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1.   STATEMENT OF THE PROBLEM

Consider the neutral functional first order random differential inclusions

       (1.1)

Where, a function ,C�� : , , , : ( )pf I C R G H T I C R�� � � � � � � � ,��� .

By a solution of the equation(1.1),we mean a function ( , ) ( , )u C J R A C I R� � � �
such that

(i) The mapping ( , ) [ ( , ) ( , , )]t u t f t u� � �� � is a absolutely continuous on I,
and

(ii) There exists a 1( , )L I R��  such that

( , ) ( , , ) ( , , ) ( , , )t t tw t G t u H t u T t u� � � �� � � a.e. ,t I� Satisfying

[ ( , ) ( , , )] ' ( , ),tu t f t u w t� � �� �  for all t I�  and 0 ,u C�� � � �� .

Where ( , )A C I R  is the space of all absolutely continuous real-valued functions on I.
Let R denote the real line. Let 0 [ ,0], 0I � �� � �  and [0, ]I T�  be two closed and
bounded intervals in R. Let 0( , )C C I R�  denote the Banach space of all continuous R-
valued functions on 0I  with the usual supremum norm || . ||C  given by

|| || sup{| ( ) |: 0}.C� � � � �� � � �
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For any continuous R-valued function u  defined on the interval J, where

0[ , ] ,J T I I�� � � �  and for any ,t I�  we denote by tu  the element of C  defined by

( ) ( ),tu u t� �� �  0}.� �� � �
The problem(1.1) have been studied in the literature for different aspects of the solutions
under different continuity conditions in Dhage,Ntouyas [7], Deimling [9],
Dhage,Ntouyas and Palimkar[8,11,12] .In this paper we will prove the existence theorem
for problem(1.1) under the mixed Lipschitz, compactness and right monotonic
conditions.

2.   PRELIMINARIES

We quoted some lemmas which are useful for proving main result.

Lemma 2.1. Let E be a Banach space. If dim( )E � �  and : ( )cpJ E E� �� �  is 1L -
Caratheodory, then 1 ( ) 0S x� � ��  for each

Lemma 2.2. Let E be a Banach space, : ( )cpJ E E� �� �  an 1L  Caratheodory multi-
valued mapping with 1 ( ) 0S x� � ��  and let 1: ( , ) ( , )K L I R C I E�  be a linear continuous
mapping. Then the composition operator 10 : ( , ) ( ( , ))cpK S C I E C I E� �� is a closed
graph operator in

We need the following definitions.

Definition 2.1. A multi- valued mapping : ( )cpI C R� �� �  is called 1L -random

caratheodory if

(i) ( , ) ( , , )tt t u� � �� is Lebesgue measurable for each ( , )x C J R�

(ii) ( , , )tu t u� �� is right monotone increasing almost everywhere for ,t I�
� ��  and

(iii) For each real number 0r � there exists a function 1( , )rh L I R�  such that

|| ( , , ) || sup{| |: ( , , )} ( , )rt u x x t u h t�� � � � �� � � a.e. t I� ,� ��  for all u C�  with

|| || .Cu r�

Definition 2.2. A function ( , ) ( , )C J R AC I R� � �  is called a strict lower random

solution of problem(1.1) if ( , ) [ ( , ) ( , , )]tt t f t a� � � �� � is absolutely continuous on

I and for all 1
1 ( )Gv S ��  and 1

2 ( )Hv S �� we have that

1 2[ ( , ) ( , , )]' ( , ) ( , )tt f t v t v t� � � � � �� � �  for all t I�  and 0 .� ��  Similarly, a
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function ( , ) ( , )C J R AC I R� � �  is called a strict upper random solution of

problem(1.1) if ( , ) [ ( , ) ( , , )]tt t f t� � � � �� �  is absolutely continuous on I and for

all 1 1 ( )
G

v S ��  and 2 1 ( )
H

v S ��  we have that 1 2[ ( , ) ( , , )] ' ( , ) ( , )tt f t v t v t� � � � � �� � �

for all t I�  and

Lemma2.3.[1]., If S is a bounded set in the Banach space  X, then ( ) 2 ( ).S S� ��

Lemma 2.4. [1].If  :A X X�  is a single-valued D-Lipschitz mapping with the D-

function ,�  that is, || || (|| ||)Au Av u v�� � �  for all , ,u v X�  then we have

( ( )) ( ( ))A S s� � ��  for any bounded subset S of X.

