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GENERALIZED (F, p) - CONVEXITY AND DUALITY

THEOREM FOR NONDIFFERENTIABLE PROGRAMS
INVOLVING SQUARE ROOT TERMS

Ramesh K. Budhraja and Narender Kumar

ABSTRACT

A Multi Objective Programming Problem in which each of the objective
function isthe sum of anondifferentiable function and aterminvolving square
root of a positive semi-definite quadratic form. Duality results are proved
under (F, p)- convexity assumptions on functions involved. Later fractional
versions of above problem are studied with different dual problems and duality
theorem are proved.

1. INTRODUCTION

Bhatia and Jain [ 7] established duality results under F - convexity assumptions for
a scalar nonlinear program of which the objective function is the sum of a
nondifferentiable function and a term involving square root of a positive semi—
definite quadratic form. The idea is extended to the following multi objective
programming problem:

(P) Minimize 6(x) = (f,(x) + (x'Bx)">,f,() + (X'B,X)" +..£, () + (X'B,X)"? )‘

subject to
9;(x) <0, i=1,2,...,m
X € X
where X is anopen convex subset of R™ f,,i1=1,2,,..,k; gj,j =1,2,...marerea

valued functions definedon X andB,i=1,2, ..., karen " n symmetric positive
semi—definite matrices.

Mond Weir type dual to (P) is introduced and duality results are established under
(F, p)— convexity assumptions. These results are then extended for the following
multi objective fractional program (FP):

e(x):[n(x)uxtle)“ fk<x)+<kakx)”2]t

h(x) hoy hy (x)

(FP)  Minimize
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subject to
9;(x)<0, j=1,2,...,m

Xxe X

wheref, h,i=1,2,...,k; gj,j =1, 2, ..., marerea valued functions defined on
an open convex subset X of R"with f,(.) f 0, h()>0;1=12,..kB,i=12,.
. ., kK are nx n symmetric positive semi—definite matrices.

Assumption (A)

The convex sets ri (domf); ri (dom ( x'B,x)3),i =1, 2, ..., k have a point in
common so that

o, (x)+(xBx)"*)=of,(x)+0(x'Bx)"* VxandVi=12,... k.

Assumption (B)
We assume the following constraint qualification of Slater’s type:

(i) Let x°bean efficient solution of (P). For eachr €{1, 2, .. ., k}, suppose
that there exists x" € X such that

gj(xf) <0 vj=12, ..., m and
Gi(Xr) < ei(XO) Vi;ér,
where g, (x) =f (x) + (x'B,x)"2, i=1,2,...,k

(i) Let x°be an efficient solution of (FP). For eachre {1, 2, .. ., k}, suppose
that there exists x" € X such that

gj(xf)<0 vji=12...,m and
ather

9, (X) < o, (X9 Vizr

h(x) > h(x9 v=12,..,k
or

9,(x) < 9,(x9 v=12 ...,k

h(x) > h(x9, i#£r

(6,(x) = f (x) + (x'B,x)"2, i=1,2,..,K

Kanniappan [11] established that the following Kuhn Tucker type conditions (correct
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versionby B. Lemaire (Math. Reviews# 90150, 1984)) and Fritz John type conditions
are necessary for x° to be an efficient solution of (P).

Theorem A ( Kuhn Tucker type necessary conditions)

If x°isan efficient solution of (P) and if weassumethe above constraint qualification
of Slater’s type (B) (i), then there exist o°=(a’,as,..,a’)eR* and
A% =(0A%..A°%)eR™, such that

A0g,(x°) =0, 1=4L2,...,m,
k n

0e > a0, (x°)+ D 1%, (x°) + N, (x°)
i=1 =1

a’>0, i=1,2,..,k; />0 ,j=12,...,m

Theorem B ( Fritz John type necessary conditions)
If x°is an efficient solution of (P), then there exist a°=(a?,09,..,a’)eR" ,

(oAt a0yeR schtha
Ag;(x°)=0, j=1,2,...,m
Oe ia?aei (x°) + Zm:k?agj (x")+ Ny (x%)
= =
(a®,2°)20 .
The following results are needed in the sequd.

Lemma 1] 10]

Let ¢ (X) = (x!B x)¥2, B is a positive semi—definite symmetric matrix. Then ¢ (x) is
convex andwa ¢ (x) if andonly if w=Bz, ZBz < 1, x'B z= (x'B x)*2.

Lemma2[ 7]
Let ¢ (x) = (x!B x)¥2. Then ¢ (x) islocally Lipschitz.

