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C-ALGEBRA AS A POSET

Dr. Sushil Kumar Agarwal

ABSTARCT: In this paper we define a partial ordering <on a C-
Algebra and provethat the centre B (A) of a C-algebra Awith T becomes
a Boolean algebra under this partial ordering. e derive a number of
necessary and sufficient conditions for a C-algebra < A, v, A "> to
become a Boolean algebra.

INTRODUCTION

Kleene[ 3] introduced the notion of aregular extenson of classica logic. For our
purpose aregular extenson of an dgebraA isobtained by adjoining anew element
U (for “un Known”, “undetermined” or undefined”) to A and extending the
operationsonAtoAu {U}. If Aisthetwo eement Boolean algebraB ={T,F},
thenAu {U}: ={T,FU} isdenoted by C.

Guzman and squier [2] introduced thevariety of C-algebrasasthe veriety
generated by this 3-element algebraC ={ T, F, U} whichisthe agebraic form of
thethreevaued conditional logic. U.M. Swamy, GC. Rao and R.V.G Ravi Kumar
[6] introduced the concept of the centre of a C-algebraA which is denoted by
B(A) and proved that the centre of a C-algebra is a Boolean algebra. Many
mathematicianslike Berman. J, McCarthy. J, Kleene. S have worked onthree
vauedlogic.

Inthispaper weintroduce apartial ordering < onaC-Algebraand study the
propertiesof C-agebraasaposet. We provethat thecentre B (A) of aC-algebra
A with T becomes a Boolean algebra under this partial ordering. We derive a
number of necessary and sufficient conditions for a C-algebra<A, v, A ">to
become aBoolean dgebra.

1. Preliminaries

Inthissectionwerecdl the definition of C-algebraand someresultsfrom[2] and
[6]. Also we prove somemore resultsin a C-algebrawhich will berequired later.
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Definition 1.1[2]: By a C-algebrawe mean an algebra of type (1,2,2) with
operations”, A and v satisfying thefollowing identities.

@ x"=x

(b) (xny) "=x"vy

(© (XAY) AZ=X A (YAZ)

(d) xA (Yv2) = (XAY) v (Xr2)

(© (xvy) AZ=(XA2) v (X'AYAZ)
() xv (xay) =X

@ (xAY) v (YAX) = (YAX)V (XAY)

Example 1.2 [2]: The two element algebraB = { T,F} isaC-algebrawith
operations” A and v defined asinthefollowing table.

x| x /\\ T F \/‘ T F
T|F T T F T T T
Fl T F F F F T F

Example: 1.3[2] : The 3- dement dgebraC ={ T,FU} isac- algebrawith
operationsv, A", defined asin thefollowing tables.

X X A T F U v T F U

T F T| T F U T T T T

Fl T FI F F F FI T F U

U U u| Uu U Uu u,  u uU u
Note 1.4[2]:

(i) ldentities1l.1a 1.1bimply that thevariety of C-algebras satisfiesdl thedua
statementsof 1.1bto 1.1g

(i) Aandv arenot commutativeinC
(i) Theordinary right distributive law of A over v falinC

(iv) Every BooleandgebraisaC-agebra
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(v) Throughout thispaper A representsa C-algebraunless otherwise mentioned.
Lemma: 1.5[2]: Every C - algebrasatisfiesthe following laws
(@ xAx=x
(b) XAy =xA (X'Vy)
(€) xv (X'AX) =X
(d) (xv X) Ay = (xay) v (X'AY)
(& (xvX) Ax =X
Lemmal.6[6]: Every C - dgebrasatisfiesthelaws
(@ xv X =x"vx
(b) Xvyvx = xvy
(€©) XAX'AY =XA X
Lemmal.7[6]: IfacAthen
(i) aisleft Identity for A if and only if aisright | dentity for A
(i) aisleftidentity for v if and only if aisright identity for v

Definition 1.8[2]: Aissaidto haveT (and F). if thereisan | dentity for A. Inthis
caewewrite T for the ldentity for A and Finplaceof T

Lemmal9[2]: LetAbewithTandx, yeA.
@ xvy=F ifandonlyif x=y=F
(b) if xvy=Tthenxvx =T

Lemma: 1.10[2]: Every C-agebrawith T satisfiesthe law xvT =xvx’
Theorem 1.11[6]: Thefollowing are equivalent inA.