A  random fixed point theorem for right monotone increasing multi-valued
countably condensing operators is

Theorem 2.1. Let  [ , ]� �  be a norm-bounded order interval in the ordered normed
linear space X and let : [ , ] ([ , ])clT � � � � ��� � be a upper semi- continuous and
countably condensing. Furthermore, if T is right monotone increasing, then T has a
random fixed point in [ , ]� � .

An improvement upon the multi-valued analogue of Tarski’s fixed point theorem
is the following fixed point theorem.

Theorem 2.2. Let [ , ]� �  be an order interval in a subset Y of an ordered Banach
space X and let : [ , ] ([ , ])cpQ � � � � �� � � be a right monotone increasing (resp.
left monotone increasing) multi-valued random operator. If every monotone
increasing(resp. decreasing) sequence { } ([ , ])ny Q a b� �  defined by

( ) ,n nv Q u n N�� �  converges in Y, whenever  { }nu  is a monotone increasing (resp.
decreasing) sequence in  then  has a random fixed point.

3.   EXISTENCE RESULTS

To prove the main result. we need some of the following  theorems and lemma.

Theorem3.1. Let [ , ]� �  be a norm-bounded random order interval in a subset Y of an
ordered Banach space X and let : [ , ] [ , ] ([ , ])cpT � � � � � � �� � � � be a multi- valued
mapping satisfying the following conditions.

(a) .The multi-valued mapping ( , , )u T u v��  is upper semi- continuous
uniformly for [ , ].v � ��

(b) .The multi-valued mapping ( , , )u T u v��  is countably condensing and right
monotone increasing for all .v X�
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(c) . ( , , )v T u v��  is right monotone increasing for all [ , ],u � ��  ��� and

(d) .Every monotone increasing sequence{ } ( [ , ] [ , ])nz T � � � ��� �� � defined
by ( , , ),n nz T u v n N�� � ,��� converges for each � �� , [ , ]u � ��
whenever { }nv  is a monotone increasing sequence in [ , ]� � .

Then the inclusion ( , , )u T u u��  has a random solution in [ , ]u � �� .

Lemma 3.1. Let , : ( )cpA B X X��  be two multivalued operators satisfying

(a) .A is a  multi- valued D- contraction, and

(b) .B is completely continuous.

Then the mutlivalued operator : ( )cpT X X��  defined by Tu Au Bu� �  is upper
semi- continuous and � - condensing on  X.

Theorem 3.2. Let [ , ]� �  be an order interval in the ordered Banach space X and let
, , : [ , ] ( )cpA B C X� � ��� � be three right monotone increasing multi-valued

operators satisfying

(a) . ( )A �  is a multi-valued D-contraction.

(b) . ( )B �  is completely continuous,

(c) .Every monotone increasing sequence { } ( ,[ , ])nz C � ��� � defined by
( , ),n nz C v n N�� � converges, whenever{ }nv is a monotone increasing

sequence in [ , ]u � ��  , and

(d) .The elements �  and �  satisfy ( ) ( ) ( )A B C� � � � � � �� � �  and
( ) ( ) ( ) .A B C� � � � � � �� � �  Furthermore, if the cone K in X is normal then

the random operator inclusion ( ) ( ) ( )u A u B u C u� � �� � �  hasa random
solution in[ , ]� � .