Throughout the paper, we shall assumethat f, -h;i=1,2,... kand gj,j =1,2,.
. ,mareLipschitz and regular, and the set X is an open convex subset of R".

Mond Weir type dual for the problem (P) is
(D)  Maximize H(u,a, %,2) =(f,(u)+ U'B .z, ..., f, (u)+u'B,z,)"

subject to
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0e D0, (0, (W-+B.2.)+ 3°:,20,(1) + N, (1)
Ag;(u) >0, ji=1,2,...,m

z.‘B.z.fl, i=1,2 ...,k

(s T o TR W WY W | > 0

Theorem 1 (Weak Duality)

D
)
3
(4)

Let x be feasible for (P) and (u, o, A, z) be feasible for (D). Assume that the

functionsf,i=1,2, ..., k; gj,j =12,...m;(.-X)'Bz(vzeR",i=12,

K, (. —=X)'u” (v u e N,(u)) are F—convex and assume that a > O.

Then
0(x) £H(u,a,A,2) .

Proof. Since (u, o, A, z) isfeasible for (D), we have

kK m
0=> o,(§+Bz)+ > Am+U
i=1 j=1

sy

where & eof, (U),i=1,2,...,k nedgu), j=1,2...,mandu € N,(u)

k m
- F[X,U;Zai(éi+Bizi)+2kjnj+u*]=0
i=1 j=1

Again Sincethe functions fi 0=1,2,...,k; gj,j =12,...,m(.x)Bz,

1=1,2,...,kand(.—x)'u areF - convex, a<0, 1> 0, wehave
Zai (fi(x)_fi (U)) i ZaiF(XYU;éi)
3°,(0,00 -9, W)> 32, F(x,im)

Zk:oci(x—u)‘Bizi izk:ociF(x,u;Bizi)

(x=u)'u > F(x,u;u’)

()

Adding the abovefour inequalities and using the definition of sublinear function, we

get
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o (1,00 1,0) + (x-u'B2,)

m

+> N, (gj (x)—gj(u))+(x—u)t u

=1

K m
> F(X’U;Zai(éi + BiZi)+Z7“j“J +u*j
= i=1 i=1

=0 (by using (5)) (6)
Now, consider

a' (8(x) —H(u,0,1,2))
:ioci (f,00+(x'Bx)** ~f, (u)-u'Bz, )
>0 (Fi (0~ (u) + (x'Bx)"*(zB;z)"* ~u'Bz,) (by (3))
?Zk:ai (f,00—f (W +(x-u)Bz)
(using Schwarz's inequality)

>= 307 (0,00-9,W) - (x Uy (by (6)

IV

0,

The last inequality holds because of u” € N, (u), feasibility of x for (P), (2) and (4).
Hence ate(x)za‘ H(u,a,,2)

and thus

0(x) £H(u,a,A,2).

Theorem 2 (Strong Duality)
Let x° be an efficient solution of (P) then there exist o° c R¥, 2.°cR"

2°=(z},23,..,2)) suchthat (x°,a°,1°, z°) isfeasiblefor (D) and the two problems
have the same extremal values. Further, if the conditions of Weak Duality Theorem

1 hold then (x°,a®,1°,2°) is properly efficient for (D).
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Proof. Since x° is efficient for (P), so by Theorem B, there exist
a’=(dad...al) e R, A2=(0A3..42) e R™ such that

x?gj(x°)=o, i=1,2,...m

Oeiaféei(xo)+ik?agj(xo)+Nx (x%) 7)
(a®,1°)>0

Under Assumption A, condition (7) reducesto
where 2 €R", ' B2/ <1, x"B 7% =(x"BXx°)"?, Vi=12,..k

These conditions show that (x°,a°,A°% z°%) is feasible for (D). Further, since
xB,2° =(x*B,x°)¥2,1=1,2, ...,k thetwo problems have the same extremal
values, so by aresult from[2] and Weak Duality Theorem, (x°,a°,1°,z°) isproperly
efficient for (D).

For fractional programming problem (FP) we establish duality results between
(FP) and Bhatia and Pandev [8] type of dual under the assumptions of generalized
(Fr) - convexity.

