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SOME PROPERTIES OF THE INHOMOGENEOUS PANJER
PROCESS

ANA MARIA BELTRAN CORTES AND JOSE ALFREDO JIMENEZ MOSCOSO*

ABSTRACT. The classical processes (Poisson, Bernoulli, negative binomial)
are the most popular discrete counting processes; however, these rely on
strict assumptions. We studied an inhomogeneous counting process (which
is known as the inhomogeneous Panjer process - IPP) that not only includes
the classical processes as special cases, but also allows to describe counting
processes to approximate data with over- or under-dispersion. We present the
most relevant properties of this process and establish the probability mass
function and cumulative distribution function using intensity rates. This
counting process will allow risk analysts who work modeling the counting
processes where data dispersion exists in a more flexible and efficient way.

1. Introduction

The Panjer’s recursion was introduced by [29] as a reparametrization of the
recurrence formula given in [22]. The Panjer’s aim was to propose a family of dis-
tributions to modelate the number of claims incurred in a fixed period of time in
an insurance portfolio. The class of frequency distributions based in the Panjer’s
recursion allows obtaining as a particular cases other classical probability mass
functions by simply modifying or choosing its parameters, among which are bi-
nomial, negative binomial or Poisson (See [36]). Panjer’s family of distributions
has been used in the context of statistical modelling and simulation studies that
include such topics as the analysis of the Collective Theory of Risk when it is
assumed that the distribution of the size of the claims also has an integer value.

In this paper we study the claim number process {N(t¢),¢ > 0} and use a more
general counting process: a counting process based on Panjer recursion. The at-
traction of this counting process is that, analogous to the family of frequency
distributions, it allows to generate a large class of counting processes. Among
them, it is possible to obtain as a particular case the binomial, the negative bino-
mial, the Poisson process, among other classical processes, and this allows us to
obtain models for counting process with over- or under-dispersion. The Inhomoge-
neous Panjer process (IPP) was first introduced by [17] and studied later by [19],
some of the properties of the Panjer process found by these authors are shown in
this document and we also obtain other properties of the IPP using the transition
intensities.
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The purpose of this paper is to offer an unified exposition of related results on
the inhomogeneous Panjer process. The paper is organized as follows: Section 2
presents the counting ITPP. Section 3 presents its statistical properties: pmf, pgf
and measures of mean and variance are derived. Section 4 presents different ex-
pressions of the IPP using classical counting processes. In section 5 we demonstrate
additional properties of the IPP. Finally, conclusion is presented.

2. Definition of the IPP

Let N(t) the number of occurrences of an event, for example claims for an
insurance portfolio, in the time interval (0,¢] with ¢ > 0 and N(0) = 0. The
probability of n claims occurring in the time interval (0,¢] is expressed as

P,(t)=P[N(t)=n], n=0,1,2,... (2.1)

[17] presents the counting process based on Panjer recursion as an alternative to
model the claim number process in the classical model risk. The general expression
of P,(t) is:

Po(t) = <ozt + %) Po_i(t), ¥n>0 (2.2)

where oy and f; are continuous functions of ¢ with a; < 1. We say that the
process N (t) is an Inhomogeneous Panjer Process (IPP) if it satisfies the recursion
formula (2.2).

Assume that P,_1(¢) > 0 in the recursion (2.2) holds

Pn(t) _ Bt
7Pn_1(t) =y + o (2.3)

which is a very useful expression to decide if a counting process is or not an IPP,
- . Pa(t)
i.e. if the ratio ———+
P, (t)
N(t) is an IPP.
In order to present some results from (2.3) we define for ay # 0

3 and =

- 1-— (673 KRt
Note that if a; tends to zero then & tends to §; but p; is indeterminate.
In the table 1 we summarize the expressions for a; and [; for some counting
processes. [19] present these counting processes in terms of an intensity function

can be written in the form (2.3) then the counting process

o+ B o

= 2.4
1-— (673 ’ it ( )

O(t) = fot A(v)dv and calculate the expressions oy and f; associated with these
processes. We assume that A(v) = {07!,6e7°"}, where § is a non-negative real
number, for establish the P,(¢) in the table 1, in addition, the parameter ~y is a
positive constant. The generalized counting processes were studied in [2] and [26].
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Table 1: Functions o and (; for some counting processes

