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HIGHER DIMENSIONAL PLANE
SYMMETRICAL SPACE-TIME
IN POLAR COORDINATE SYSTEM

S. S. Pokley & K. T. Thomas'

ABSTRACT
The general formof the plane symmetric line element of V, in spherical polar
coordinates have been derived through the study of killing vectors

gl = (0,sin¢, cot6cosg, 0, 0),

1 cosd

. !0!0),
r sino

g% = (sinOsing, }cosesind),
r

g3 :(cose,—}sine, 0,0,0),
r

admitted by the plane symmetric space-time V.. Here we obtained most general
form of the plane symmetric line element of V, in spherical polar coordinates

(r,6,¢,t,u) as
ds? = f, [dr? +r%do? +r?sin? 0 dp?] + f, [cot? 6 do? — do? + tan? pdp? —sin? Ody?

2cot 0
+
r

drdo— 2% 4rdo — 2ot 0tan ¢ do do]
r
+ £, [2drdt + 2c0t 6 dodt — 2tan gdgct]
r

+ f4[§drdu + 2cot 0dodu — 2tan ¢dddu] + f dt? + fdu? + 2f,dtdu

where f, =-A, f,=Brtan6, f;=Ctan6, f,=Etan0, fz=D,
f¢=—G,f,=F andA, B, C,D, E, F, G are the functions of (r, 0, ¢, t, u) .
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INTRODUCTION

Plane symmetric (PS) space-time have been studied by Takeno (1966). Takeno
defines afour dimensional Riemannian space of signature—2 is plane symmetric if
it admits the three parameter group of transformations

Rlzzay_yaZ1R2:ay1R3:az1 (11)

0

where 8y = oy etc. asasubgroup of motions. Herethecoordinatesare (X, Y, z, t)
andt corresponds to time. If we transform the coordinates (X, y, z) by
X=rsnocosd, y=rsinbsn¢, z=r coso

then we obtain polar coordinates (r, 0, ¢) and theexpressonsof R, R, and R,
become

R, =sin$d, +cotOcosd 0,

cosesinq>a N Cosd p
0

R, =sinOsin¢o0, +
2 4 rsino

¢ 1.2)
and Ry=cos60, —%eae ,

h 8=iet
where =20 C.

Here extending Takeno’'s work on V, to V. We define a five dimensional

space-time V is PSif it admits

g% = (0, sin¢, cotdcosg, 0, 0),

g% = (sn0sing, lcosesin b, lc_o_'sq)’ 0, 0), (1.3)
r r sno

£ — (cosh, —%gne, 0, 0, 0)

as the killing vectors.
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THE PLANE SYMMETRIC LINE ELEMENT OF V;IN SPHERICAL
POLAR COORDINATES

Theorem: The general form of the line dement of the plane symmetrical space-
time in polar coordinates system is given by

ds? = f, [dr? +r2de® +r?sin®0 d¢?] + f,[cot? 6 do? — d? + tan® hdd*

cot 0 2tan¢
r

—sin®0d¢? + 2——drdo -

drdd — 2cot 6 tand dodd]

“f, [% drdlt + 2cot0 dodt — 2tan¢ dodt]

+ f4[§ drdu + 2cot 6dodu — 2 tan ¢dddu]

+ fodt® + fedu?® + 2 f,dtdu (21)
where f, =-A, f,=Brtan6, f;=Ctan0, f,=Etan0, f;=D, f;=-G,
f,=F andA, B, C, D, E, F, Garethefunctionsof (r, 0, ¢, t,u) .

Proof : We define a space-time
ds® = g; dx'dx’, (i, j =12 3,4,5) (2.2)

is said to be PS if it admits the three parameter group of transformations given in

(1.2) with killing vectors (1.3). Here the Killing vectors ¢° satisfy the Killing
equation

or
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where g% £2 and £¢3 aregivenby (1.3). Inserting thevalues of £¥ in (2.3) and
varying j and j from 1to 5, we obtain the following set of equations