Corollary 3.1. Let[ , ]� � be an order interval in the ordered Banach space X. Let
, : [ , ] ( )cpA B X� � ��� �  be two right monotone increasing and :[ , ]C X� � � be

a nondecreasing operator satisfying

(a) ( )A �  is a single-valued contraction,

(b) ( )B �  is completely continuous,

(c) Every sequence { } ([ , ])nz C � ��� defined by ( ),n nz C v n N� � has a cluster
point, whenever { }nv  is a monotone increasing sequence in [ , ]u � ��  , and

(d) The elements �  and �  satisfy ( ) ( ) ( )A B C� � � � � � �� � �  and
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( ) ( ) ( ) .A B C� � � � � � �� � � Furthermore, if the  cone K in X is normal,
then the operator inclusion ( ) ( ) ( )u A u B u C u� � �� � �  has a solution in

[ , ]u � �� .

4.  MAIN RESULT

We consider the following assumptions.

(A
1
). (0 , , ) 0f u� �  for each ��� , .u C�

(A
2
). The mapping f is continuous on I C� � �  and there exists a real-valued

bounded function � on I such that

| ( , , ) ( , , ) | ( , ) || || ,Cf t u f t v t u v� � �� � ��  for all ( , , ) , ( , , )t u t v I C� � � � �� .

(A
3
). The mapping ( , , )f t u�  is nondecreasing in u  for almost everywhere

� �� , .t I�

 (A
4
). ( , , )G t u�  is compact subset of R for each t I� , and  .u C�

(A
5
). G is 1L -random caratheodory.

(A
6
). The multi- valued mapping ( , , )G t u�  is right monotone increasing in u  for

almost everywhere ,t I� � �� .

(A
7
). The multi- valued 1( , ) ( , )Gu S u� �� is right monotone increasing

in ( , , ).C J R�

(A
8
). ( , , )H t u�  , ( , , )T t u�  are compact subset of R for each t I�  ,��� and

.u C�

(A
9
). H,T are 1L -random caratheodory.

(A
10

). The multi- valued 1( , ) ( , )Hu S u� �� is right monotone increasing in

( , , ).C J R�

(A
11

). The problem (1.1) has a strict lower random solution�  and a strict upper

random solution �  with 

Theorem 4.1.Suppose that the assumptions 1 11( ) ( )A A� holds. Furthermore, if || || 1,l �
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then the problem (1.1) has a random solution in [ , ]� � on J.

Proof. Let ( , )X C J R�  and define an order interval [ , ]� �  in ( , )C J R  which does
exist from assumtion (A

11
). Note that the cone K is normal in X, and therefore, the

order interval  is norm bounded in X. As a result, there is a constant  such
that  for all 

Now problem (1.1) is equivalent to the integral inclusion as

if .t I� Satisfying

( , ) ( , ),u t t� � ��  if 0 .t I�

Define three multi- valued operators , , , :[ , ] ( )pA B C D X� � �� by

and

0

0

( ) ( , ) ( , , ) , ,

( ) ( , ) 0, .

t

sD u t T s u ds if t I

D u t if t I

� � �

� �

� �

� �

�

each� �� , Clearly, the multi-valued random operators A,B and C are well defined in

view of hypotheses (C
2
) and (A

2
) and map [ , ]� �  into X . Now the problem (1.1) is

transformed into an operator inclusion as

( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ),u t A u t B u t C u t D u t� � � � � � � � �� � � �  ��� , .t J�
We shall show that A,B ,C and D  satisfy all the conditions of Corollary 3.1 on [ , ]� � .
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Step I: Firstly, we show that A is monotone increasing and B and C are right monotone

increasing on [ , ]� � .Let , [ , ]u v � ��  be such that .x y�  Then,

0

( ) ( , ) (0, , ) ( , , ), ,

0, .
tA u t f f t u if t I

if t I

� � � � �� � � �

� �

(0, , ) ( , , ), ,tf f t v if t I� � � �� � � � ��

00, .if t I� �

( , )Av t ��

For all ��� , .t J�  Hence, ,Au Av�  and so, the operator A is monotone increasing

on [ , ]� � . Since (A
7
) and (A

10
), we have that 1 1( ) ( )

i

G GS u S v�  and 1 1( ) ( )
i

H HS u S v� . As

a result, we obtain i

Bu Bv�  and .
i

Cu Cv� Thus B and C are right monotone increasing

on  By (A
11

),  and 

Step II: Next, we show that A is a contraction operator on [ , ]� � . Let , [ , ]u v � ��  be
arbitray. Then by hypothesis (A

8
),

|| || sup | ( , , ) ( , , ) | sup ( , ) || || || || || .t t t t C
t J t J

Au Av f t u f t v l t u v l u v� � �
� �

� � � � � � �

This shows that A is contraction on [ , ]� �  with the contraction constant || || 1l � .