(@ AlisaBooleanalgebra

(b) xv (yax) =x foralxy eA
(© XAYy=yAaX fordlx,y A
d xvy) ay=y for all x,y e A
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(&) xvx isldentity for A foralxeA

) xvx' =ywy fordlx,yeA

(90 A hasaright zerofor A

(h) Foranyx,y € A, thereexistsa e Asuchthat x nAa=yra=a
() Foranyx,yeAifxvy=ytheny Ax=x

Definition 1.12[6]: Let AbewithT. Anelement x € Aiscalled acentral element
of Aif xv X" =T. Theset {xeA | xv X =T} of al central elementsof Aiscalled
the centre of A and isdenoted by B (A).

Theorem: 1.13: let Abewith T. Then B (A) isaBoolean algebrawithinduced
operations A, vand”

Note: 1.14: (i). aistheidentity for A if and only if & isldentity for v
snceaax=x=x A afordl x e A< avx=x=xva foral xeA.

(i) observethat if Identity for A existsthenit isuniqueand it isdenoted by T,
thenT", denoted by F, isthe unique Identity for v

Theorem: 1.15: Let a€ A. Thenthefollowing are equivaent.
(1) aisleftIdentity for A
(2) aisright Identity for A
(3) aisldentity for A
(4) a isleft Identity for v
(5) d isright Identity for v
(6) a isldentity for v

2. SomePropertiesof C-Algebra

Guzman & Squier [2] proved that if ae Aand & =athenaisleft zero for both v
and A. Now we provethe converse.

Theorem 2.1: Let ae A.Thena =aif andonly if aisleftzero for both v and A
Proof: Supposethat aisleft zero for both v and A



C-Algebra as a Poset 89

anx=a=avxforalxeA ..

a

= av(@ana) (byLemmal.bc)

= ava (by (1))

= ava (by Lemmal.6 (a)
= a by (1)

Hencea =a

InaC-algebraAwith T, if g=p” thenpvg=T and pAg = F need not hold,
for examplein C, UvU" = UAU" = U. But we prove the conversein thefollowing.

Theorem 2.2: Let AbeaC - algebrawithT and p,q € A.

IfpAag=F pvg=T theng=p

Proof. LetpAq=F pvg=T

Now pvg=T = pvp’

T (ByL9) (D)

Now q = TAq = (pvp) Ag  (By (1)

= (PAQ) v (P'A0) (1.5d)
= Fv (p'AQ)

= (P'Ap) v (P'AQ) (By (1))

= P A(pv g =pAT=p

Henceq=p’

By 1.5 b, weknow that inaC-agebra, xAy = XA(X"v y). Now we provethe
following.

Theorem 2.3 Every C-algebrasatisfiesthe laws.

0 xAy=(X'vy) Ax, (i) xvy = (X'AY) vX

Pr oof:

XAy = XA (X'VY)
= (XAX') v (xAY)
= (X'AX) v (xAyAX)  (bylemmal.6 a,b)
= (X'vy) AX (by def 1.1)
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gmilarly xvy = (X'AY) vX
Corollary 2.4: Forany X,y € A, the dementsx, X" vy commute.
Thatis, (i) XA (X'vy) =(X'vy) A X
(i) xv (X'AYy) = (X'AY) vX
Corollary 2.5: Every C-algebrasatisfies.
XA (X'VX) = (X'VX) A X=XV (X'AX) = (X'AX) VX =X

Note2.6: If A hasan element awith the property a8 = athenitisuniqueandis
denoted by U.

Theorem: 2.7. B isthe only C-algebraof order two.

Proof: Let A beaC-agebraof order two. LetA={x,y}
If X" =x theny” =y (by definition of C-algebra) whichis not true (See 2.6)
Thereforex” =y, A={x,X}. Sincexvx" =X vx (by 1.6 (a))
We get xvy = yvx for dl x,y € AThusA isaBoolean agebraof order 2
HenceB isthe only C-algebraof order two

Theorem: 2.8. every C-algebrasatisfies
(xvy) A X = XV (YAX)

3.C-ALGEBRAASA POSET

In this section we define a partial ordering “<” on C-algebraA and study the
properties of the C-algebra as a poset. We prove that the centre B (A) of aC-
algebraA becomes a Boolean algebra under thispartia ordering. We derive a
number of necessary and sufficient conditions for a C-algebra<A, v, A ">to
become aBoolean dgebra.