sno 89(;1 + cotO cosd gql,l 0 (2.4a)
sing—2 B2, cot 0 cosd iz _ 0,5 COS$ cOsEC’0 = 0 (2.4a)
0 b 8
sinq)ag +cotf coso 0% + 0y, COSO — g3 SN GCOLO = 0 (2.42)
a0 a6 '
0014 0014
sin + cot 0 cos =0
e e o (2.43)
. 005 005
sin + cotOcos =0
8 ¢ o (2.43)
sno 89;2 + cot 6 cosd 922 — 203 C0SGCOsEC’0 = 0 (2.4a)
sing 8253 +cot 0cosd 942)3 — a3 COSOCOSEC?O + g, COSH — g3 COLOSING = O (2.4a)
. 00y 0924 2
sin + cot 0 cos — 03, COSHCOsEC0 =0
¢ 20 o—= P 034 COSO (2.4a)
sin¢ 829 +cot0cosd 925 — g5 COSHCOSEC?O = 0 (2.4,
. 0033 0033 ;
sin ¢E + cot 6 cosd o + 20,3 COS$ — 20945cotdsind =0 (2.4a,)
sin¢agi+cotecos¢ 0934 + (J,4 COSH — ga,c0t0SN G =0
20 2 924 O34 = (2.4a,)
sing 829 + 0ot fcoso 935 + 05 COSH — gasCOtOSiNG =0 (2.4a,)
0G4 0G4
sin + cot 6 cos =0
29 e o (2.4a,)
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. 8945 ag45 _
sn¢ v + cot 6 cosd =0 (2.4a,)
sin ¢agi +cot® cosq)agi =0 (243,
o0 el

Similarly substituting the values of ¢% andg¥ in (2.3), we obtain

.. 00y  cosBsing 0gy;  cosp 00y cosOsin¢ Cosd
fsing—1L —=u =2 -2 =0
sinbsing o | 1 20 " rsing o0 %2 r2 9113rzsine (2.52)
.0 cosOsing o cos¢ O cosfsin cos
sindsing (.3112Jr o 912Jr .¢ O ” : ¢_923 : .¢
or r 0 rsin® oo r r<sino
cos dpcosech cot 0 . snosn
—913—¢ " +91100399”¢—9127¢=0 (2.53,)
.. 0 ing o 0 in
sin0sing O13 +00595' ¢ 0013 + CC?S¢ O13 ” 003925| ¢ - (23034)
or r 00 rsine oo r resin®
cos 0 cos sin
+gnsncosd + % — ¢—913rsin¢e=0 (2.5a)
.. 00y cosfsing 0g;, COS¢ OQy, cosfsing Coso
snosn — — =0
¢ a 0 rsnd op M g2 94 74n0 (2.5,)
.. 00;5 €0sBsing 095 COS 005 cososing COSo
snosn + + - - =
o r o0 rsne op Bz 9sizg =0 (253)

992 +COSGSin(|) 995, + Cos¢ 0g,,

+ 29,, cosOsin
or r 00 rsino ap o2 ¢

sin@sin cos pcosecH cot 0
—2922%—2923 ¢ " =0 (2.5a)

0053 +00595in¢ 093 + C0S$ 0Qy3
or r 00 rsin® o¢

sindsing

+ 013 C0SOSING — gy3

COos ¢pcosecoH cot 6 . cos 0 cos sin
—933%+9219”9003¢+922 " ¢—923rs.n¢e:

0 (25a)
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COS¢ 0924

Sinesind)agm + cosOsing 09y,
or r 00

cos pcosech cot 6
— 0z ¢ r =0

00,5 + cos0sing 09,5

COS¢ 005

+ 014 COSOSING — gy

rsin® oo

snésin¢
or r 00

cos dpcosecH cot 6
O35 ¢ ] =0

sin0sin 292

3 cosOSin ¢ 0gss N

rsind oo

COS$ 09

or r 00

+20, cosbcosd 5

4 cosOsin$ 0gq, N

rsnd oo

sng
¥ rsno

cos¢ 003,

sin0sin§ 292
or r 09

cosfcosp

24

sinesin¢ag35 N cos0sin ¢ 0gss

+ g4, SN OCOS
rsno oo Jua ¢

sno
Y -0
* rsno

COS¢ 0035

or r 00

C0S0 cosd

25

sinesinq)ag‘” N cosOsin$ 09y,

+ 0= SN O COS
rsno oo O ¢

sng
®rdno

0

COS O0Qyy

or r 00

rsnd oo

cosp s _

sin0sin ¢ 2945
or r 09

N cosOsin ¢ 095 N

5 cos0sin ¢ 0gsg N

rsnd oo

CoS¢ 0gss 3

sin0sin ¢ 29
or r 00

rsnd b

+0;5 COSOSING — g5

+ 20,3 SN 0cosd

sinésing

(2.58)

snosing

r

(2.58)

(2.5a,)

(25a,)