Bhatia and Pandey [8] type of dual for (FP) is

(FD) Maximize E=[&,B—2,---,B—kJ
a (o, o,

Oy

subject to

0e (0 (0F,(u) + B2) ~B,oh, (1)

+ikjagj(u)+ N, (u) (8)
Z(a‘i (f, (u)+utBiZi)_Bihi (u))fo 9
2g(u)>0 (10)
zBz <1, i=1,2,...,k (11)
o=(o,0,..0,)>0, ole=1 (12)

B=(B:B,-Pi) >0, A= (hydy) > 0., (13)
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Theorem 3 (Weak Duality)
Suppose for feasible x to (FP) and feasible (u,«,B,1,z) to (FD)

(i) f.is(F p,) - convex; i=1,2,...k,

(i) —his(F, p,) - convex; i=12, ...k,

(iii) g is(F st) - CONVeX; j=1,2,...,m,

(iv) (.—x)'B,z is(F, p,) - convex; vzeR"i=12...,Kk,

(V) (.=x)uis(F p") -convex; wu eN,(u and
k m

(vi) z(aipli +Bipy +aip4i)+z7\‘jp3j +p 30.
i=1 j=1

809

Proof. The constraint (8) ensures the existence of & € of, (u) ; n, €dh,(u),

i=1,2,...,k Y, € agj(u), j=1,2,...,m; ueN,(u)suchthat

Kk m
0= (ai(éi+BiZi))+z}\‘jo+u*
] i1

and hence
k m
F(X’U;Z(ai(ai+Bizi)_Bini)+z7\‘j\Vj+u*J:O (14)
i=1 j=1
Now suppose, on the contrary,
0(x) _B
h(x) o
t 1/2
i.e f,09 + (XB,(x) <E vi=12,...Kk,
h,(x) = o,
1/
and fr(x)+(XtBrX) : <& forsomere{1, 2, ..., k}
h, (x) o,

= o (RL)+XBX)?)-Bh(x) <0  vi=12,...,Kk,
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and o, (fr(x)+(xtBrx)ﬂ2)—Brhr(X) <0 forsomere{1,2,..., k}
Adding the aboveinequalitiesover i =1, 2, . . ., k, we get

Z (o (F; (%) + (XIBiX)M) —Bh;(x))<0

Thisinequality, together with (9), gives

k

Z (o, (F, ) + (X'Bx) %) = B;hy (%))

i=1

<3 (0, (W + B 2) -0, ()
= 2a(f00-f,w)- 3B, (h () ~h, (W)

<Zoci (u'B,z, — (x'B,x)"?) (15)
In view of assumptions (i) to (v), (12) and (13), we have
iqi (f; (x) —f; (u)) > iai F(x,u,&) + Zk:aiplidz(xa u)
_Z B; (h; (x)—h; (u)) > Z& F(x, u;—;) + ZBiPZidZ(X, u)
3,900 -9,0) > D Fx, v ) + D 0y 6 (X,0)
k k k
Z“i (x—u)'Bz > ZaiF(x,u; Bizi)+2aip4id2(x,u)

(x—u)'u" >F(x,u;u’) +pd*(x,u)

Adding the above five inequalities and using sub-linearity of F, we have

Zai (f, () =1 (u)) - ZB. (h; (x) = h; (u))

F3 (0,00 -0,(W) + Yot (X1 B2, + (X~ '
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z F(X’U;Zk:(ai (& +Bizi)_Bini)+i7\‘j\Vj +U)

k m
+(Z (o4py; +BiPs +0ipy) +Z7\’jp3j +p )d?(x,u)
= =1

(16)
or
F(X1U;Z(0‘i & +Bizi)_Bini)+i7\’J\V1 + u*)

<Zoci (u'B,z, — (x'B,x)"?) +i7»j(gj (x)-g;(u)

+Zk:oci (x—u)'B,z, +(x—u)'u

i=1
(by assumption (vi), (15) and definition of pseudo-metric)

k m k
<Y o (-(x'Bx)"*(z/B,z,)"?) + X 1,9;(x) + X o, x'Bz,
o=l j=1 i=1

(by (10), (11) and
the fact that u” N, (u))

A

—Zk:aiXtBiZi +Zm:kjgj (x)+Zk:ocix‘Bizi
i=1 =1 i=1

(By Schwarz's Inequality)

>,0,()

A

0, ( by feasibility of x for (FP) and (13))

e U D (0 (6 + B2) - Bin )+ 3w, +U)<0

acontradiction to (14).
Hence

o(x) , B
hx) o
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Theorem 4 (Strong Duality)
Let x° be an efficient solution of (FP) and assume that the Slater’s type constraint
qualification Assumption B(ii) issatisfied at x°, thenthereexist a.° = (aad...a) € R¥,

B® =(BPS..Br) e R , A2 =(AN3..1%)eR™ and 2°=(2°2},...,20) with each
z’ e R" suchthat (x°,a°,B% 1% 2% is eficient for (FD).