Counting Put) Functions
process " i Bt
Poisson (fyt) et 0 ~yt
Negative "

% | binomial AH"*I ! : (v - L)t
g oma 5 + t 6 +t 5+t s+t
@ | (or Pdlya)
[
O | Geometric (5 - t) ( > and 0 > 0 %-J—t 0
M AN t (M + 1)t
Bi ial - 1—-= t<d
momia <n><5) ( 5) S 5t
Generalized . 1
Negative (W +Z a >6wt(1 —e )" 1—e 1 _’ye—ét)—l
o binomial
0
g Generalized M . e—ét)M—” o0t (M +1)e5
binomial n e %t —1 L—e 0
Generalized oot (1- e,at)n 1— 5t 0
geometric

3. Properties of the IPP

For the classical counting processes considered in table 1, it’s not difficult to
verify that all the functions given in (2.4) satisfy that x; and &; are linear functions
of t and so that the function p; reduces to a constant (say p). That is

The values of the constants £, k and p for the classical counting process are

Ky = Kt and Pt

TABLE 2. Values for &, x and p ([19])

Counting N.egam.\ze Geometric | Binomial
process | Binomial
13 ~ot 51 M1
K o1 o1 —51
P gl 1 -M

Note that p and k are nonnegative constants always that a; < 1 and oy # 0
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Theorem 3.1. Let N(t) be an IPP and the functions & and k¢ satisfy (3.1) then
i) The probability generating function (pgf) of N(t) is given by

) Nl ) I =re(z=1))7P df a; #0
Gn(z:t) = E[z ()} - {exp{ﬂt(z_ Do (3.2)

it) The probability mass function (pmf) of N(t) for fized t satisfies
+n—-1 )
(Frarnw i ako

()
;T
Po(t) = GNT(,O) = (3.3)
nft'Po(t) Zf ay = 0
where
14+ k)77 if ar #0
By(t) = Ga(ost) = 4 14007 (3.4
exp{—0F:} if ar=0
it1) If ap + By > 0 the pmf of N(t) satisfies
—1)"
P.(t) = (7,)75"130(@ t), n>0 (3.5)
n!
where Py (t) = &% Py (t)
¢
Po(t) = exp{—o()} with () = / 5 g (3.6)
oll) = expr—¢ P =173 T oY :
0
iv) The P,(t) satisfies the relation
Poa(t)  —t PO n4p wt k(p+n) t 57
Py(t)  n+1 pWy)y  n+ll4st  1dst nt+l ’
v) The mean and variance of N(t) are given by
.
BN() =P A0 (3.8)
Be if ar=0
and
Var[N(t)] = (1 + st)E[N(¢)] (3.9)
Proof. See [19]. O
Note that from (3.8) we have that if «; # 0 then:
. EIN@)] _
tlg(r)lo — =Pk (3.10)

With the mean and the variance of the IPP is possible calculate its dispersion
index (variance-to-mean ratio VMR) and obtain:

_ Var[N(t)]

D) = “Favm)

=1+ Kt. (3.11)
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As ID(t) > 1 (if 0 < a4 < 1) then using the definition of the VMR we have that
the IPP is an over dispersed counting process and hence is appropriate to model
claims frequency of a portfolio with many levels of risk.

Remark 3.2. If in the expression (3.4) we put p = & /k; mentioned in (2.4) and
we take the limit when x tends to 0, which means that «; — 0, we have:

lim (1 + wt) S /Re = o=Et (3.12)

and this expression is in agreement with the respective of Py(t) of a Poisson process
with rate &t.

4. IPP in Terms of Classical Counting Processes

In this section we present different expressions of the IPP using classical count-
ing process.