(2.5a,)

(2.5a,,)

(2.5a,)

(2.5a,)
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and
cos0 agr“ _sin® agél + 20, sirnze =0 (2.6a)
cos agrlz - Si? 0 6232 I 26 ~ 0, SNO- gy, cosd _ (2.6,
cosf agrm - S": 0 62(;3 + Uog sirnze =0 (2.6a)
cosf agr“ _sin® 6334 + 0oy sirnze =0 (2.6a,)
cosf agrls _sin® agés + Oos sirnze =0 (2.6a)
coso agr” _sin® 8232 20,, SN0 - 29, %Se 0 (2.60)
cos0 ag:S - sirr16 8253 —gl3sine—gzs%se=0 (2.6a)
cosh 8254 _sin® agé“ —gl4sine—gz4%se=0 (2.6a,)
cos0 5grzs —Sirr]e 52;5 —glssine—gzscor—se=0 (2.6a)
Ccosf 5gr33 - sirr1 J 8233 =0 (2.6a,)
cos0 agrs“ - S": 0 8234 =0 (2.6a,)
cos0 935 _ SN0 09z _ 0 (2.6a,)

or

r oo
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00 44 _sine 0044 0

cos0O =
o r 00 (268,
0045  SINO 0945
cos0O - =0
o r 00 (2:6a,)
cos0 s _ SNO 0Gss _ 0 (2.6a,)
or r oo

The equations (2.4a, to 2.4a,), (2.5a to 2.5a ) and (2.6a,to 2.6a ;) can be
solved for ten g, from the equations (2.4, to 2.4a ;) and (2.6a, to 2.6a,), we get

. 00;; €0SOCoSd 094 snosin¢
sin ¢ cosO + +2¢,,———=0
¢ or " P 012 2 (2.7a)
sin$ cos0d 0015 N cosb cosd 001, - cqs¢ F O, sin efnq)
or r o rsino r
o sin ¢ coso
_gllsnesnd)_ng—d) =0 (2.7a)
: 0%y3 cosbcosd og sinbcoso singcoso snfsing
3'”4)005987;3 +fﬁ+912 ~Oi3 " + 023 2 =0 (2.7a)

0 0014 N cos0 cos¢ 004 N snbsing _

sin ¢ cos ——— =0

¢ or " 2 Q24 2 (2.7a)
. 0015 €0SOCOSd 005 sinfsing
sing coso + + =0

¢ pe " 2 925 2 (2.7a)
: g cos6 cosd og cosd L sinpcod
sSngcosd—=22 + ; 642)2 —205 rsno 2g;,Sin6sN¢ —2g,, " =0 (273)
sin§ cos0 003 N c0s0 cos¢ 0g5 O cqs¢ £ 0, sin 6 cos¢

or r oo rsno r
. . sin ¢ coso
_9139n99n¢_2923—¢ =0 (2.7a)

: a9 cosbcoso 69 Cosd L sSingcosd
sinjoosy ar24+ r 642>4_ 34rsine_gl4snesn¢_924 =0 (2.78;)
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: 00,5 €0SOCOSH 05 CoS{ L sing cosO
sin¢coso a + . 2 _935rsme_glssmesmd)_gzsi:o (2.7a,)
: 003z  €OSOCOSH 0Fs3 sinBcosd cosfsing
singcoso p + 2 + 205 : — 204, . =0 (2_7310)
. 003,  COSOCOSH OFay sin6coso cosfsing
0 - =0
singcos or + " 2 +02 " O34 " (2.7a,)
: 0035 €0SOCOSH OF5 sinfcosd cosfsing
singcos6 or + " 2 T 0z " — 035 " =0 (2.7a,)
. 004  COSOCOS 0gyy
0 =0
singcos o + - 2 (2.7a,)
. 0045 COSOCOSH 0045
singcoso =0
bSO T & (272,)
Sndcose 09ss . €0s0cos¢ OFss —0- (2.7a,)
or r oo

