dttdrrtdP T
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t

mm

t

mm )()()(,)(
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0 00

�������� � �� ��  represents the integral operator

matrix for PCBFs on the interval �� 1,0  at the resolution m. For HWs, the square matrix P
m
 satisfies the

following recursive formula [6]:
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with 2
1

1 �P  and )(
11 rdiagH
m

H T
mm ��

 where the matrix H
m
 defined in (2) and also the vector r  is
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 for m > 2. For example, at resolution scale

j = 3, the matrices H
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 and P
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for further information see [6].

In the study of time-varying systems, it is usually necessary to evaluate the product of two Haar

function vectors [6]. Let us define )()(:)( tttR T
mm m

���  where )(tRm  satisfies the following recursive

formula
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Moreover, the following relation can be obtained based on the relation above:
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3. ALGEBRAIC SOLUTION OF SYSTEM EQUATIONS

In this section, we study the problem of solving the second-order differential equations of the following
system in terms of the input control and exogenous disturbance using HWs and develop appropriate algebraic
equations.
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where ntx ��)(  is the state; ��)(tf  is the control input; ��)(tde  is the disturbance input which

belongs to ),0[2 �L ; and 21)( mmtz ���  is the controlled output with nmC ��� 1
1 , nmC ��� 2

2  and C
3
 is a

positive scalar.

In this paper, a state feedback controller is to be determined computationally such that the following
requirements are satisfied:
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(I) the closed-loop system is asymptotically stable;

(II) under zero initial condition, the closed-loop system satisfies 
22

)()( tdtz e��  for any non-zero

),0[)( ��tde  where ��> 0 is a prescribed scalar..

Based on HWs definition on the interval time � �1,0 , we need to rescale the finite time interval � �fT,0

into � �1,0  by considering �ft �� ; normalizing the system Eq. (7) with the time scale would be as follows
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Now by integrating the system above in an interval [0, �], we obtain
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To avoid the differentiation of wavelets, we take again the integration of (9) in the interval [0, �] as
follows:
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By using the Haar wavelet expansion, we express the solution of Eq. (10), input force f(�) and the
disturbance d

e
(�) in terms of HWs in the forms

)()( �� mXx �� , (11)

)()( �� mFf �� , (12)

)()( �� mee Dd �� , (13)

where mnX ��� , mF ��� 1  and m
eD ��� 1 denote the wavelet coefficients of )(�x , )(�f  and )(�ed ,

respectively. The initial conditions of x(0) and )0(x�  are also represented by )()0( 0 �mXx ��  and

)()0( 0 �mXx ��� , where the matrices mnXX ���},{ 00  are defined, respectively, as
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Therefore, using the wavelet expansions (11)-(13), the relation (10) becomes
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Moreover, using the wavelet integral operational matrix P
m
 in Eq. (4), we can rewrite Eq. (16) as
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For calculating the matrix X, we apply the operator (.)vec  to Eq. (17) and according to the property of

the Kronecker product, i.e. )()()( BvecACABCvec T �� , we have:
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Solving Eq. (18) for )(Xvec  leads to
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where the matrices mnm����� },{ 21  and nmnm����� },{ 43  are defined as
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Consequently, using the properties of the Kronecker product, the solution of system (8) is

)())(()( XvecIx n
T
m ��� �� , (21)

and it is also clear that to find the approximated solution of the system, we have to calculate the inverse of

the matrix MIKPCP m
T

mf
T
mf ������� )()( 22  with dimension nmnm� only once.

4. ROBUST OPTIMAL CONTROL DESIGN

The control objective is to find the approximated robust optimal control f(t) with an H� performance such
f(t) guarantees desired L

2
 gain performance. Next, we shall establish the H� performance of the system (8)

under zero initial condition. To this end, we introduce
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It is well known that a sufficient condition for achieving robust disturbance attenuation is that the

inequality J < 0 for every ),0[)( 2 �� Ltde [14]. Therefore, we will establish conditions under which
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Using the relation )()( �� mXx ��� , where mnX �:  denotes the wavelet coefficients of )(�x�  after

its expansion in terms of Haar wavelet basis functions, we read
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Moreover, the following relation is already satisfied between )(Xvec  and )( Xvec
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where the matrices mm
mfm MM ���},{  are defined as ��� dM T
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1

0

)()(:  and

)1()1(: T
mmmfM ��� , respectively..