4.1. IPP as pure birth process. Taking the derivate of the expression (3.5)
we obtain

w\:

n p(n (=D)" 0 p(n+1
( - " P )) + it P (1) (4.1)
By the first equality in (3.7) it follows

P = 7+ SR ()

_n Klp+n)
= S Palt) = S Palt) (4.2)

From the expression of relation pmf given in (3.7) and substituting in (4.2) we
get:
K(p+n—1) K(p+n)
MPTR=p ()— "2 p .
1+ kit ) ==y )
As a particular case of (3.6) we obtain the following expression for the first derivate
of Py(t):

Pl (t) = (4.3)

Pit) = -2 py). 44
) =~ Po(t) (44)
If we denote ( )
K(p+n
A (t) = ——=. 4.
() 1+ Kt ( 5)

Then from (4.3), (4.4) and (4.5) we have that the IPP satisfies the following system
of differential equations:

Py(t) = —Xo(t) Po(t)

Pl(t) = An_1(t)Po1(t) — M () Pp(t)  for n>1 (4.6)
with initial conditions
Py(0) =1 and P,(0)=0 Vn>1 (4.7

From the last system of equations we have that the IPP is a pure birth process
agree with the definition given in [34].

So, if N (t) satisfies (2.2) then N (t) is an inhomogeneous pure birth process with
transition intensities given by A, (t).



A.M. BELTRAN AND J.A. JIMENEZ

Substituting the expressions of the table 2 in (4.5) we obtain the formulas of
the transition intensities A, (t) for the classical counting processes:

TABLE 3. Expressions for A, (t) for classic counting processes

Counting | Negative | Geometric | Binomial
process | Binomial
+n 1+n M—n
/\n(t) L
O+t o+t 6—t

4.2. IPP as mixed Poisson process. Mixed Poisson Process (MPP) has been
studied by several authors, e.g. [14], [27] and [21]. According to [27]: A mixed Pois-
son process N (t) is a Poisson process with mean A, where A is a random variable
non-negative that is called structure variable. [25] presents a list of equivalences
that are satisfied by the IPP defined in (2.2). These are those properties:

Theorem 4.1. Let N(t) be an IPP with transition intensities A, (t) and marginal
distribution P, (t). The following three statements are equivalent:
i) An(t) satisfies Api1(t) = A (t) — iigg forn=0,1,...
it) A (t) and P, (t) satisfy the relation
P,(t) t

Py i@

for n=1,2,... (4.8)

iii) N(t) is a mized Poisson process.

Proof. 1) Taking the derivative of (4.5) we obtain

/ _ _'%z(p + n)
An(t) = (1+ kt)?

from here

— k2 (ptn)
(1+kt)2
w(pn)

1+kt

Cwlptn) .k m(pt (1)
- 1+kt 1+rt 1+ kt
i) From the last equality established in (3.7) we get:
Put)  mlpt(—1)t

Po_1(t) 1+ Kt n

Using the definition of A, (¢) given in (4.5), the last expression can be rewritten
as follows:

Au(t) _ K(p+n)
/\"(t)fAn(t) T l4Rt

= Asi(t).  (4.10)

P.(t) ¢
P nmt®

which complete the proof.
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iii) When the structure variable, A, is a continuous random variable with proba-
bility density function (pdf), f(\), we get

oo

E[PN(t) = n/A] :/P[N(t) = A = AJF(\)dA

PIN#) =n] = / e e an (4.11)

We wish to express P, (t) as in (4.11) for some random variable A.

1
If A has a Gamma distribution with parameters p and ,ie, A~T(p,1/kK)
then (4.11) takes the form:

P,(t) = /e**t (A" Ap—1 e FA N — ﬁ#/ea(ur%))\mp,ld)\
' nt kPT(p) n! kT (p)
0 0

Put u= A (t+ 1) thus that du = (¢t + 1) d\. We have

Falt) = % n!Fl(mO/ (Hl/n)w | t+1/“

1 e 1
_ uyntp=1g
kP nlT(p) <t+1//<;> /e “ Y
0

- F?E?F?p[))) Ii% <1Jl:m>n <1Jl:m>p
_ (HZ‘ 1>agpo(t)

the above expression is consequence of the equation (2.4).
The last expression implies that N(¢) is a mixed Poisson process with structure
distribution Gamma. We get that the IPP is equivalent to the pmf of a negative

binomial (or Pélya) process given in table 1. O
Corollary 4.2. If N(t) is an IPP with transition intensities A, (t) then
Pu(t) _ ptri-a()
_ : 412
Po(t) J1;[1 J (.12)

