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ABSTRACT

In this paper we provide some characterization theorems in the context of
linear 2-normed space.

Linear 2-normed space was first introduced by SGahler and was extended
by C. Diminnie, SGahler and A. White.
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Definition 1 [5]: Let X be a real linear space of dimension greater than 1 and let
[I-,-]| be a real valued function on X x X satisfying the following conditions

(D) [, yll=0iff x and y are linearly dependent,

) Ix yll=ly, xll v x, y € X.

3) llox, Yl = lee] I, VIl V X, y € X and o areal number,

@) Ik y+zl<lxyli+Ixzl.Vxy zeX.

[Il-,-]] is called a 2 norm on X and (X, ||.,-|) is called a linear 2-normed space.

Example 1: Let X = R® with the vector addition and scalar multiplication
defined component wise and with 2-norm defined as follows:

forx=(a,b,c),y=(a,b,c)

Ix, yll = mex {|a,b,—ab,|, [bo,c,—b,c,|, lac,—ac,}
Then |ix, y|| isa2-norm and (X, ||.,.|)) is alinear 2-normed space.
Let X bealinear 2-normed space over real number R and the mappings
<, -|>; <, -|>,bethe2-normed derivatives defined by
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Iy -+ 2 ~[ly.2[
2t

<x,y|z>i=!Lr£

and

2 2
<xylz>,=lim ||y+tX,Z£t—”y,Z”

forx,y e Xandz € X\V(x, y), whereV(x, y) is the subspace of X generated x and
yin X.

X 1,y —(x is orthogonal to y in the sense of Birkhoff) iff
[[x+ky, z||>|x, z|foral ke R, x,y,z e X.

Example2: Let X = R?with || (x,, x,) || = [x,| + [x,]and let e = (1, 0), &, = (0,1).
Then the set of linear functionals satisfying

{max ([f(e)l .If(e,)] ) < 1}whichimpliesthat |lg,, el = 2,
since ||(a,, &), (b, b)lI=2|ab,—a,b,|, for al real a
le+oe||=1+|a|>] el andhencee L e,

Lemma 1. |x +Kky, z|| > || %, z || iff

<y, X |22, <0<<y, X 2>,

Proof: Giventhat || x + ky, z||> || X, z ||

2 2
<y.X|z>=lim [x+ ty,z!t—”x,z” >0

and

2 2
<y.x|z>=|im ||X+ty7zgt—llx7z|| <0

Thus<y,x[z><0<<y,X[z>,
Lemma2: x L,—ax+y iff
<y, Xjz> < ol z|f <<y,xJz>,
Proof: By Lemma 1,
<y-—oXXz> < 0<<y-—oxX, Xjz>

e <y, xjz>—alx, zP<y, x|z > —a [x, Z|P
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= <y, X|z><alK, z|F <<y, X|z>,
Let G be a subspace of alinear 2-normed space X.

write P, (X))  ={g, € G:lg,—x%, Z[}

= inf{lg—x.2}, the set of best

approximation ementstox € X\ g inG

Lemma 3: Let G bealinear subspace of alinear 2-normed space X, X, € X\ g
andg,e GTheng € P(x,,2)iffx —g LG

Proof: For the sake of completeness we provide the proof.

Letx € X\ G,g,eGletg e P(x, 2).
= x,—¢,1LG
Assumethat x —g, L G Then
"Xo_go + a’(go_g)’ Z" 2 "Xo_go7 Z"
Whena =1, |x,—9, Z|| > [x,—9,, |l
= g,€ P.(X,, 2).

Lemma 4: Let X bealinear 2-normed spaceand b € X. Then f be a non-zero
continuous functional on X x [b], x, € X \ ker(f).

Then g, € ker(f) [ker(f) = {g, € X: f (g,, 2 =0, z € X}] iff the following
estimate holds.
[f<x, 2ee=8e) 7. < (x,2)<]f|<x,
%o - 9.2

}\‘o(xo _go)
%o =907
for all x e X and z is independent of x and x ; A =sgn f(x, 2)

Proof : Let g, € P(x,, 2). Then
ker (f)

w, =X —g,L ker(f) and [f(x, ) w, —f(w,, 2)X] € ker(f) forall x e X,z e X\
ker(f).

sincew, L [f(x, 2) w,—f(w,, 2)x], We have

|Z>S (1)

<fx,z) w,—f(w,2)x,w |z> <0
<<f(x,2) w, —f(w,, 2)x , w, [ 2>, 2
foral x € X, z e X\ker(f).
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Using the properties of norm derivatives< -, -| - > _and < - ,-|->,
we have < f(x,z) w —f(w_, 2)x , w |z > =
f(x, 2) |w,, zIP —<x, f(w,, 2) W, |z>,
wherep=s,iandg=i,s.

Then (2) becomes

f(w,,2)w,
<X,W| i Sf(X,Z)
f(w,,z)w,

<<x Wlbs €)

wherex € X and z € X \ ker(f)
Let

f(w,,z)w,
T we @

Thenf(x,z) <<x, ulz>_<|ix, Z|| ||lu, z||, for all x € X,
ze X\V(x,u)andf(x,z) =<x,ulz>=-<X,ulz>,
> =[x, Z|| lu, Z]|

f(x,2)

R O 4| 2 M

> —u, Z|

forall x e X andz eX \ V(x, u)

= [Iffl < flu, Z|

f(u,2) <u,u|z>i=|| z||

On the other hand || f || > luz] = Juz

|f (W,.2)]
Then [f|l = [lu, z|| = [w,.7]
Butf (w,,z) =f(x,,2) =0

f (%] _ f(%,.2)
%o =02 %olxo - 90,7

Hence || f || =
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=f (¢, 2) =2, [ | Ix,~, ZI. Then, by (3

] <x, o2V,

) z><f(x,z
Fw,.2)[[w,z =T

STl < e
If (Wo,2) ||y, 2|
which is equivalent to (1).
Conversdy if (1) holds, then
<X, X,—g,[z><0<<x,x g, lz>foral x e ker(f).
= X, —g,L ker(f).

=g,€P(x,,2),ze X\V (x,, ker(f))
ker(f)

Hence the result.

Theorem 1: Let f be a non-zero continuous linear functional on X x [b] where
X is a linear 2-normed space and b € X. Then the following statements are
equivalent.

(i) ker(f) is proximinal

(ii) There exists at least one u, in X with || u,, z ||z|| such that

If1l<x, u |z><f(x,2) <<x,ulz> )]
holds, for all x, z € X such that and z is independent of x and u,

Proof: (i) = (ii)

Assume that ker(f) is proximinal, then 3 w_e X \ ker(f) such that w_ L ker(f)
(asinlemma 3) for all x € X. we obtain (as in lemma 4)

TWo W, 10 < tx,2)
o2
f(w,,z)w, 12>
T ?

where z e X such that z is independent of x and w,.

Ifl=

If(We.2)|
a7
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and put u, = |

(1]

(2]

(3]

[4]

(5]

(6]

(8]

f(w,,2)
L& %= i (w,,2)]

Ao Wo f(wy,2)w,

|W0,Z|| |f (WO,Z)|||W0,Z||

Then by (6) we obtain,

Ifll<x,ulz><f(x,2)<<x,ulz>,

(i) = (i)

Assume that there exists atleast one u, e X with |lu,, z|| = 1 such that (i) holds.
Thenfor al x € ker(f), <x, u, [z> <0< <x, u, |z >,

= U, L ker(f). Then by lemma 3, ker(f) is proximinal.
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