Using the property of the Kronecker products, we can write (29) as
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It is easy to show that the worst-case disturbance in Eq. (29) occurs when
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By substituting Eq. (31) into Eq. (30) we obtain
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Minimizing the right-hand side of Eq. (32) results in the algebraic relation between wavelet coefficients
of the robust optimal control and of the optimal state trajectories in the following closed form
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As a result we have
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Consequently, if there exists positive scalar � to the matrix inequality
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then inequality (23) is concluded.

From the relations (28), (31) and (33) we obtain the robust optimal vectors of )(Xvec  and )(Fvec  after
some matrix calculations, respectively, in the following forms
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Finally, the Haar wavelet-based robust optimal trajectories and robust optimal control are obtained

approximately from Eq. (21) and )()()( Fvecttf T
m�� , respectively..

5. CONCLUSION

This paper investigated a computational methodology to solve the problem of H� control design for second-
order linear systems using Haar wavelets. The main focus was on development of an H� controller for the
system under consideration computationally that guarantees both the closed-loop stability and satisfies a
desired H� performance. The Haar wavelet properties were utilized to find the approximate solutions of
trajectories and robust optimal control by solving only algebraic equations instead of solving the Riccati
differential equation.

REFERENCES
[1] Burrus C. S., Gopinath R.A. and Guo H., ‘Introduction to Wavelets and Wavelet Transforms.’ Prentice Hall, Upper Saddle

River, New Jersey, 1998.

[2] Chang R.Y. and Wang M.L., ‘Legendre Polynomials Approximation to Dynamical Linear State-Space Equations with
Initial and Boundary Value Conditions’ Int. J. Control, 40, 215-232, 1984.

[3] Chen C.F. and Hsiao C.H., ‘Haar Wavelet Method for Solving Lumped and Distributed-Parameter Systems’ IEE Proc.
Control Theory Appl., 144(1), 87-94, 1997.

[4] Chen C.F. and Hsiao C.H., ‘A State-Space Approach to Walsh Series Solution of Linear Systems’ Int. J. System Sci., 1965,
6(9), 833-858, 1965.

[5] Horng I.R., and Chou J.H., ‘Analysis, Parameter Estimation and Optimal Control of Time-Delay Systems via Chebyshev
series’ Int. J. Control, 41, 1221-1234, 1985.

[6] Hsiao C.H. and Wang W.J., ‘State Analysis and Parameter Estimation of Bilinear Systems via Haar Wavelets’ IEEE Trans.
Circuits and Systems I: Fundamental Theory and Applications, 47(2), 246-250, 2000.

[7] Hwang C. and Shin Y.P., ‘Laguerre Operational matrices for Fractional Calculus and Applications’ Int. J. Control, 34,
557-584, 1981.

[8] Karimi H.R., Lohmann B., Jabehdar Maralani P. and Moshiri B. ‘A Computational Method for Solving Optimal Control
and Parameter Estimation of Linear Systems Using Haar Wavelets’ Int. J. of Computer Mathematics, 81(9), 1121-1132,
2004.

[9] Karimi H.R., Jabehdar Maralani P., Moshiri B., Lohmann B., ‘Numerically Efficient Approximations to the Optimal
Control of Linear Singularly Perturbed Systems Based on Haar Wavelets’ Int. J. of Computer Mathematics, 82(4), 495-
507, April 2005.

[10] Karimi H.R., Moshiri B., Lohmann B., and Jabehdar Maralani P. ‘Haar Wavelet-Based Approach for Optimal Control of
Second-Order Linear Systems in Time Domain’ J. of Dynamical and Control Systems, 11(2), 237-252, 2005.

[11] Marzban H.R., and Razzaghi M., ‘Solution of Time-Varying Delay Systems by Hybrid Functions’ Mathematics and
Computers in Simulation, 64, 597-607, 2004.

[12] Rao G.P., ‘Piecewise Constant Orthogonal Functions and Their Application to Systems and Control’ Springer-Verlag,
Berlin, Heidelberg, 1983.

[13] Razzaghi M., Razzaghi M., ‘Fourier Series Direct Method for Variational Problems’ Int. J. Control, 48, 887-895, 1988.

[14] Wang L.Y. and Zhan W. ‘Robust disturbance attenuation with stability for linear systems with norm-bounded Nonlinear
uncertainties.’ IEEE Trans. on Automatic Control, 41, 886-888, 1996.