Proof. Sincex isefficient for (FP), soit isefficient for thefollowing multi-objective
program [5] :

(EP)  Minimize (f, (x) + (X'BX)"2,....f, (X) + (X'B,X)"2,~h,(X),...,.~h, (X))'
subject to
9(x)< 0
XeX

and hence by [8], thereexist scalars o, >0, B, ?0, i=1,2,...,kand A > 0,j=1,
2,...,m, satisfying

0ei§k;(aiaei (x°) —B,oh, (x°)) +izml;xjagj(x°) PN () an
2(0& () pih (x°))+j2r1xjgj (x%)>0 a8
A0,(x°)=0, j=12..m (19)
Under Assumption (A), (17) becomes
OeZkl:(oci (of, (x°) + B, 2°) - B,oh, (x°)) +§;xjagj )+ N, (x°) (20)
where 22 e R", 2/ Bz’ <1, x"B 20 = (x*Bx%)"?,i=1,2, ..., k. (21)

From (18) and (19), we have

2. (e (f, (<) + (< Bx®)** ~ B (7)) > 0 (22)

Dividing (19), (20) and (22) by Zk:oci >0 and setting

i=1
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=0 p=-Piiziz.k
Zogl ; o, ;
i=1 i=1
A
A =——"—>0

and using the definition of normal cone, we get

x?gj(x"):o, i=1,2,...,m

Oe Zk:(oc?(afi (x°)+B,z”) —Boh, (x°) +Zm:xj’agj (%) + N, (x%)

k
i;(oc?(fi (x°)+x°B;z})-ph (x°) > 0 (by (21))
a’= (ocf,ocg,...,aﬁ) >0, o’e=1,
B®=(BYBS..BY) > 0, A°=(AJA3..A%) > O,
Also 7Bz’ <1, i=1,2,...,k (by (21))

Thus (x°,a°,p°,1°,2°) isfeasiblefor (FD). Efficiency of (x°,a.°,p°,1°,2°) follows
on the lines of proof of the Theorem 2 [8]

Theorem 5 (Strict Converse Duality)

Letxand (u, o, B, A, z) be€eficient solutions to (FP) and (FD) respectively with

0(x) _B
h(x) o (23)
Assume, further, for all feasible solutions x for (FP) and (T, a, B, A, Z) for (FD),
(i) f isgtrict (F, p,) - convex; i=1,2,...Kk,
(i) —h isstrict (F, p ) - convex; i=1,2,...k,
(iii) g is strict (F, st) - CONVeX; j=1,2,...,m,

(iv) (—X)'B,z isdtrict (F, p,)-convex VvzeR" i=12,...Kk,
(V) (.—X)'u’ isstrict (F, p") - convex; vueN,(u) and
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K m
(vi) Z(aipli +Bip2 +0‘ip4i)+zkjp3j P >0
i1 =

Then u is efficient for (FP).

Proof. It issufficient to prove that x = u.

Suppose, on the contrary, X # u

Now, feasibility of (u, a, B, A, z), asin the proof of Theorem (3), givestherelation
(14) viz.

F(X,U;Z(Oﬁi (& _Bizi)_Bini)+iijj +u)=0

Again, asintheproof of Theorem (3), assumptions (i) to (v) lead to inequality (16)
which reduces to (using (9), (10) and (23))

F(X’U;Z(ai (& +Bizi)_Bini)+i7\‘jo +U’)
+ (Z (o py +Bipa +aip4i)+i7‘jpsj +p )d*(x,u)

< —Zk:oci (x'B,x)"? +Zk:oci (u‘Bizi)+ingj(x)

i=1

k
+> o (x—u)'Bz +(x-u)'u
i=1

A

-3 o (BN (ZB 2 + 310,00+ ot (B 2,)

(by (12) and (X —U)'U" <0, asu e N, (u)

A

k m Kk

=D a;(X'B;z)+ 2 1,0;(X) + D 0, (x'Bz,
i=1 j=1 i=1

(using Schwarz ‘s Inequality)

<0, by feasibility of x for (FP) and (13).
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Hence, by assumption (vi) and definition of strict pseudo-metric, we have

FO0 U D (0 &+ Biz) B )+ Dok +U) < O

This contradicts (14) and hence u = x.
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