Proof. Note that

t) Lt Pt
Substituing (4.8) in the above expression we get the result. O
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[27] establishes additional properties that the IPP also satisfies:

Proposition 4.3. Let {N(t);t > 0} be an IPP and A the structure variable of the
associated mized Poisson process. Then:

(1) The transition intensities are such that

E[A|N(t) = n] = A\, (¢). (4.13)
and
Var [A|N(t) =n] = =\, (). (4.14)
(2) The mean of N(t) is given by
E[N(t)] = tE[A]. (4.15)
(8) The mean of A is given by
E[A] = —P§(0). (4.16)
Proof.
(1) From (4.11), taking the expected value of A, conditioning on N (t) we get
E[A|N(t) = n] :/ A;!:U(\?é);:f%) =" j ! P;:zt()t). (4.17)
0

The above expression coincides with the expression (4.8). Then
E[AIN(t) = n] = An(t).

Analogously, we can show that

T A2 (A" F(A) (n+2)(n+1) Paya(t)
E[A?|N(t) = n] = dx = ne (4l
[A%IN () = ] / W PN = 1] = RO

0

By substituting (4.8) into (4.18) we have
E [A’|N(t) = n] = A1 (£)An(2).
Then the conditional variance of A given that N(¢) = n is
Var [AIN(t) = n] = Ayt (H) A (t) — A2(2),

and substituting equation (4.10) into above yields the result.
(2) Using the law of total expectation

E[A] =E[E(AIN(t) = n)] = Y E(AIN(t) = n)Pa(t)

=> () Pa(t)
n=0

Substituting (4.8) into the above expression we have

(oo}

EIA] =3 " TP (0) = EIN()
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Given that the structure variable A is gamma distributed with parameters
p and 1 then E[A] = px and it coincides with expression (3.10). And the
proof is completed.

(3) The pef of N(t) is defined as

Gn(zit) =) 2"Py(t)=) 2" / (A;)n e MF(A)dA
n=0 n=0 0 '
Po[(]_ — Z)ﬂ 7/ [Z (227:)”‘| 67/\tf d)\ / Az— l)tf
0 n=0 : 0
=M[(z — 1)t].

Taking z = 0 in the above expression, we get
Py(t) = Ma(—1) (4.19)
Now if we differentiate both sides with respect to t, we have
Py(t) = —Mp(—t)
and evaluating at t = 0 we complete proof. d
By uniqueness property of moment generating function, on comparing expres-
sion (4.19) with P,(t) for n = 0 and shown in the table 1 we find the Poisson
Process if the structure variable A ~ 6., (\) (i.e. has a degenerate distribution in

A = ), the Negative Binomial Process if A ~ T'(v,¢), the Geometric Process if
A ~ exp(9).

4.3. IPP as a Pdlya process. In (3.3) we present an expression of P,(t) in

terms of ay and Py(t):
+n-1\ ,
Rt = ("1 o

1 P 1 P
Given that Py(t) = (1 + kt)™7 = (1 n mf) = <,1€':_*> whenever «; # 0, and

from the expression of x; given in (2.4) we get in (3.3):

P (t) = (P-i-z—l) <1itﬁt>npo(t) = <P+Z—1) (:ﬁj_t)nPo(t)
B (HZ_l) <it><+t) (4.20)

Taking § = % and 7 = p in (4.20) we obtain, that the IPP is equivalent to the
pmf of a negative binomial (or Pélya) process given in table 1.

We can apply the characterization of a Pdlya process presented in [25] to the
IPP. The following theorem summarizes the mentioned characterization:

Theorem 4.4. Let N(t) be an IPP with transition intensities A, (t). The following
statements are equivalent:

i) N(t) is a pélya process or a Poisson process.
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it) for a fixed t, the transition intensities A\, (t) is linear in n.

ii1) An(t) is a product of two factors, one depending on n and the other on t.

w) There exists a transformation A(t) = L(e® — 1) with a € RY such that the
process N2 (t) defined by N (t) = N(A(t)) is a homogeneous birth process.