Definition: 3.1 LetA beaC- dgebra Define‘< onAbyx<yif yaxx=xthen‘<’

isapartiad ordering on C.
.
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It isenoughto verify that ‘<’ isantisymmetric, remaining proof isaroutine
verification. Supposethat X,y € A, x<yandy <x

{ YAXEX, XAYZY }

3 % / 3

Now XVYy=Xv(XAYy)=X

yvx=yv(yax)=y
So that X=YAX=(YVX)AXVY)=(XWWA (YWX) =XAY =Y

Hence ‘<’ isantisymmetric
Note 3.2: If aC-algebraA hasT. Then T isthe greatest element of the poset
(A<)sinceT Ax=xforalx e A(thatisx<T for al x € A).

Example 3.3: The Hassediagramof the poset (C, <) is

Example 3.4: Weknow that C x CisaC - dgebraunder point wise operations.
The Hassediagram of the poset (Cx C, <) isgiven below

CxC a=(TT),8=(TF) a=(T U),a=(FT) a=(FF),
a,=(FU),a=(U,T)a=(UF), g=(UV)
Note 3.5 : The above two examples suggest that, in generad, if AisaC-

algebrathen (A, <) isajoinsemi lattice. Wedo not know yet whether (A, <) isa
joinsemi lattice. But we havethefollowing.
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Theorem: 3.6 Intheposet (A, <), forany x € A
Supremumof {X, X'} =x v X', infimumof {X, X’} =x AX
Proof: (x v X)) Ax =xand (X v X") AX" =X by cor. 2.5
Thereforex <x v x and X" <xv X
Hencex v X" isan upper bound of { X, X'}
Supposet isanupper bound of {x, X'} .
Wehavet AX=X.tAX =X
NowtA(XVvX)=(tAX)v(EAX)=XxVvX

Therefore xvx™ is least upper bound of {x, X'}, That is, supremum of
{x, X} =xvx". Similarly, infimumof {x, X'} =x A X
Corollary: 3.7 InaC-agebrax vx" = x"vx and x AX" =X AX

In general for a C- algebraA with T. x v y need not be the lub of {x,y} in
(A, <) for example,inC, U v F=U isnot thelubof U and F, However we have
thefollowing results.

Theorem 3.8: Let AbeaC-algebrawithT andx,y € A. If x € B(A) and X Ay
=yaxthensup{x,y} =xvy

Proof: Let xaAy=yAxandxvx' =T

(Xvy) AX = (XAX) vV (X'AYAX) = X Vv (X'AXAY)
= xvxXaXay) =X
Thereforex<xvy

(XVY) AY = (XAY) v (XAYAY) = (XAY) V (X'AY) = (X v X) A Y
= Tay=y

Thereforey <x v .

Hencex v yisanupper bound of { x, y}

Supposeu isan upper bound of { X, y}. ThenuAax=xanduay=y



C-Algebra as a Poset 93

NowuA(Xvy)=UAX)V(UAY)=XVY
Thereforex vy <u, Hencesup{x y} =xvy.
Theorem 3.9: Let X,y € A and XAy = yax theninf {x,y) = xay
Proof: Letx,ye Aandx Ay =y ax. Clearly, x Ay <X
Y A (X AY) =Y A(YAX) = YAX = XAY
Hencex Ay <y. Therefore xay isalower bound of { x,y}
Suppose| isalower bound of { x,y}
XA L=1=yal. Now (XAy) Al =x A (YAl) =xAl =1
Thereforel <x Ay and hencexay isthe greatest lower bound of { x,y}
Corollary 3.10: Let Abewith T, x € B(A), ye A suchthat X Ay =yAxthen
x v yisthelubof {x, y} andx Ay istheglb of {x,y}
Thuswe have proved thefollowing

Theorem 3.11: Let A be aC-algebrawith T. Then the centre B (A) of A (def
1.12) isaBoolean agebraunder the partial ordering ‘ <" induced fromA.

Now we givethefollowing equivaent conditionsfor “x <y”
Theorem: 3.12: InaC-algebra

(i) X<yeyaYvx)=xe (YvX) Ay =X

(i) x<y=ywvx=y
Proof: (i) isclear from2.3and2.4

(I XSYy=>YyAX=X= YV (YAX) =YX = Y =YX

The converseof 3.12 (ji) isnot true, for example, in‘C’, U F=Ubut F £ U
Theorem 3.13. Intheposet (A, <)

1. Xvy<xvx

2. ifx<ythen, foranyzeA, (i) zax < zay (i) zvx < zvy

3. XAy <x
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4. ifAisaC-algebrawithT andx € B (A) theny<xvy
Proof: 1. (xvX') A (Xvy) = (XA(XvY)) v (X' A(XVY))
=X v (X'AY) = x v y therefore xvy < xvx’