Step III: Secondly, we prove that the multi-valued operator B satisfy Theorem 2.2. It
can be proved as in the Step I That B is a right monotone increasing mapping on [a,b].

We only prove that it is completely continuous on [ , ]� � . First we prove that  B maps

bounded sets into bounded sets . If S is a bounded set in X, then there exists 0r �  such

that || ||u r�  for all .u S� Now for each ,x Bu�  there exists a 1 ( )
G

w S u�  such that

0

0

( , ) (0, ) ( , ) , .

( , ), .

t

x t w s ds if t I

t if t I

� � � �

� �

� � �

� �

�

Then, for each ,t J�

1

0 0

( , ) || || | ( , ) | || || ( , ) || || || || .
t t

C C r C r L
x t w s ds h s ds h� � � � � �� � � � � �� �
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This further implies that 1|| || || || || ||C r L
x h�� �  for all ( ).x Bu B S� ��  Hence, ( )B S�

is bounded.

Next we prove that B maps from bounded sets into equicontinuous sets. Let S be,

as above, a bounded set and x Bu�  for some .u S�  Then there exists 1 ( )Gw S u�  ast

0

0

( , ) (0, ) ( , ) , .

( , ), .

t

x t w s ds if t I

t if t I

� � � �

� �

� � �

� �

�

Then for any 1 2,t t I�  with 1 2 ,t t�  we have

1 2 2 2

1 1

1 2

0 0

| ( , ) ( , ) | | ( , ) ( , ) | ( , ) ( , ) .
t t t t

r

t t

x t x t w s ds w s ds w s ds h s ds� � � � � �� � � � �� � � �

If 1 2 0, ,t t I� then 1 2 1 2( ) ( ) | ( ) ( ) | .x t x t t t� �� � �  For the case when 1 20 .t t� � we

have that
2 2

1 2 1 1
0 0

| ( , ) ( , ) | | ( , ) (0, ) | | ( , ) | | ( , ) (0, ) | ( , ) .
t t

rx t x t t w s ds t h s ds� � � � � � � � � � � �� � � � � � �� �

Hence, in all three cases, we have

1 2| ( , ) ( , ) | 0x t x t� �� �  as 1 2.t t�

As a result, ( )B Q�  is an equicontinuous set in X. From Arzela Ascoli theorem ,that

the multi B is totally bounded on X. Consequently, : [ , ] ( )cpB X� � �� � �  is a

compact multi-valued random operator.

Step IV: We prove that B has a closed graph in X. Let { }nu X� be a sequence such

that *nu u�  and let { }nv  be a sequence defined by n nv Bu�  for each n N�  such

that *nv v� .We will show that * *.v Bu� Since ,n nv Bu�  there exists a 1 ( )n n

G

w S u�

such that

0

( , ) (0, ) ( , ) , ,

( , ), .

t

n nv t w s ds if t I

t if t I

� � � �

� �

� � �

� �

�
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Suppose the linear and continuous operator 1: ( , ) ( , )K L I R C I R�  defined as

0

( , ) ( , ) .
t

Kw t w s ds� �� �
Now, when ,n ��  we obtain

* * *| ( , ) (0, ) ( ( , ) (0, )) | | ( , ) ( , ) | || || 0.n n nv t v t v t v t v v� � � � � � � �� � � � � � � �

Therefore, from Lemma 4.2 it follows that 1( )GKoS  is a closed graph operator and

from the definition of K one has

1( , ) (0, ) ( 0 ( ))n F nv t K S u� � �� � .