Similarly from equations (2.4a, to 2.4a,,) and (2.5a, to 2.5a,,), we have

in”0sing 0 N % 0si to
S|rlismd)@—cos&)sm@sund) gll+2912COS Zsm¢+291300 SOSd):O (2.8a)
r 00 or r
P2 : 2 .
sin“ @sing 0g;, T /o I cos” 0sing cosd
———  —=—c0sOsinfsin + -
. 20 o or 02 2 O13 "
cot 0 cos . cosfsinfsin
+ 023 r27¢ — gy cos”Bsing+ gy, Sne 0 (28a)
. 2 . 2 : P2
Sin“0sing 093 . . 0043 cos“ 0sing sin“ 6 cosd
——————=—c0s0sindsin + +
r o9 b T v
cot 6 cos .
+9337r2 ¢—gllcosesmecos¢=0 (2.8a)
sin“ 8sing dg,, .o 0Oy, cos” 0sing cot 6 cosd
————  ———c0sfsin@sin + + =0 )
p 20 o or 924 2 O34 2 (2.8a)
sin?0sing dg;s 0015 cos? 0sing cot0oos¢ _

; % —cos0sin0sing e + 0 2 + O35 2 0 (28a)

magizz—cosesinegn(bagizz_z%s ¢_2912005295in¢
r o0 or
cos0sinOsin
+2g,, 508n0sng _ (2.8a)
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sin?0sing 09,;
r

sin?0cos¢

—cosesinesin¢ag:3 ~ Oas cors¢ + 0y

cosOsinfsing

—0;3C08% 0SNG + gyg - g1, c0s0sinBcoshp=0  (2.8a)

sin?0sing 09y, .. 0 cos ¢ .
UV TE2  psfsinfsing—2 — ., —~ — ,, COS? 0sin
. 20 ) or Oz4 " O14 )
cosOsinfsing
- 2 -
sin“0sin¢ 0g,s .. 00 Cosd 2 N
—cosfsnfsn - _— cos“ 09n
. 20 0 or O35 " Ois5 ¢
cos0sin0sn
,, os0sndsng _, (2.8)

sin” 0sing ags;
r 00

i a2
—cosesinesin¢agr33+29239n ercos¢—2913cosesinecos¢=0 (2.8a,)

sin®0sing 69,
r

sin® Hcosg

—cosesinesin¢agf4 + 0 — 0y, 00s0sinBcosp =0 (2.8a,,)

. 2 . : 22
m%—mesnegnfgfﬂgzssn ec054)—glsc‘,osesinecosq):O (2.8a,)
sin20sin¢ gy, .. .09
——t =4 _030sinfsng—2=0 2.8
r 00 ¢ or (28a,)
sin20sind 09, U ¢
——— =5 _c0s0sinfsng—2=0 2.8
r 00 ¢ or (28a,)
Sn70SN¢ s opsingsing 95 = o (2.82,,)
r 00 or
Similarly the set of equations (2.5a, to 2.5a ;) and (2.6a, to 2.6a,,), gives
sing 69,; cotBcosd 09, sing cot 8 cos¢
+ _2 _2 =0
—— " 26 012 2 O13 2 (2.9a)
sin¢aglz+cotecos¢aglz_g sin<|>_g cot? fcoso
rooo rooap 2z P
cot 6 cos¢

—0Ox 2 ~+0y Sing=0 (2.9a,)
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sing agl3+cotecos¢8gl3_ sing  cotBsing
r o0 r o9 BTz 9T
2
_g3gm+ gllcosesinecos¢+glzm=o (2933)
sn¢ 0g;, cotbcosd 09, sn ¢ cot 0 cosd
+ —~ —0y———=0
r 0 " o6 273 O34 2 (2.9a)
sn¢ 09,5 cotOcosd 09,5 sno cotOcoso
+ —~ — 03— =0
r 0 " o6 %" O35 2 (2.9a)
sn$ 8g,, cotOcosd 6., . cot? 6 cosd
20,9Nnp—-29,,———=0
T + . 2 +205, 9N - 205, " (2.9a)
Sn$ 69,3 COtOCOSH g . cot? 6 cosd
SNG— Qg —————
T + . 2 +013SN ) — Q33 ;
. z t0s
+ g;, COSOSIN 6 COSY + g5, oS (:cos¢ — 03 0 eran) =0 (29)
sin$ 8g,, cotOcosd g, . cot? 6 cosd
dNg-Qggyy—— =0
T + . 2 +014SN$— gz " (2.9a)
. 00,5 cotBcosd 0gs . cot? 6cosd
sn SNp—Qgeg—— =0
¢ 20 + " 26 +0;59N¢— g5 " (2.9a)
srr1¢ 821633 N cot ercos¢ 0033 + 24, COSOSIN 0COSH — 20 cotfsing
2
cos” 6cos
+203 Cos” 9cose =0 (2.9a,)

cos? 0 cosd

sin¢ 093, N cot0cosd 093,

— . + ;4 COSOSIN O COSH + g,y

cotersmq) _0

(2.9a,)