2. Supposex<y,andz € A.

() (zay) A (zaX) = (zAYAZ) AX = ZAYAX (By 1.6)
=Z AX (sinceyax =x)
Thereforezax < zay

(i) isadirect verification
3. XA (XAY) = (XAX) A'Y = XAY. Therefore xAy < x.
4. SupposeAisC-dgebrawithT andxeB (A). Then

(XVy) Ay =(Xny) v (XAYAY) = (xny) v (X'AY)

= (XvX)AYy =Tay =y
Thereforey < xvy.
Note 3.14
(i) Intheabove, xvy <yvy not hold; for example TvU « UvU’inC.
(i) Intheabove, x <xvy not hold; for exampleF £ F U inC.
Now weprove modular typeresultsin thefollowing
Lemma: 3.15: Intheposet (A, <)
X <Yy = XV(YAZ) = yA(XvZ)

Proof: SupposeX<y =y AX=X

YA(XvZ) = (YAX) v (YAZ) = X v (YA2).
Theorem 3.16: For any x, Y, z, € A

X<y, Xvz=yvzand XAz =yazthenx =y
Proof: X =X v(XAZ) =X v(yAZ)

=y A(xvz)  (ByaboveLemma3.15)
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=ya(yvz) =y

If x eB(A) thenwe have proved (3.12) that y < xvy and if xeB(A), XAy =
yaxthenxvyissup{x,y} (3.8). Ingeneral xvy need not be an upper bound of
{x,y} inthe poset (A, <). If xvy isan upper bound of {x,y} in (A, <) thenA
becomesaBooleanalgebra Also it can be observedthat, for X,y € AXAy <xis
true But xAy <y need not hold inA. If xAy <yfor all X,y € AthenA becomesa
Boolean agebra We conclude this paper with the following.

Theorem: 3.17: Thefollowing are equivaent ina C-algebraA

(1) <A, v, A, >isaBoolean dgebra

(2 y<xvyin(A, <) foralx,y eA
B x<xvyin(A, <) foralx,y e A
(4) xvyisanupper bound of {x,y} In(A, <) foralx,y e A

(5) Sup{x,y} =xvyin(A,<) foradlx,y e A
(6) xAy<yin(A, <) foralx,y e A
(7) xay isalower bound of x,y foralx,y e A
(8) inf{x,y} =xayin(A, <) foralx,y e A

(9) Theposet (A, <) isdirected below
(10) xvx isthegreatest element inthe poset (A, <) foral x e A
(12) Forany x,y € A,ify <x thenx <y
Proof: (1) = (2)isclear
(2) = (3): Assume(2), Therefore(xvy) Ay =yforalx,y e A
(xvy) A (yvX) = (xv(yvX)) A (YvX) (By 1.6 b) = yvx
Similarly (yvX) A (xvy) =xvy
Thereforexvy =yvx, foral x,y e A
Henceby (2) x<yvx=xvyforalx,y e A
(3) = (4): Assume, (3) wehave (xvy)ax =x, foral x,y € A
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= xv(yax) =xforal x,y € A.By(2.8)
(XAY) v (YAX) = (X AY) v (YA(XAY)) (by 1.6b)
=XAY
Similarly, (YyAX) v (XAY) = YAX
Thereforexany =yaxforal x,y e A
Thereforexvy =yvxforalx,y e A
Now (Xvy)AY = (YvX)AY =Y, that isy < xvy.
xvy isupper bound of {x,y} for al x,y
(4 = (5): Assume(4). Suppose u isupper bound of {X,y},
UAX = X, UAY =Y NOW U A (XVvY) = (UAX) Vv (UAY) =X vy
Therefore, sup {x,y} =xvyfordlx,y e A

(5) = (6): Assume(5). Then, xvy=yvxforadl x,y e A
so that xAy =yax foral x,y e A

Now y A (XAY) =Y A (YAX) = YAX = XAY Therefore xay <y
(6) = (7): Assume (6). we know that XAy< X.
Thereforex Ay islower bound of { x,y}, foral x,y € A
(7) = (8): Assume (7). supposet islower bound of {x,y}
XAt=t=yAt, Now (XAy)At = X A (YAL) = XAt=t
Therefore x A yisgreatest lower bound of { x,y}
(8) = (1): Assume(8). Thereforexay = yax for al x, yeA
Hence, by thereon 1.11, A isBoolean algebra
Therefore (1) to (8) areequivalent
Clearly (9), (10), (11) are equivalent to (1) by theorem 1.11.
Hencethetheorem.
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