As *nu u�  and *,nv v�  there is a 1
*( )Gw S u�  such that

* *

0

0

( , ) (0, ) ( , ) , ,

( , ), .

t

v t w s ds if t I

t if t I

� � � �

� �

� � �

� �

�

Hence, B is an upper semi- continuous multi-valued operator on [ , ]� � .

Step V: Then, we prove that the multi-valued operator C satisfy Theorem 3.2. First,

we show that C has compact values on[ , ]� � . Observe first that the operator C is
equivalent to

1

0,

( , ) ( )( )( , ), ,

0, .
HCu t LoS u t if t I

if t I

� �� �

� �

Where 1: ( , )L L I R X�  is the continuous operator defined by

0

( , ) ( , ) , .
t

Lw t w s ds if t I� �� ��
To show C has compact values, it then suffices to prove that the composition operator

1
HLoS  has compact values on [ , ]� � . Let [ , ]u � ��  be arbitrary and let { }nw  be a sequence

in 1 ( )HS x  Then, by definition of 1 , ( , ) ( , , )H n tS w t H t u� �� a.e. for .t I�  Since ( , , )tH t u�
is compact, there is a convergent subsequence of ( , )nw t �  that converges in measure to
some ( , ),w t �  where ( , ) ( , , )tw t H t u� ��  a.e. for .t I� Since continuity  that

( , ) ( , )nLw t Lw t� ��  pointwise on I as .n��  In order to show that the convergence is
uniform, we first show that { }nLw  is an equi- continuous sequence. Let , ;t I� �  then
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0 0

| ( , ) ( , ) | | ( , ) ( , ) | | | ( , ) | | .
t t

n n n n nLw t Lw w s ds w s ds w s ds
�

�

� � � � � �� � � �� � �

Now, 1( , )nw L I R� , so the right hand side, tends to 0 as .t ��  Therefore, { }nLw  is

equi-continuous. By Ascoli theorem, it has uniformly convergent subsequence. We

then have 1( )( )
jn HLw Lw LoS u� �  as ,j ��  and so 1( )( )HLoS u  is compact.

Therefore, C is a compact –valued multi-valued operator on [ , ]� � .

Let { }nv  be a sequence in ([ , ])C � ��  defined by , ,n nv Cu n N� �  where { }nu  is

a monotone increasing sequence in [ , ]� � . Then there is a sequence 1 ( )n H nw S u�
such that

0

0.

( , ) ( , ) , ,

0,

t

n nv t w s ds if t I

if t I

� �� �

� �

�

We show that { }nv  has a cluster point. , we have

1

0 0

| ( , ) | | ( , ) | ( , ) || ||
t t

n r r L
v t w s ds h s ds h� � �� � �� �

For all � �� , .t J�  This implies that 1|| || || ||n r L
v h�  and so, { }nv  is uniformly bounded.

Next we show that { }nv  equicontinuous. For any 1 2,t t I�  with 1 2t t� , that

31 2

1

1 2

0 0

| ( , ) ( , ) | | ( , ) ( , ) | ( , ) .
tt t

n n n n r

t

v t v t w s ds w s ds h s ds� � � � �� � � �� � �

If 1 2 0,t t I�  then 1 2| ( , ) ( , ) | 0.n nv t v t� �� �  The case that, where 1 20t t� �  ,we have

2

1, 2 2

0

| ( ) ( , ) | | ( , ) | | ( , ) (0, ) |,
t

n n nv t v t w s ds t� � � � � � �� � � ��

Where 
0

( , ) ( , ) .
t

rt h s ds� � �� �  Hence, in all three cases, we have

1 2| ( , ) ( , ) | 0x t x t� �� �  as 1 2.t t�



Existence Theory for Functional Random Differential Inclusions 253

As a result { }nv  is an equicontinuous set in X. By Arzela-Ascoli theorem that the sequence
 has a cluster point. Thus,Corollary 3.1 are satisfied and therefore the operator inclusions

 has a random solution
in [a,b]. This implies that the problem (1.1) has a random solution in  on J.
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