Proof. 1) See the proof of (4.20).
ii) By the definition of A, (t) given in (4.5) we get, for any fixed ¢:

)\ (t):ﬂ(P‘Fn): Hp + R n
" 1+ Kt 1+kt 14kt

(4.21)

which is a linear function in n.

If we denote a(t) = and b(t) = " then (4.21) can be rewritten
14kt 1+ kt
in the following way
An(t) = a(t) + b(t)n (4.22)
Using (4.5) we obtain:
Ap(t d
a(t) = Ao(t) and bm:fooszMMmy (4.23)

No(t) dt

An(t) = Dolt) — igg n. (4.24)
iii) Again, from (4.5) we get
Mt) = (p-+ 1) = p;” Do(h). (4.25)

Which implies that A, (¢) is the product of two factors: a sequence depending
on n and a function depending on ¢.
iv) To see that the process N4(t) relative to N(#) is a homogeneous birth process
we have to prove that its transition intensities A2 (¢) are not depend of time
t and that PA(t) satisfies (4.6).
According to [14] we have

NA(L) = Ma(A(D)A' (1) (4.26)

For the IPP if we replace the transformation A(t) in the expression (4.5)
then (4.26) takes the form:

p+n
T (He =)

K

A(t) = : %e“t =alp+n) (4.27)

Note that A?(¢) doesn’t depends on ¢ and is denoted by \2.
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As well, like N4(t) = N(A(t)) then from (3.3) whenever a; # 0 we have

R = (HZ_ 1) <1i§((ez; 1)1)))" <1+n(;(leat 1))>p
:(p+2—1>(1_;t)”<;t)” ( +n—1) 1y g—aton

_ (p +n— 1) et (1= e=ot)" (4.28)

n

Note that the expression (4.28) is equivalent to the pmf of a generalized
negative binomial process given in table 1.
A particular important case of (4.28), when n = 0:

Pit(t) = et (4.29)
which derivative is p
CRMN0) = ~(ap)e (4.30)
From (4.27) it is clear that A} = ap and it is thus that (4.30) is equivalent to:
d
SR (1) = N P(0) (431)
On the other hand, taking natural logarithm in (4.28) we obtain:
-1
In(PA(t)) =1In [(p o >} +nln(l —e ) — apt (4.32)
n

Derivating (4.32) respect to ¢ we have:

1 d A n —at
Pf(f)% n()zl_e,at(ae )_a‘p

and then
d Sa, na —at A
G0 = (e~ ap) PO
na —u
-1
= na <p o )(1 — e MnTlemart _q(p+n)PA(t)
n
— a(p+n— 1P, () —alp+n)PAR) (4.33)

Thus, using (4.27) we obtain the following expression
d

dt

which is equivalent to (4.33).

Then, from (4.31) and (4.34) we get that the pmf P/ (t) associated to the IPP
satisfies the differential equations given in (4.6) with transition intensities that
not depend of the parameter of time, A2, it means that is a homogeneous birth
process. O

P(t) = A1 Prla(t) = AP (2) n=>1 (4.34)
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Corollary 4.5. If N(t) is an IPP with transition intensities A, (t) then

n—1 n
jl;[o Aj(t) = F(l'f(;)n) (Mp(t)> n>1. (4.35)
Proof. From (4.25) we get
n—1 n—1 . n
() = Pty _ Llptn) (Ao(t)
E)Aj(t) B J[[O ( p AO(t)) L(p) ( p ) '

In the above expression, we write the product in terms of gamma functions to
finish the prove of corollary. O

Corollary 4.6. Let N(t) be an IPP with transition intensities A\, (t). Then, for
all m > 0, the pmf P, (t) satisfies

Pa(t) = (”Z_ 1) (; )\o(t)>nexp —/tAo(v)dv . (4.36)

Proof. By substituting (4.35) into (4.12) we have

];((3 - ZF(%H) (/\O/Et) ) N <p+z 1) (ﬂp(t))

t
Finally, multiply by Py(t) = exp {— Ik )\o(v)dv}, which can easily be deduced from
0

the expression given in (3.6). This proves the corollary. O

Using the expression (4.36) we can explicitly calculate the probabilities P, (t)
by only using the transition intensity Ao(t).