34
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: 2
SN ¢ 0945 N cot0cosd 0935 + Qe COSOSING COSP+ U cos” 0 cosd
r oo r
cotOsin
~—Yss % =0 (2.9a,)
., 004 cOtOcCosd 09,4,
sin + =0
¢ P . o (2.9a,)
., 00,5 cOtOCosSh 095
sin + =0
¢ pvS . o (2.9a,)
sno 0055 N cot0cosd 09ss _o. (2.9a,)

00 r o6

Solving the equations (2.7, to 2.7a,,), (2.8, to 2.8a ) and (2.9a, to 2.9a,,)
gives the reations

0,,SN0sSN$ + g,5cos6cosd =0 (2.10a,)
0,3 COSH+ 0;,r SN =0 (2.10a)
. sn cot0cos cos
—011SN¢+ 0z r2(1)"‘923 2 ¢_913 rd):O (2.10a)
in2
sn-o tan coto .
01 . + Qo3 r2¢+933 2 — 01, 9n0cos6 =0 (2.10a,)
05, SNOSN ¢+ g5, cosOcosd = 0 (2.10a,)
05, SN O —gy,r cosd =0 (2.10a)
0,5 SINOBSIN ¢+ g45 cosOcosd = 0 (2.10a,)
a5 COSO + ;s FSiNG = O- (2.10a,)

These are eight equations in fifteen unknowns(g;;). So we choose seven of
them as independent parameters
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I8 g3y =-A 05=B, 04=C.,04 =D, 0 =E, Qs =F andgs; =G

(2.12)
Other gj; can be expressed in terms of them as follows
913 =—Btan9'[and), \
923 = _Br tand) f
_ Ctano6
14 r y
03, =—Ctanbtan¢, > (2.12)
U, = —Ar? + Brcotd—Br tan®,

Uas = —Ar?sin® 0+ Br tan@tan® ¢ — Br tan0sin? 0,

_ Etan®

g :
15 ;

J

Then the line dement in spherical polor coordinate isdsb? i.e. equation (2.1).
Hence follows the theorem.

035 = —Etan0tan¢-

PLANE SYMMETRIC SPACE-TIME IN POL AR COORDINATESSYSTEM
FOR V,AND V,

By straight forward calculations the respective forms of PS space-time in Polar
coordinates for six and seven dimensions are

ds? = f,[dr? +r2do? +r?sin?0d$?]
+ f,[cot? 6d6% — do? + tan? ¢d? —sin 0de? + 229 drdo
r
_2tang drd¢ — 2cot 6 tan ¢dodd] + f3[g drdt + 2cot 6dodt — 2 tan pd¢dt]
r r

+ f4[g drdu + 2cot 8dodu — 2 tan ¢dpdu] + f8[g drdv+ 2cot 6dodv — 2tan ¢ddadv]
r r

+ fodt® + fgdu® + 2f,dtdu + fodv® + 2f,,dtdv+ 2, ,dudv
and
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ds? = f,[dr? +r?de® +r®sin®0d¢?]

+ f,[cot? 6d6% — do? + tan? ¢d? —sin 0de? + 229 drdo
r

_2tang drd¢ — 2cot 6 tan ¢dodd] + f3[g drdt + 2cot 6dodt — 2tan ¢dodt]
r r

+ f4[E drdu + 2cot 6d6du — 2tan ¢ddpdu] + fs[E drdv+ 2cot 8d6dv — 2tan ¢dodv]
r r

+ f,[ 2 drdw+ 2cot 0d0dw — 2tan gda]
r

+ fodt? + fodu? + 2, dtdu+ fodv? + 2, dtdv
+2f,, dudv + f .dw? + 2, dtdw+ 2 f - dudw + 2 f,dvdw.

REDUCTION IN NUMBER OF g

For V,, the number of independent gj;is given by m(m+1)/2 and forV; it is
fifteen. InV; the imposition of the PS space time in polar coordinates reduces the
number to seven only, which is an advantage. Hence for Vg the reduction in number

of 9 is 15-7 = 8, similarly for Vj the reduction is 21-11 = 10 and for V; the
reduction is 28-16 = 12 etc.

Therefore we observe that for V,,, the reduction in the number of independent
components of gj; is

mm+1) (m*-3m+4) m(m+1) [(m-2)*+m]
2 2 2 2

by mathematical induction.
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