5. Additional Properties

In this section we will to present many others properties of the IPP.

5.1. Probability generating function. If p and k satisfy (3.1) then the pgf
given in (3.2) takes the form:

(I+rt(1—2)" if a#0

exp{—fi(1—2)} if =0 (5.1)

Gn(z;t) = E[ZN(t)] = {

Using the definition of Py(t) given in (3.4) we obtain that (5.1) can be rewritten
in the following way:

Gn(zt) =E[zNO] = Py((1 - 2)t) (5.2)
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5.2. Other expressions for P, (t) in terms of A\, (t). There are other expres-
sions for the P,(t) similar to (4.12) and (4.36) that allows characterizing the IPP
in terms of its transition intensities are shown and proved below.

Proposition 5.1. Let N(t) be an IPP with transition intensities A\, (t), then

p+n—1
n

P,(t) = < )(nt)” exp /t)\n(v)dv for n>0 (5.3)
0

Proof. For n = 0, from the first equation of the system (4.6) we have:
Py(t) = —=Ao(t) Po(t)

from here
In(Py(t)) = | —Xo(v)dv (5.4)
/
and then,
Py(t) =exp — [ Ao(v)dv p . (5.5)
/

Note that (5.5) is in agreement with the expression given in (3.6).
For n > 0, rewritting (3.3) whenever a; # 0 we obtain:

P, (t) = (p+Z_ 1) (1jtnt>n (1ims>p

= (p e 1) (k)" exp{—(p+n)In(1 + xt)}

n
¢
_ (P e 1) (k)" exp { — / Ap(v)dv (5.6)
" 0
i.e. (5.3) is satisfied for all n > 0 and the proof is done. O

Proposition 5.2. Let N(t) be an IPP with transition intensities \,(t) then
t
P[N(t) > n] = / An (V)P (v)dv for n > 0. (5.7)
0

Proof. By substituting (3.5) and (4.13) into (5.7) we have
t _1yn gt (n+1)
/ M) Py =Y / <_ M)w P (0) du
0 0

& ()
-1 n+1 t
Z% /O o P (4) do. (5.8)

We’ll use integration by parts with:
= and dy = PO("H)(v) dv



138 A.M. BELTRAN AND J.A. JIMENEZ

Then, the integration by parts gives us:

t _1\n+1
/Ox\n,(v)Pn(v)dv :L

n!

t

¢
[U"Pén)(v) — n/ i Pén) (v) dv
0

0

_ P G DL S
=— P,(v)|y + (n—l)!/o " Py (v) do.

As we have for n > 1: P,(0) = 0, and using the expression (5.8) for the second
term, we have:

/t An (V)P (v)dv = — Py (t) + /t An—1(0)Pp—1(v)dv n>1. (5.9)
0 0

Using the previous result:

/ An (V)P (v)dv = — P, (t) — Pp_1(t) + / An—2(V)Py—a(v)dv = ...
0 0

j=1 j=1
==Y Pi(t) = Po(v)ly = = >_ P;(t) + Po(0)
j=1 7=0
=1— P[N(t) <mn],
which completes the proof. O

The expression (5.7) allows calculate the cumulative distribution function of an
IPP.

Corollary 5.3. Let N(t) be an IPP with transition intensities A\, (t) then
/ M (E)Pa(t)dt = 1 for n>0.  (5.10)
0
Proof. From (5.9) we get

/OO A (0) o (0)dv = — Tim Po(t) + /Oo M ()P )dy > 1
0 t—o0 0

As we have for n > 1: P,(oc0) = 0, and using the above recursive relationship:

o0 o0 oo
/ (V) Pp(v)dv =... = / o (v) Py (v)dv = —/ Pi(v)dv
0 0 0
=0(0) = lim Fy(t).
From expression (3.4) we have:
Py(t) = (14 rt)~* for p>0 (5.11)

and we take the limit when ¢ tends to oo, which means that oy — 1, we get:

oo
/ A (V) Py (v)do =1 — lim (1 + kt)™” = 1. O
0 t—o0
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Proposition 5.4. Let N(t) be an IPP with transition intensities \,(t), then

t+h

P+ h
exp —//\n(v)dv :% for h>0. (5.12)
Py"(t)
t
Proof. By substituting (4.13) into (5.12) we have
t+h t+h
P(nJrl)
exp{ — / An(v)dv 3 =exp / . o) (U)dv
Py (v)

=0 ¢-TH 0

t+h} M (¢ + h)
Py (1)

Corollary 5.5. Let N(t) be an IPP. If Py(t,t + h) denotes the probability that
there are no claim occur in the time interval (t,t + h|, that is Py(t,t + h) =
P(N(t+h)— N(t) =0) then

Py(t+h) = Py(t) - Py(t,t + h) for t,h>0. (5.13)

Proof. According to [§]
t+h
PN(t+h) — N(t) = 0) = exp 4 — / AMu)du (5.14)

where A(t) is the intensity function associated with the time-dependent (or non-
stationary) Poisson process. If we set n =0 in (5.12) then we get

t+h
P,
Py(t,t+h) =exp{ — / Ao(v)dv p = Bt +h) (5.15)
/ Po(t)
Thus,
Po(t+h):P0(t)P0(t,t+h) for t,hZO O

The relation obtained in (5.13) implies that, for none ocurrences, the IPP has
independent increments.

The next lemma establishes a property of the transition intensities that will be
used in the proof of following theorem.

Lemma 5.6. Let N(t) be an IPP with transition intensities A\, (t). Then the
process satisfy

jio iigg = —mTH - Ao(t) forall m >0. (5.16)
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Proof. In (4.10) we obtained a relation between the successive intensities of the
process N(t). We can rewrite this relation, using (4.25), as follows:

X5(0) =\;(t) — N (t)*—1 Ao(t) forall >0 (5.17)
)\j (t) -\ J+1 = P 0 J =Y. .
Thus, (5.16) turns out the mth partial sum of a telescoping serie and from here
m )\/ 1
__mtl Ao(t) for all m > 0.
“ A p

O

Theorem 5.7. Let N(t) be an IPP with transition intensities A, (t) and Py(t) =
P(N(t) =0). Then the nth derivative of Py(t) is given by:

d" n
T (Po(t) = PMt H A;(t) | Polt n>1. (5.18)
Proof. We will show this by induction. For n = 1 we have:

Pi(t) H A (1) | Pot) = =Xo(t)Po(t) (5.19)

which coincide with the first equation given in (4.6).
Induction assumption. We assume that (5.18) is valid for n = m, i.e.

B () = (1™ | TT A0 ) Poto)

And we will proof for n = m + 1. We have
d
dt
and then, by the induction assumption we obtain:

P () = S P (t)

d m—1

Py = 2 | o | T v
j=0
= o (T ) mo+ com [ TLve )z
7=0 3=0
~ (mf[ Aju))(”z’i?ﬁj;)—(”‘ Aj<t>>xo<t> A1)
§=0 j=0 " j=0
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the above expression is due to the equation (5.16) and factorize we get that

m

P () = (0t [ T @) | Poce) (5.20)
7=0

Thus, by the induction principle we get that (5.18) is satisfied for all n > 1 and
the proof is finished. |

Proposition 5.8. Let N(t) be an IPP with marginal pmf P, (t), then satisfies that
i) Time dependent increments

Pn7n+1(t,t + h)

o h = Anlt)
ii) The probability that there are no claim occur in (t,t + h] is
Py(t,t +h) =1—hXo(t) + o(h) (5.21)
iii) The probability that one claim occurs in (t,t + h] is
Pi(t,t+ h) = hXo(t) —o(h) (5.22)
iv) Faddy’s conjecture!: The transition intensities be an increasing sequence with
n, i.e,
Ao(t) < Ai(t) < ... < (1), for any fized t. (5.23)
then Var[N(t)] > E[N(t)], this last inequality is reversed for a decreasing
sequence.

Proof. 1) As the IPP is a mixed Poisson process then, according to [25], for i < j
and 0 < u < v, N(t) satisfies:

P(N(v)=j | N(u) = i) = (Z) (%) (1 - %)H ?((Z; (5.24)

P,L',j(u,v)

Replacing the expression for P,(t) given in (3.3), when a; # 0 we obtain
in (5.24) that the transition probabilities for the IPP are:

Pt = (1) (2) (1 L
AV CE S L (%)%(Hl“”)p
()6 () ) () (=)'

v
Cp+i—1\ (s —u)\ T (14 e\ (5.25)
N J—1 14 kv 14 kv ’ '

Let it =n,j=n+1,u=1tand v =1t+ h in (5.25) and taking the limit
when h tends to 0 we obtained the proof. This means that the transition
intensities A, (t) represent the instantaneous transitions probabilities of the
process N (t).

ISee [11].
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ii) Clearly the function Py(t) defined in (3.4) is continuous for ¢ > 0 and is
analytic due to Po(")(t) exists for all n > 1. Thus, is possible express Py(t+ h)
through a Taylor series as follows:

') pm .
Po(t+h) =Y mPO( (1) (5.26)
m=0
Substituing the expression for the mth derivative of Py(t) obtained given
by (5.18) in (5.26) we have:

Po(t +h) = Py(t) + hm H A;(t) | Polt (5.27)

Like Py(t 4 h) satisfies (5.13) then (5.27) is equivalent to:

Py(t) - Py(t,t +h) = Po(t) |1+ i (—1)’“% T Aj(t) (5.28)
m=1 o\ j=0
Let n =m — 1 then:
o) n41 n
Py(t,t+h) =1+ Z:;)(—l)"+1 (f+ i HOAJ (t)
=1-—nh A (t) (5.29)
T;) (n+1)! jI;[O

From the expansion of the first terms of (5.29) we obtain:

Po(t ¢+ h) =1 = hho(t) + o(h) (5.30)
where
o n+1 n 1, 1,
Z n—|— 1)! HA = 32 (OA(t) = " Ao ()AL A2(8) +

n=1

The above function satisfies that limy_,g o(h)/h = 0 ([35]).
iii) From (5.30) and like Py(t,t + h) = P(N(t + h) — N(t) = 0) we get

P(N(t+h) — N(t) > 0) =1 — Py(t, t + h) (5.31)

Given that the IPP N (%) is a pure birth process then we have that in an
infinitesimal interval of time there can only be two situations: there is a birth
or there is not. Thus,

P(N(t+h) —N(t) >0)=P(N(t+h)—N(t)=1) = Pi(t,t + h)
Then, from (5.31) we obtain:
Pi(t,t+ h) =~ hAo(t) — o(h) (5.32)

provided that A is infinitesimal.
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iv) Assume that p > 0 and n is any integer positive then
p<p+l<p+2<...<p+n. (5.33)

Consequently, by dividing by p and multiplying by Ag(¢), we obtain that the
expression (5.23) is satisfied and therefore the conjecture is fulfilled.
Note that if p < 0 (Table 2) by dividing by p inverts the inequality (5.33)
and multiplying by Ao(t), we have the reverse of expression (5.23).
The expression (5.23) allows identifying over- or under-dispersion of a counting
process which are classified according to the expression (3.11). O

Corollary 5.9. If N(t) is an IPP, then it doesn’t have independent increments.

Proof. From Theorem 4.1 we know that an IPP is a mixed Poisson process. Ac-
cording to [27], if {N(¢),t > 0} is a counting process with independent increments
then its transition intensities satisfy that Ag(t) = A1(¢), but by equation (5.23) we
have

1
o(t) < % o) = \i() for p>0. (5.34)
And therefore, N(t) doesn’t have independent increments. O

The last result coincides with the property of the mixed Poisson process pro-
posed by [10] about dependent increments.

6. Conclusions

In this paper, we studied the inhomogeneous Panjer process and we presented
some properties of this process, which seems to be a good alternative and will
be useful for modelling counting process with over or under dispersion. A note-
worthy aspect is the provision of explicit analytical expressions for the probability
mass function and cumulative distribution function that are obtained by transition
intensity.
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